GLOBAL EXISTENCE OF SOLUTIONS
TO A NONLINEAR MODEL OF SULPHATION
PHENOMENA IN CALCIUM CARBONATE STONES

F. R. GUARGUAGLINIT AND R. NATALINI®

ABSTRACT. We prove global existence and uniqueness of smooth solutions to a
nonlinear system of parabolic equations, which arises to describe the evolution
of the chemical aggression due to the action of sulphur dioxide on calcium
carbonate stones. This system is not strongly parabolic and only some energy
estimates are available. Nevertheless, global (in time) results are proven using
a weak continuation principle for the local solutions.

1. INTRODUCTION

In this paper we investigate the reaction diffusion system

Or(p(c)s) = 0:(p(c)0rs) — p(c)es,
(1.1)

Oe = —p(c)es,
for (z,t) € R x [0,T] (T > 0), under the initial conditions
(1.2) s(z,0) = so(z), c(x,0) = co(x).

This model has been introduced in [2] to describe the transformation in time of
CaCOs (calcium carbonate) stones under the chemical aggression due to the SO4
(sulphur dioxide). In (1.1), s stands for the porous concentration of SO, namely
the concentration taken with respect to the volume of the pores, and ¢ for the local
density of CaCOs.

In the following, we always assume that the initial data sy, ¢y are nonnegative
functions such that

(1.3) 0< 80(.’17) < Sy ,0<m< C()(.’E) < Cy , S0 € LQ(R> s Co—cp € Hl(R)

The function ¢ (the porosity) is a linear function of the density ¢, ¢(c) = A + Be,
which is strictly positive on the interval [0,Cp]; actually there are two strictly
positive constants ¢, < ¢, such that

em < p(e) < o, for all ¢ € [0, Cy).

In particular, this implies that min{4, A + BCo} > ¢, > 0.

There is an extensive chemical literature about the deterioration mechanisms
of natural building stones [14, 15, 10, 7, 9], which deals with problems concerning
modern and historical buildings. Sulphur dioxide and nitrogen oxides emitted into
the atmosphere by sources related to industry, transportation and heating, react
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with calcium carbonate stones to form sulphates and nitrates, which, due to their
solubility in water, may be drained away or, if protected from the rain, may form
crusts, that eventually exfoliate, see [7]. Standard methods developed for studying
the evolution of this kind of damage use the statistic determination on the ratio
dose/response of the materials.

The model (1.1), proposed in [2], is based on the different framework of hydrody-
namical models, and gives the possibility of an accurate numerical approximation
of the equations by finite elements or finite differences methods. Other advantages
of this formulation are: a better understanding of the involved physical processes,
the possibility to adapt the model to more complex situations, where other damage
factors are involved, and an affective calibration against experimental data, see [6]
for some preliminary results. One main factor is the possibility of a determination
of the time asymptotic regime in one space dimension, which has been numerically
explored in [2].

In this paper we are interested in the proof of existence, uniqueness and regularity
of global solutions to problem (1.1)—(1.2). In our investigation we have to take into
account that we are dealing with a system of nonlinear parabolic equations, which is
not parabolic in the sense of Petrovskii [18]. Nevertheless, existence and uniqueness
of local solutions are known, at least for smooth initial data, see for instance [5].

To obtain global solutions, we have to use some kind of continuation principle.
Standard criteria, as the uniform boundedness of some Holder-norm of the solutions
[18], or the dependence of the life-span only on the L*-norm of the data [16], do
not work in our case. Besides, system (1.1) does not verify the coupling conditions
of Kawashima-Shizuta [13] for the global existence of solutions to general systems
of hyperbolic-parabolic type.

The main difficulty concerns the uniform global estimates of the spatial deriv-
ative of ¢. Actually, the numerical tests performed in [2], show that the solution
approaches, for large times, a free boundary problem with a discontinuous limit for
the calcium carbonate density. Therefore the function ¢, is expected to blow-up as
t — 400 in all the LP-norms, for 1 < p < co.

Observe that the same problem, but with constant porosity ¢(c) = @, has been
studied in [8]. In [17], similar techniques were used to investigate a model with

variable porosity, but constant diffusion. In both papers, the authors integrate
t

the ordinary differential equation to obtain c¢ in function of z(z,t) = [ s(z,7)d7.

Therefore, thanks to the assumption of constant diffusivity, they can sