NUMERICAL APPROXIMATION METHODS

1. Numerical appr oximation

The velocity v is sud that
V(O) = Vmax; V( max) = O:

As the velocity is a linear function, the maximum 2 (0; max) IS
unique for the ux:

f()= maxf()=fu:

; max

The ux is:
f()=Vmnax 1
max
wherewe set for simplicity max = 1= Vmax, thusit reads:
f()y=@2a@ )
The graph in Fig. 1 represets the ux function f( ). In order
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Figure 1. The ux function.

to produce approximated solutions to these problems, we use some
numerical methods, sud as Godunov and relaxation type sdhemes,
which are analyzedin the cortext of the trac model we deal with.

In particular, the new cortribute is represeted by the study and
elaboration of suitable boundary conditions for all of these sthemes.
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1.1. Godunov's metho d.
Wede ne anumericalgrid in RN (0; T) usingthe following notations:

X is the spacegrid size;

t is the time grid size;
Xm:;th) = (m x;n t) forn 2 Nand m 2 Z are the grid
points.

For a function v de ned on the grid we write v, = v(Xxny;t,). We also
usethe notation u}, for u(xm;t,) whenu is a cortinuous function on
the (x;t) plane and v for the vector of v values, (v,)m:n for m and n
varying on a subsetof Z and N respectively.

The method obtained by the proceduredescriked below is known as
Godunov's method and was introduced in 1959 as an approad to
solving the Euler equationsof gasdynamicsin the presenceof shock
waves. For the detailed description of this schemesee[6]. This method
is basedon the solution of local Riemann's problems. Recall that the
(unique) solution of the Riemann'sproblem

(1.1) u+ F(u)x=0 X2R;, t2][0T];
with initial data

LAY — _ u if x< 0;
(1.2) u(;0) = uo(x) = |\ it x > o

is self-similar, that is to say
u(x; t) = We(x=t; u; ur);

whereWg dependsonly onthe ux function F and consistsof the two
constart statesu, and u,, separatedby variouswavesstarting from the
origin whosespeedsare bounded by

maxfj FY{ )j; betweenu, and u,g:

We seart for an approximated solution of the given problem.
Assignan initial data ug(x) and approximate it by v , that represets
a piecewiseconstart function dened a. e.in R (0;+1 ).

1 step. The initial data is approximated by the sequence/® = (V) in
the following way

(1.3) Vo =

Then the function v is
Vo (X) = V0 X2 (Xm 122} Xm+1=2); M2 Z:
Analogously given an approximation v;, of u at time t = t,, we set

vV (th) = v X2 (Xm 122 Xme1=2); M2 Z:
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The shemede nes V!, recursiely starting from v0..
Let v (x;t) be the solution of the problem:

@\/4_ @F(V):O X 2 R;tZ(tn;tn+1);

(L.4) V(X;th) = v (X ty):

Asv belongsto L! (R), the problem admits a unique ertropy solution
that can be determinedexplicitely at leastfor t small enough.

tn+l
: \ S
Xm 1 Xm 1=2 Xm Xm+1=2 Xm+1
Remark 1.1 If
n o 3
(1.5) t sup sup JFqu)j —_—

m;n u2l (up, u 2

.yn
1=2""m+1 :2)

a wave starting from x,, 1= will not read the linesx = x, ; and
X = Xy beforetime t,..
||

2 step. Now we de ne, asnatural

1 Xm+1 =2

(1.6) VAR —~ V (X ths1)dX;

Xm 1=2

which represets the projection of the exact solution on a piecewise
constart function. To get a simple expressionfor vi*1, we use the
Gauss-Greerformula to integrate (1.1) on the cell (X 1=2; Xm+1=2)
(0; t). This is possiblesinceu is piecewisesmooth and satis es the
Rankinze-HugZoniotcondition at the discontinuities. One has

th+ Xm+1 =2
0 = 1.7) (@Qv+ @F(v))dxdt

th Xm 1=2

Xm+1 =2 th+

VO t")  v(x tT)]dx + [F(v(Xm 122;1))  F(V(Xm+1=2; 1)1

Xm 1=2 tn

Under the CFL condiHon o
(1.8) t sup sup jFqu)j X;

. n
m;n u2l (up, u

aqn )
1=2""m+1 =2
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the wavesdo not in uence the solutionsin X = X412, fort 2 (t,; th+1).
Hencethe solutions are locally given by the Riemann's problemsand
in particular the ux in X = Xp+1= fort 2 (ty;th+1) is given by
F(u(Xm;t)) = F(Wr(O; Vi 15 Vim)):
Sincethe ux is time invariant and cortinuous, we can put it out of
the integral and obtain:
t
(1.9) vyt = v — FWrOvpivn)  F(We(0ivy 1ivm))
We have
g°(u;v) = F(Wr(0;u;v));
sothe numerical ux ¢°® Egmasthe expression
< MmNy F(wW) if u v
g®(u;v) = _
©omaxyu F(W) if v
In particular, for the ux we are considering:

%min(F(u);F(v)) ifu v;

5 F(u) fv<u< ;
g-(u;v) =

%F() ifve <u

F(v) if <v<u

The stheme,under the condition (1.8), can be written in the form
t
(1.10) Vit = v — i) @SV 1ivi)

1.1.1. Boundary conditions. Suppose to assign a condition at the
incoming boundary x = 0:

u(0;t) = () t>0

and study equationonly for x > 0. Now we are consideringthe initial-
boundary valuegroblem

< w+FWy=0 x21 t2][0T];
u(x;0) = up(x) x21I;
Ux(0;t) = uy(t) t2[0;T];

with | an open interval strictly cortained in R, ug 2 C(l), uy(t) 2
C((0;T)), F 2 CY(R). It isnot easyto nd a function u that satis es
(2.1.1) in a classicalsense,because,in general, the boundary data
cannot be assumed.Consider, for instance,the scalarproblem

Uy Uy=0 R* (0;T);

(1.11) u(x:0) = u(x) R* fOg:
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This problem admits a unique global solution u(x;t) = ug(x + t) in
(0;+1) (0;+1 ), thus condition

(1.12) uO;t) = up(t); t O
is not consisten. On the other side, for the problem

u+u =0 R*  (O;T);
u(x; 0) = ug(x) R* fOg;

condition (1.12) is neededto be imposed. From the exampleabove, it
is evidert that the necessiy of prescribing the boundary condition is
connectedto the ux structure. Generally oneseeksa condition which
is to be e ective only in the in o w part of the boundary:.

The rigorous way of assigning the boundary condition is given in
[3]. From this condition, using that u(0;t) 6 uy(t) we deduce
that F{u(0;t))  0: this meansthat characteristic line is outgoing.
Therefore, the boundary condition applies when Fqup) > 0. So, we
have

(1.13)

u(0;t) = up(t)

only for the valuesof t sud that F{u(0;t)) > O.
We practically proceedby inserting a ghost cell and de ning

. t
(1.14) vo't =g — d°(veivi)  g°(unive)

where

th+1

ww= - o

th
takesthe placeof v",.
An outgoing boundary can be treated analogously Let x < L = xy.
Then the (formal) condition is:

u(L; t) = 2(t)
and the discretization reads:

t
(1.15) wWhE — o (AT IS R (AR VAD I

where

th+1

B = 0

tn
takesthe placeof v{ ,, , that is a ghost cell value.

1.1.2. Conditions at a junction. Recall that # and *; are the
maximized uxes where the subscript i indicates the incoming roads
and the subscriptj the outgoing roads.

For roadsconnectedto a junction at the right endpoint we set

t
n+l _ \,n Gy oy /N .
VW = W Y N9t (W W)
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while for roadsconnectedto a junction at the right endpoint we have
t
=V gtV

Remark 1.2 For the Godunov's schemethere is no needto invert the
ux f to put it in the scheme, asthe Godunov's ux coincideswith
the Riemann's ux. In this caseit suces to insert the computed
maximized uxes directly in the scheme.

]

2. Discretiza tion of the Relaxa tion Methods

Consider a BGK approximation.  Given the following Caudy
problem for a scalarone-dimensionakconseration law

(2.1) u+FUu)x=0 inR (0;1);

(2.2) u(x;0)= upg(x) onR ft= 0g;

it is approximated by introducing a uniform grid [Xm 1=0; Xm+1=2]
[th; th+1] Sud that
X is the spacegrid size;
t is the time grid size;
Xm:;th) = ((m+ 1=2) x;n t)forn2 Nandm 2 Z arethe
grid points.
The systemto be discretizedis

@+ (@ = i(M(u) fy); k=1L::::N
f(x;0) = Mi(uo(x));  t=0 x2R":

In orderto avoid the initial layer e ect we put the state of equilibrium
asthe initial data

%= M(u)
and, in general,on the cell we have

= 10

wheref ™" is an approximation of

1 Xm+1 =2

— F (x; ty)dx

X
Xm 1=2

and the initial data of problem is discretizedby

1 Xm+1 =2
ud = — Uo(x)dx; m2 N:

X
Xm 1=2

To discretize the system above we need to solwe a diagonal linear
problem

@k+ @k=0 k=1:::;N

F(x;0) = f(x):
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Theseare N equationsthat could be easily solved, but the trouble is
that the solution is not computed on the grid nodes,indeedwe have

frx k(t to)itn):

Hence, we should do an interpolation in order to project the exact
solution on the grid. This problem can be avoided using a numerical
scheme (sudch as the upwind sdemethat is the lessviscousone) to
solve the equations,thus obtaining

n+1=2
f min+ .
nk .

Then we needto add the collision term, namely ¥(M(u) fy) to the
omogeneougquations. To this aim we introduce

1 X
fo=S(M( ) )
|

with fi(t,) = £.°" ™7, It is easyto verify that the function f~satis es
suitable compatlbllity conditions, see[9].
|

m;n+1=2.

fx = fnr-nk;nJ'l:2 =u

k k
Now we can compute the exact solution

(2.3) f = FR(E™) = MU ) + e (") Mi(u™ )
and write the schemein the following form

2= Hy( n)fn
fn+l = HZ( t)f n+1=2;

whereH 1 is any sthemethat discretizesthe omogeneougquation and

H, isasin (2.3). We x " = 0, thus obtaining the relaxed scheme,
which can be written as
n+1 =2 —
Hi( 1)
un+1 yn+l=2 = fp n+l =2,

fn+1 - M (un+1)
We obtain an approximation of
(2.4) u+Fuyx=0 inR (0;1);

(2.5) u(x;0)= upg(x) onR ft= 0g;

which is stable, consisten and in conseration form,

Un™ = Up —[Fm+12 Frh 1, 8m 0
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whereF " ., _, is consiste with F(u). One has
X
Fasi= = kOm+1 =2k (M (U a1 )3 2555 Mic(Une i)

k
where g is the numerical ux of the linear equations. In microscopic
variablesthe schemereads

mn+1=2 _ ¢ min
f = fy

t
k k—x(ngml 2k (") gn 1=k (f)

andthe accuracyof the method dependson choiceof the appraximation
sthemeH ;. More generalsdhemeshave beenproposedin [2].

2.0.3. Discrete kinetic methal for a boundary value problem.

Herewe presen the discretekinetic shhemefor conseration laws. This
method is a numerical appraximation of the initial-b oundary value
problem for the one-dimensionakonsenration law:

(2.6) u + F(u)x = G;
with initial data

(2.7) u(x;0) = up(x); x O
and boundary data:

(2.8) u@;t) = up(t); t O

which canbeimposedonly whereit is compatible with the trace of the
solution to the problem and with the ux F. We have u(x;t) 2 RP
(p = 1 in the scalarcase)for x 0, t 0, and F is a Lipschitz
cortinuous function.

These sthemesare basedon a kinetic approximation of the problem
(2.6)-(2.7)-(2.8). Instead of solving (2.6), we solwe the following
BGK-lik e systemof N non-linear equationsin the unknowns f  (x; t),
k=1;:::;N:

(2.9) @+ «@f =5 Me(u) f

wherethe | are xed velocities (a set of real numbers not all zero),
is a positive parameter. Each f, is a function of R*  [0; T] and takes
valuesin R. We imposethe correspnding initial and boundary data:

(2.10) f (X, 0) = My(uo(x)); x2R";

(2.11) f (0;t) = My(up(t)) 8 (> Oandt O

Functions My, k = 1;:::; N, are the Maxwellian funcg,ons depending
onu, F and ;. To have the corvergenceof u" = = ' f, " ! 0

towards the solution of the problem (2.6), we need to recall the
following compatibility conditions

X X
(2.12) Mi(u) = u; kMi(u) = F(u);

k=1 k=1
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that show the link betweenproblem (2.6)-(2.7)-(2.8) and system(2.9).

De nition 2.1
The function M is Monotone Non Decreasing(MND) on I, if M 2(u)

If M is MND on, then the following condition is satis ed forallu 2 | :
(2.13) mkin v FYu) max  ;

that is a subcharacteristic condition for the relaxation problem. The
fact that M is MND is a su cient condition for corvergence because
it is related to the stability of the method.

2.0.4. Numerical scheme.Wediscretizethe problem(2.9)-(2.10)-(2.11)
and making tend to zero, we obtain a numerical sheme for the
initial boundary value problem for the conseration law (2.6). For
the cornvergenceresults for the discrete kinetic appoximation for
consenation laws, without consideringthe problem at the junctions,
see[]].

The data of the problem are approximated by

1 Ztn+1
up = u",= ~ u(t)dt; 0 n M 1
1 Z x 1tn
w = — 2Uuo(x)dx; m2N;

X 1
m 3

and we take for all k:
fl% = Mg(ug); 0 n M 1
fox = Mi(ud); m2N:
2.0.5. First orderin time discretization. We split the operatorsusedto

solve system(2.9) into two parts: the transport part and the collision
part.

Transp ort:
the set of transport equationsdiscretizedon [t,;tn+1]:
8 _ .
< @™+ @f " =0 k=1;:::;N;

f(x;ty) = f"(x);
fi(0;t) = if > O

The schemecan be written in conseration form for all i  O:

1
I’H’2

: t
(214)  fol=fhe w—(h, fi
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First interface _ _
/ First cell of the grid

/
/
/

tn+1

t, 1 X

Figure 2. The grid at the boundary:.

The numerical ux, namely f" ., is a Lipschitz cortinuous
2

function (Fy dependingonff, ... 1 | 2gandit veries
the consistencycondition
(2.15) F(f;:::;f)=":

The sdheme,written in the Harten formulation including both
rst and secondorder in spaceappraoximation, reads
(2.16) g

+1 .
_ o< fuad = foa(@ DRy )+ D fh s 0 > 0
| ;. 1 ' ' .

Note that it is necessaryto assignthe boundary value f [, =
f ", only for positive velocities.

Remark 2.2 At rst order the upwind approximation is

chosen:
N |
rr;l %;k: rr:1+%;k: k= kJ—X
and in that case(2.16) is well de ned evenfori = 0.
|

At higher order, D" .,  is a nonlinear function and we
5

introduceit in the next subsection.
In all caseghe time step restriction is

(2.17) max j «j t X:
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Collision:
Now we usethe solution obtained for the precedeh sthemeas
the initial condition for the ODS on [t,;th+1]:

eh = I(M(u)  fe(t); k= LN
f () =1f(0); x O
Under the compatibility conditions (2.12) we are able to solwe
exactly the di erential system. The solution, for xed, canbe

written as
(2.18)

t +1 t +1
frge (tnez) = (1 € )My (um Y+e % m O n L

The identity holds

(2.19) uptt = f,':;k% = up e
k
When ! 0, the projection reads
(2.20) fore = Mk(unm+%) = Mut); m 0 n L

Now that we have completely described a whole time step, we preser
the schemein macroscopicvariables:

+ t
(2.21) U t= Um —X(gr?Hl:Z On 1=20);
where
n X\I n
gm+1=2 = kfm+%;k; m O:
k=1
This schemeis consisten since
X
grr:q+1=2 = G(unm L1 l'Inm+2) = ka(Mk(unm 1); e I\/Ik(unm+2 ))
k=1

and, due to conditions (2.12) and (2.15):

If we usethe upwind rst order method to approximate the transport
part, the numerical uxxcan be written i)rg the following form:

921+1=2: kMk(unm)+ kMk(unm+1);
k>0 k<0
X X

On 122 = kKMi(up 1) + kM (up,):
k>0 k<0

We supposethat the Maxwellian functions are MND, so we have the
usual CFL condition

maxjF Qu)j t X
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and, from the transport part of the scheme,we have to imposethe time
step restriction in (2.17).

2.0.6. Boundary condition. In macroscopicvariables, the ux on the

boundary interfacereads:
X X

9" 1 = kM (up) + kM (ug):
k>0 k<0
Notice that there is no need of ghost cells and that we usethe same
sthemeon the whole grid. To compute the appraximated solution for
m = N, it is necessaryto know the value uy ., , that can be obtained
imposinga Neumann condition.

2.0.7. Conditions at a junction. For roads ertering the junction we
invert the ux function f following the rule:

if ul 2 [0; Jand” < F(uy) then F (") 2 [ (u}); 1),

if ufy 2 [0; JTand” = F(uy) then F (%) = uR,

if uf 2 ;1] thenF () 21 ;1]
with i = 1; 2.
For roads coming out of the junction we invert the ux function with
the rule

if uj 2 [ ;1]and? < F(ug) then F (%) 2 [0; (uf)),

if uj 2 [ ;1]and? = F(ug) then F (%) = ug,

if uj 2 [0; Jthenf () 210 1,
with j = 1;2.
At the right boundary (m = N) of roadslinked to the junction on the
right endpoint we set

+ t
e (L KLl ) B (TN U\
while, for roadsconnectedto a junction at the left endpoint one has:
+ t
up™ = ug —fg(ugiud)  g(F ()i up)l:

2.0.8. Seond order in space. The transport part can be approximated
by a secondorder shheme as follows. Starting from f [ we build a
piecewisdinear function:

fr?rk(x) = fr?l;k + (X Xm) %;k; X2 (Xm %;Xm+%);
where [, are limited slopes and we solwe exactly the transport
equationson [tn;th+1]. With the projection of the solution on the set
of piecewiseconstart functions on the cells, we have for > 0:
(2.22)

k(1 W)

L1
fnrl;kz = fr?l;k(l Kt kfm 1k T( Pn;k m w):, m L
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For  O:
(2.23)
+1 1
fr:w;k2 = fnr;;k (1 k) + kfnr;+1;k % rr1]q+1;k rr:w;k); m 0
sowe obtain the explicit expressionfor D, :
T
!
1 ) M mik )
n —_ y ) .
(2.24) m+ik T K 1+ sgn( «) X 2 fr?H;.k :
L

with the corvertion that if f" , =0,thenD! ., = =] (j—.
2 2

Note that if > 0(2.24)is de ned for m 1, in the other casess

available form 0. The slopes [, aredened form 1 as:

m;k
|
foo. fno
H m+—’k m *,k
m = minmod X#];kixz;xri;kixz ;
with
n =fn n
m+ 3k m+1 ;k m:k
and
i ... ....sgn(a) + sgn(b
The amplifying coe cients X2,, X2, can be taken to make the

upwind schemecloserto the certral sdheme,without lossof stability.
In this casewe chooseX !, = X2, = 1.

2.0.9. Boundary conditions. For m = 0 we take for the boundary
rll;k =0
sothat (2.22) still holdsfor m = 0. In this case,the slope g, canbe

de ned as
for > 0:

fix fo fo, MUl
8« = minmod Xé;k“(ixo’k;zxg;ko'k—xk(b) ;

whereug is the boundary condition;
for (< O:

g;k = xé;k(ff;k fgk)

Whenm = N the shemefor | < 0requiresthe valuesf ., ;f\.z
that can be obtained, for instance,imposinga Neumanncondition.
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2.0.10. Conditions at a junction. As usual, to imposethe boundary
condition at a junction we needto examine the links between the
roads. The inversion of f is performed as explained before. At the
right boundary (m = N) of roadslinked to the junction on the right
endpoint one has:

1
fua = Flacd DRL )+ DRuyfliags for «< O
with
Ntk = Mi(f H()):

Due to the lack of a rigorous theory that allows to take secondorder
boundary conditions up to the junctions, we set

for > O:

Rl;k O;
for > 0:
lr\]l;k = O;
thus reducing to a rst order sheme at the junctions. Moreover we
usethe Neumanncondition f {5, = f{,; -
At the left boundary (m = 0) of roads linked to the junction on the
left endpoint the sthemein case > 0 reads:
+ =
fgk = fox(l D"y )+ Dy f
with
fh = Mi(f 2H(Y):
Due to the lack of a rigorous theory that allows to take secondorder
boundary conditions up to the junctions, we set
for > 0:
n1;k = O; 8;k = O;
for (<= 0:
S;k = O;
thus reducingto a rst order shemeat the junctions.

2.0.11. Discrete kinetic models. Here follows a presetation of the
di erent approximations we usedin kinetic schemes.

Two velocities model. N = 2, 4, = s = . We
appraximate the scalarconseration law
(2.25) @ +@f()=0
by the relaxation system
@+ @v=0

(2.20) @+ @u= {F(u) V)

which is diagonalizedin the form

@, @f; = HMyU) )
@+ @f; = H(Mo(u) f3)



(2.27)

(2.28)
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and the assaiated Maxwellian functions are
1 F(u
M3(u) = > F ;
1 F(u
Ma(u) = 5 u+ L
2
In orderto respect the monotonicity condition MND onl R,

the derivatives must satisfy
1 AXu

that givesthe following condition on the velocity vector :

0:8u?I;

maxjF qu)j < ;
uzl

which is the scalar version of the subcharacteristic condition.
For the relaxation system(2.26) there is a freedomdegreewhile
imposing the boundary condition that reads

f20;t) = Ma(up(t))  (F2(0;t)  Ma(un(t)));
with 2 [ 1;1]. Condition (2.28) can be written in a discrete
form as

f2(0;t) = Ma(up)  (fgr  Ma(up)):

Note that for = 0 we have the equilibrium on f,. The rst
order discretization of this model gives a Lax-Friedrichs type
stheme.

Three velocities model. Dealing with more velocities
correspnds to more accurate approximation sdemes. Take

N = 3 and the velocities 3 = 1= >0, ,=0. The
approximation kinetic systemis
<@ @)= M) 1)
@, = %(M%(u ) fa)i “
@3+ @f;= +(Ma(u) fy);
with the Maxwellian functions given by
1 0 ifu &
Mau) = = uu 1)+ if u g;
3 1 1 u+ iu? ifu i
Ma(u) = 1+ u 2wz L if u %;
1 u@d u); ifu I
Ma(u) = = . ’ : 7!
8 L ifu 2
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At the boundary we impose
f3(0;t) = Ma(up(t))

and the Maxwellian are MND if and only if the condition (2.27) is
satis ed. In this case(2.27) reads

0 MYu) 1 L0

This model, at rst order, is the kinetic expressionof the Engquist-
Osher sheme. All of these shhemeshave been already proposedin
[10].
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3. Numerical resul ts

In this Sectionwe presen somenumerical tests performedwith the
sthemesprecedetly introduced, sud as the Godunov's stheme (G),
the three-welocities kinetic schhemeof rst order (3VK ;) and the three-
velocities Kinetic method (3VK ) with 3 = 1=210and ,=0.1In
generalthe three-welocities kinetic models work better than the two-
velocities ones. We introducethe order of a numerical method in the
following way:

TOTerr(l)
3.1 = lo — =
(3-1) % TO0Ter ()
wherewe de rlli?
M h M h
_ h j=0:;:N W ) Wi 2p _ — 4.
(3.2) e; - B P h 1 p_ 11 21r 11 1S

The quartity S indicatesthe number of the roadsin the network and
wM (h) denotesthe numerical solution obtained with the spacestep
discretization equal to h, calculatedin x,, at the nal time ty, = T.
Then the total error is

x
(3.3) TOTen(p) = €, p=1L2

r=1
Here we preset somenumerical tests for tra c lights.

First we considera road parametrized by the interval [0; 2], with a
trac light in corresppndenceof x, = 1.0 .



18 NUMERICAL APPROXIMATION METHODS

3.1. Trac lights. Beforeshawving the numerical experimerts on the
trac light, we needto introducethe suitable boundary conditions for
the numerical shemesat X, .

3.1.1. Conditions at the trac light. Let m = m_ be the node of the
numerical meshof the discretization correspnding to the point where
is placedthe trac light.
Consider rst the Godunov's method. For the spacenode on the left
of the trac light we set

+ t
(3.4) V%Llj_: V%L 1 —TZ(QG(V%L 1) QG(V%L z;V%L )
while for the node on the right we have
+ t
(3.5) Vi = Vi, —X(gG(V%L:V%Lﬂ) g°(0; vy, )):

Notice that for the relaxation stheme written in the macroscopic
variablesthe conditionsat the tra ¢ lights coincidewith the conditions
written for the Godunov's method.
Let us now turn to the kinetic scheme written in the microscopic
variables. At the left boundaryrespectto thetrac light (m= m_ 1)
the schemereads:
(3.6)

+1
frr:u 21;k = fr?u 1;k(1 D;L 1+%;k) + Drr:n 1+%;kfnr;|_;k; for Kk <= O;
wherewe set

fr?n_;k = Mk(l):

For <= 0 we have

fm k fo 1k fo 1k fo 2k
n — ; my; m, Lk, "m_ L my 4 . n — N
m, 1k = mMinmod 2 » ; ” y omek =0

and in the case ¢ > 0 we set

n o= fn ) fn L

m_ Lk m_ 1k m_ 2k
At the right boundary (m = m_) the sdhemeis

+1
B7) fmi=fal Dn ) * Do nefm e for x>0
wherewe set
nr;L 1k — M (0):

For > O we have

Focrn T fmow Fml o
n - 0 n — H mg +1; my K, my; m. L .
m, 1k =0 5 = minmod ~ ;2 « ;

and in the case <= 0 we have

n — £n n .
mek T "mp+lik mp k"
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At t = 0 the light is assumedto be red and, for simplicity, we x
g = = L0 (recall the de nitions given in the description of the
model at a junction.
Let us assumeon the road the following initial and boundary data:

(x; 0) = O:3;
(3.8) p(t) = 0:5:

The approximated solutions are computed by three methods, sud
asGodunov's sheme(G), three velocities kinetic method of rst order
(3VK ) and 3 velocities kinetic method of secondorder (3VK ).

At t = 0 the light is red, thus the density becomeshigh at x = 1.0
wherethe trac light is placedand there is the generationof a shack
propagating backwards, seeFigure 3.

After the light turns green,cars can go, correspnding to the creation
of a rarefaction wave in the direction of trac ow, as showved in
Figure 4. When the light becomeged, it is producedagain a shack in
correspndenceof the point whereis placedthe tra c light, seeFigure
5 and after a short time, we can obsene a big value of the car density
at the entrance of the road, asdepictedin Figure 6. Consideringagain
the data (3.8) and taking 4= 1.5and , = 0.5, thus meaningthat
the time of greenis three times the time of red, one can seethat at
time T = 3:8 the value of density is much lower than in precedenceas
showved by Figure 7.
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godunty dat
P— Telax 2v.dat index 80 -
o

Figure 3. Density when the light is red, h = 0:0125,
T = 0:5.

Figure 4. Density after the light turns green, h =
0:0125,T = 1:1.

11 T
"godunoy.dat index 320 ——
1 ‘relax_2v.dat index 320 - |
oo |
os |

@ o 3
Z

Figure 5. The light is againred, high density at x = 1,
h = 0:0125,T = 2:0.



Figure 6. High density at the ertrance (x = 0), 4=
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r = 1:0, h = 0:0125,T = 3:8.

Figure 7. Trac canstill enter onthe left, h = 0:0125,

g = L5,

= 05,T = 38,

21

In the next table are reported order and errorsfor the appraximated
solution computedwith the following methods, sud asthe Godunov's
stheme (G), 3 velacities Kinetic method of rst order (3VK,) and 3
velocities Kinetic method of secondorder (3VK5).

boundary data are (3.8) and we set

g:

r = 1:0.

The initial and

G

3VK,

VK,

h

L! Error

LT Error

LI Error

0:1

1.074739

0.048958

1.098426

0.050723

1.518485

0.026815

0:05

0.717578

0.023243

0.740926

0.023689

1.584962

0.009360

0:025

0.732966

0.014135

0.738094

0.014174

1.608739

0.003120

0:0125

0.743919

0.008504

0.741168

0.008498

1.584962

0.001057

0:00625

0.779725

0.005078

0.764019

0.005084

1.560714

0.000341

0:003125

0.840073

0.002958

0.829557

0.002994

1.580145

0.000114

Table TL1 Convergence order

, dened in (3.1), and errors of the

approximation schemesGodunov (G), 3 velocities Kinetic methods of rst
order (3VK ) and of secondorder (3VK5) for data 3.8, 1.0,

g= r:
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From this simple exampleit is easyto seethat tuning the values
g r it is possibleto cortrol trac.
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3.2. Junction with 2 outgoing and 2 incoming roads. Recall
de nitions given in the description of the model of a junction J with
two incoming roads and two outgoing roads all parametrized by the
intervals [0; 1]. Here we refer to the situation described in Appendix
of [4], wherethe coe cien ts of the distribution matrix A are sud that
0< 3, < 31< 1=2 and we set

31= 1, 2= 27 wa=1 1; 2=1
and we introduce the notation

1(%50)= 100 2%0)= 200 3(X%0)= 30,  4(X0)= 40

9 a,0; ta,0, = f(rs,o)

f(s )

(1'a1)gl+ (1-62) g2:f(s )

f(r)  f(s) 9,

Figure 8. Solution to the Riemann'sproblemat J.

The distribution matrix is xed asfollows
_ 04 03
(3.9) A= 06 07
and we considerthe following constart initial and boundary data

L0 40= 20= so=f 1 1 —f () = 0:82732683535
2

(Bpl@)) = ; 2p(0;t) = f 1 i L f() = 0:82732683535
2

Remark 3.1 Notice that the boundary condition is imposedonly on
the incoming roads, as for the outgoing ones we use a Neumann
condition at the nal endpoint.

|
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In the next gures we will usethe following convertion: road 1 is on
the upper-left, road 3 is on the upper-right, road 2 on the lower left
and road 4 on the lower right. The numerical solutionsin the following
gures have beenproducedwith the Godunov's method.

Let usintroducea perturbation on the initial data of road 1

(3.11) o= W g0 X 08

and 1; 10, 20, 30, 40 beconstarts sud that

(3.12) < 20<L < 30<1 1< 10= 40=
fQu)=F(a0=F() F(20=1F(30)= 1 ! 2f( );

sothat ( 1.0, 20; 30, 40)iSanequilibrium con guration, seeFigures
9, 10.

In (3.11)set ; = 0:25and let ;. = 0:25 be the boundary data on
road 1. Wetake ,0; 30; 40 asin (3.10)and the boundary data on
road 2is 1p = o0. Theinitial con guration is depictedin Figure 11.
After a certain time (t = 3) the wave ( 1; 1.0) interacts with the
junction, seeFigure 12, and the situation at time t = 38 is descriked
in Figure 13: road 2 and road 3 have to lower their ux, hencethey
produce waves moving with positive speed. At time T = 80 the new
equilibrium con guration is readed, as shoved by Figure 14.

Now, in (3.11) assumeto have a smaller perturbation represeted by
1 = 0:4 and let the boundary data on road 1 be 1, = 0:4 . The
initial data on the other roadsof the junction, namely 20; 30, 40,
are taken asin (3.10) and the boundary data onroad 2 is 1, = 2.
The initial con guration is depictedin Figure 15.
After a certain time (t = 10) the wave ( 1; 1) interacts with the
junction, seeFigure 16, and the situation at time t = 75 is descriked
in Figure 17: road 2 and road 3 have to lower their ux, hencethey
produce a wave moving with positive speed. The wave generatedon
road 2 has a very little width. At time T = 470the new equilibrium
con guration is readed, as shoved by Figure 18.



NUMERICAL APPROXIMATION METHODS

STREET1 STREET3
1 1
08 08
05 06
04 0
02
0

2 04 06 08 1 0 02 4 o 08 1

STREET2 STREET ¢

1 1
08 08
05 06
04 0
02
0

02 04 06 08 1 0 02 04 05 08 1

Figure 9. An equilibrium con guration, h
0:025T = 0.

STREETL STREETS
1 1
08 08
06 06
04 o
2 02
0 0
04 06 08 1 0 02 04 06 08 1
STREET2 STREET4
1 1
08 08
06 06
04 o
2 02
0 0
04 06 08 1 0 02 04 06 08 1

Figure  10. An equilibrium con guration, h
0:025T = 10.
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STREET1 STREET3
1 1
0 09
08 08
o 07
05 06
05 05
04 02
03 03
02 02
o1 01
0 0
02
STREET2 STREET ¢
1 1
0 09
08 08
o 07
05 06
05 05
04 02
03 03
02 02
o1 01
0 0
02

Figure 11. Perturbation onroad 1, h= 0:025T = 0.

STREET1 STREET3
1 1
0 09
08 08
o 07
05 06
05 05
04 02
03 03
02 02
o1 01
0 0
02
STREET2 STREET ¢
1 1
0 09
08 08
o 07
05 06
05 05
04 02
03 03
02 02
o1 01
0 0
02

Figure 12. Perturbation onroad 1 travelsthrough the
junction, producing a rarefaction waves travelling on
roads2 and 3, h= 0:025T = 3.
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STREET1

STREET3

STREET2

STREET ¢

02 04

05 08 1

Figure 13. Perturbation on road 1 travels on roads 2

and3,h= 0:025T = 38.

STREETL

STREETS

STREET2

STREET4

04

Figure 14. The new equilibrium con guration, h =

0:025T = 80.
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STREET1

STREET2

STREET3

STREET ¢

Figure 15. Perturbation onroad 1,h= 0:025T = 0.

STREETL

STREET2

04 06 08 1

STREETS

STREET4

Figure 16. Perturbation onroad 1 travelsthrough the

junction, h = 0:025T = 10.
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Figure  17. Perturbation on road 1 produces a
rarefaction wave travelling onroad 3, h = 0:025 T = 75.

STREETL

STREET2

04 06

Figure 18. The new equilibrium con guration, h =

0:025T = 470.

STREET3

STREET ¢

02

STREETS

STREET4

29
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In the following table are reported ordersand errorsfor the rst test
beforethe interaction.

G 3VK;, 3VK,

h L® Error L! Error L! Error
01 0.827170 0.011818§ 0.8317251 0.009944 1.528182 0.009825
0:05 |0.895234 0.006661 0.856393| 0.006218 1.510920 0.004214
0:025 | 0.933869 0.003581] 0.893219| 0.004052 1.545241] 0.000843
0:0125 | 0.956749 0.001875 0.948823| 0.001145 1.554962 0.000438
0:00625 | 0.970390 0.0009646 0.985218| 0.000873 1.526867, 0.00091
0:003125| 0.997122 0.000493 1.017662| 0.000461 1.507213 0.000242

Table Convergence order , dened in (3.1), and errors of the

approximation schemesGodunov (G), 3 velocities Kinetic methods of rst
order (3VK ) and of secondorder (3VKy), T = 2.

The solution ("1.0; "2:0; "3:0; “4:0) Of the Riemann's problem at the
junction for data ( 1; 1.0; 20, 30, 40) reads(seefor instanceFigures

14 and 18):

(3.13)

with O
Hence,if

and 73 !

road 1.

N

Df(4).

f(M)=f(q); f(y="1020 D)

2

f(h)= 22 )+ 2f( ) f()=f();
N, 1

I 10= then
f (%) ! 2 F()=1( 30

1

2

( 30). Thereforewe can produce a wave on road 3 with
strength bounded away from zero using an arbritrarily small wave on

Remark 3.2 The perturbation introducedonroad 1, in orderto have
the solution descriked in (3.13), must lie in the interval

1

1 <

with — determinedasthe value sud that

1

that is to say

f

D)f () +

(“1)=1

1 2f(

)=1(0)

2 f()=f():

1

In the particular casewe consideredwe have

|

> 1
= —p— 0;146:
1T
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Notice that reducingthe width of the perturbation onroad 1, the total
variation, principally represeted by 3o ( 30) doesnot decrease,
while the total variation onroad 2 is tending to zeroas ;! 10=



32 NUMERICAL APPROXIMATION METHODS

3.3. Junction with 2 incoming and 1 outgoing roads. Recall
rule (C) of the modeling at the junctions. Considera crossingwith
two incoming roads and one outgoing road all parametrized by [0; 1]
and x aright of way parameterq2]0; 1[.

0= 025 ,0=04; ;0= 05
(3.14) 16(0;t) = 0:25  ,4(0;t) = 0:4:

In the following Figures we represet road 3 in the upper graph,
road 1 on the lower left graph and road 2 on the lower right one. The
numerical solutions have beengeneratedby the Godunov's method.
The initial data is depictedin Figure 19.

First we take g = 0:5 (seeFigure 20). Both the incoming roads have
the sameright of way parameter: the density increaseson road 1 and
road 2 and becomesconsiderably high, while the density on road 3
remainsconstart.

Then assumeq = 0:25 and obsene the situation descriked in Figure
21. In the caserepreseted in Figure 21 road 2 has the right of way
parameterequalto 1 g = 0:75. It is easyto seethat the density
becomesvery high onroad 1, sinceroad 2 hasthe priority to pass;the
density is high on road 2 and remainsthe sameon road 3.

Now take g = 0:75. Figure 22 shaws that road 1 presenesits value of
density, togetherwith road 3, while road 2 reacesa very high value of
density, dueto the fact that its right of way parameteris1 q= 0:25.
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RO
1
08
0s
02
0
[} 05 08 9
ROMD1 ROWD2
1 1
08 08
0 04
02
0
2 03 04 05 06 07 08 09 o o1 02 03 04 05 06 07 08 08

Figure 19. 1 outgoing and 2 incoming roadswith q =
0:5,h = 0:0125T = 0.

RODS
08
06
02
0
0 01 02 03 06 05 0 08 0s
RO ROAD2
08 08
06 06
02 2
0 0
0 01 02 03 04 05 06 07 08 09 0 o1 02 03 04 05 05 01 08 09

Figure 20. 1 outgoingand 2 incoming roadswith q=
0:5,h=0:0125T = 10.
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ROMD1 ROWD2

02

Figure 21. 1 outgoingand 2 incoming roadswith q =
0:25,h = 0:0125T = 10.

04 06 08 1 0 02 04 06 08 1

Figure 22. 1 outgoingand 2 incoming roadswith q=
0:75,h = 0:0125T = 10.
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In the following table are reported ordersand errors for data (3.14).

G 3VK;, 3VK,
h L® Error L! Error L! Error

01 0.738593 0.009851] 0.792745| 0.009130 1.458312 0.009001
0:05 |[0.839375 0.005904 0.879531|0.005270 1.560714 0.003214
0:025 | 0.895055 0.003300 0.936022| 0.002865 1.581739 0.000812
0:0125 | 0.92977Q 0.001774 0.968897| 0.001497 1.524962 0.000473
0:00625 | 0.952295 0.000931 0.985818| 0.000765 1.572714 0.000101
0:003125| 0.983923 0.000481] 0.9972134 0.000386 1.560145 0.000072

Table Convergence order , dened in (3.1), and errors of the

approximation schemesGodunov (G), 3 velocities Kinetic methods of rst
order (3VK 1) and of secondorder (3VK ) for data 3.14,q= 0:25, T = 1.
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Bottlenec k tests.
Now wewant to presem somenumericalapproximations to the equation
(2.25) with uxes

(3.15) f.()= @ ) 2[01]
on the widest part of the road and
(3.16) fo()= 1 g ; 2 [0; 2=3]

on the narrowest part of the street.

The next tables provide a comparisonbetweenthe three methods in
temrs of L!-error and order of corvergence .

From now on, we assumeo dealwith aroad of length 2 parametrizedby
the interval [0; 2] and that the separationpoint is placedin the middle
of the road, namely at x = 1. The numerical shemesusedto provide
the appraximated solution are Godunov's sheme(G), three-velocities
Kinetic scheme of rst order (3VK;) and three-velocities Kinetic
scheme of secondorder with the following velocities: 3 = 1= 10
and >=0 (3VK2)

Test B1. Let us assumethe road is initially empty and take the
following initial and boundary data

1(x;0) = 2(x;0)= 0;
10(0;t) = 0:22:
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Figure 23. High level of car density at the interface,
h = 0:0125,T = 4.

Figure 24. Shock propagating badkwards, h = 0:0125,
T = 20.

Figure 25. Shock readhesthe boundary: heavy trac,
h = 0:0125,T = 120.
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Since 1> 0:21,in this casethere is a jam formation as shoved

by the Figures 23, 24, 25.
A comparisonbetweenthe three schemesis represeted in Figure 26.

Figure 26. Comparison between the three numerical
schemesG;3VK 1;3VK, for test B1, h = 0:025, T =
3:375.

In the next table we put ordersand L*-errorsin the appraximation
of test B1.

G VK1 VK,

h L Error | LY Error | LT Error
0:1 0.012536 0.001211 0.001138
0:05 0.008575 0.007218 0.005219
0:025 | 0.005575 0.004720 0.002150

0:0125 | 0.003418 0.003166 0.000911
0:00625| 0.002374 0.002242 0.000623
0:003125| 0.001824 0.001635 0.000354

Table B1l: Convergenceorder , dened in (3.1), and errors of the
approximation sdemes Godunov (G), Kinetic of rst order (3VK 1) and
of secondorder (3VK ) for test B1 for T = 2.

Test B2. Assumeagain that the road is initially empty and take
the following initial and boundary data

1(x;0) = 2(x;0)= 0;
16(0;t) = 0:2:
Since 1, < , cardensity level is bounded,thus describinga situation
of low trac. Seethe next Figures27, 28, 29.
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Figure 27. Trac is entering on the left, h = 0:0125,
T = 0:25.

Figure 28. Density increasesat the interface, h =
0:0125,T = 1.

Figure 29. Low and stabletrac, h= 0:0125,T = 10.

39



40

Errors of the three methods are comparedin the table below.

NUMERICAL APPROXIMATION METHODS

G 3VK 1 3VK,

h LY Error | LY Error | LT Error
0:1 0.011227 0.010016 0.008050
0:05 0.009650 0.008736 0.005081
0:025 | 0.005111 0.004852 0.002179

0:0125 | 0.003310 0.00212| 0.000822
0:00625| 0.002080 0.001080 0.000583
0:003125 0.001270 0.001013 0.000201

Table B2: Orders and errors of the approximation schemesGodunov (G),

Kinetic of rst (3VK 1) and secondorder (3VK ) for test B2, T = 2.

Test B3. Let us take the following initial and boundary data

(3.17)

1(x; 0)

= 0:66

2(x; 0) = 0:66,
10(0;t) = 0:25:

The initial value 0:66 it is very closeto the maximum value that can
be absorbed by road 2, therefore, after a short time, namely T = 2, it
can be obsened the formation of atrac jam.

The table of ordersand errors follows.

G 3VK 1 3VK,

h LT Error L Error L Error
0:1 0.573596 0.026991 0.766638 0.027383 1.092822 0.035529
0:05 1.047749 0.018136 1.428234 0.016096 1.433881 0.016657
0:025 | 0.529083 0.012031] 0.632460 0.005981 0.976373 0.006165

0:0125 | 1.143648 0.004299 1.344904 0.003858 1.387269 0.002135
0:00625| 0.613647 0.002580 0.674023 0.001559 0.939099 0.000858
0:003125| 1.106762 0.001033 1.213628 0.000952 1.227004 0.000415

Table B3: Orders and errors of the approximation schemesGodunov (G),
Kinetic of rst order (3VK;) and of secondorder (3VK,) for test B3,

T = 15.
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Figure 30. High level of car density at the interface,
h = 0:0125,T = 0:1.

Figure 31. Shak propagating badkwards, h = 0:0125,
T=1

Figure 32. Shak reades the boundary, trac gets
stuck, h = 0:0125,T = 2.

41
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Next Figures comparethe Godunov's method respectively with the
Kinetic schemeof rst order (3VK ;) and the kinetic of secondorder

(3VK ).

Figure 33. (G) sdeme with line and (3VK,) with
linepoints, h = 0:025,T = 1.

o o

Figure 34. (G) sdeme with line and (3VK,) with
linepoints, h = 0:025,T = 1.
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3.4. Trac circles. In the next pageswe presert somesimulations
reproducing a simple trac circles composed by 8 roads and 4
junctions. The numerical solutions have been generated by the
Godunov's method for h = 0:025and cfl = 0:5.

TC1l: heavy trac. Consider rst the following initial and
boundary data

1(X;0) = 0:25 ,(x;0)= 04; 3(x;0)= 05, 4(x;0)= 05
1r(X; 0) 0:5 2r(X;0)= 05 3r(X;0)= 05; 4r(x;0)= 05
1:0(0; 1) 0:25 ,p(0;t) = 0:4:

Let us set the right of way parametersqu = (1;4R;1R) = 0:75,
& = q(2; 2R;3R) = 0:75. This meansthat road 1 is the through street
respect to road 4R and road 2 is the through streetrespectto 2R. The
distribution coe cients ( 1r:3; 1rR2rR; 3R4; 3R4R) &€ assumedo be
constart and are all equalto = 0:5. Let us seethe ewlution of
trac in time in Figures 35, 36, 37, 38. In particular, one can obsene
that at time t = 10the chosenright of way parametersprovoke shocks
propagating backwards along roads 2R and 4R and consequetly a
shock is createdon road 2. Successiely, the density on roads4R, 2R
increasesand shacks are propagating badkwards on roads 1R and 3R.
Roads3 and 4 shav a very low density of cars. At T = 40 we seethat
thetrac jam is formedin the trac circle, thus the outgoing roads3
and 4 are empty.

Then, considerthe sameinitial and boundary data above. As before,
the distribution coe cients ( 1r:3; 1rR:2r; 3R4; 3R:4r) @reassumedo
be constart and are all equalto = 0:5. Here the right of way
parametersare g = ((1;4R;1R) = 0:25, & = ((2;2R;3R) = 0:25.
This meansthat road 4R is the through street respect to road 1 and
road 2R is the through street respect to 1. The ewlution of trac in
time is reported in the next Figures 35, 39, 40, 41.

Obsenethat at time t = 5 shocks are generatedon the ertering roads1
and 2, while rarefaction wavesin the direction of tra c are createdon
roads4R, 2R, 3, 4. Roads1R and 3R mantain the samelevel of density.
At t = 10the rarefaction wavestraveling in the senseoftrac produce
a decreaseén the car density on roads4R, 3R, 3, 4. On ertering roads
1 and 2, the e ect of the shocks traveling badkwards is a considerable
increaseof the density and again, roads 1R and 3R mantain the same
level of density. At time T = 40 the roads ertering in the circle are
blocked, while on the outgoing roads 3 and 4 the density is low.
Notice that in both the consideredexamplesthe choice of the right of
way parametercausea trac jam on the roadsenering the junction.
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Density at time t = 0.1

4R 3R

1R 2R

Figure 35. Trac circleatt = 0:1.
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Density at time t = 10
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4R 3R

1R 2R

Figure 36. Trac circle att = 10: due to the values
of the right of way parametersq, and ¢, shocks are
propagating badkwards along roads 2R and 4R, and
consequetty a shack is createdon road 2 .
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Density at time t = 20
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4R 3R

1R 2R

Figure 37. Trac circleatt = 20: density is high on
roads 4R, 2R. Shoacks are propagating badkwards on
roads 1R and 3R and on the incoming roads 1 and 2.
On the outgoing roads 3 and 4 the density is low .
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Density at time t = 40

4R 3R

1R 2R

Figure 38. Trac circleat T = 40: trac is blocked
on the entering roads, namely road 1 and 2 and on the
roads of the circle, the outgoing roads becomeempty.
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Density at time t = 5
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4R 3R

1R 2R

Figure 39. Trac circleatt = 5: shocks are generated
on the ertering roads, while rarefaction waves in the
direction of trac are created on roads 4R, 2R, 3, 4
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Density at time t = 10

4R 3R

1R 2R

Figure 40. Trac circleatt = 10: densily of carsis
loweredon roads4R, 3R, 3, 4 and it is very high on the
roadsertering the circle.
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4R 3R

1R 2R

Figure 41. Trac circleat T = 40: the roadsenering
in the circle, namely road 1 and 2, are blocked, while
on the outgoing roads 3 and 4 and also on 4R; 2R the
density islow. Onthe roads1R; 3R the density is normal.
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Let us now take a portion of urban network. In particular, we
consider a crucial area for trac in the city of Rome, which is
represeted by the Squareof \Re di Roma", shaved in Fig. 42.

o,
e “
ﬁfhtintﬁ “NAVTEG

Figure 42. Redi Roma.

Note that in this casewe deal with a network composedby 24 roads

and 12 junctions. The next gures show the simulations performed
by the Godunov's schemewith spacesteph = 0:01,c 0:5, nal time
T = 20. The network is initially empty and on ead incoming road
we put a low boundary density equalto , = 0:1. The right of way
parameters,necessaryor the junctions with only oneoutgoingroad are
xed to g = 0:5, while the distribution coe cien ts are chosentaking
into accourt the di erent importance between the roads composing
the circle. The valuesof the density can be individuated through the
di erent coloursalongthe roads(light colourscorrespndto low density,
dark coloursto high density).
Sinceat the beginning the network is initially empty, we seethat the
densily in the trac circle for t = 0:25is zero, as underlined by the
white color. After a certain time, the trac on the roads within the
circle is congestedand the tra ¢ jam starts propagating badkwards.
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Piazza Re di Roma
Simulation Time :00:25 minutes

Figure 43. Re di Roma simulation, t=0.25.
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Piazza Re di Roma
Simulation Time :06:25 minutes

Figure 44. Re di Roma simulation, t=6.25.
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Figure 45. Re di Roma simulation, t=9.25.



NUMERICAL APPROXIMATION METHODS

Figure 46. Re di Roma simulation, t=12.25.
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Figure 47. Redi Roma simulation, t=18.25.
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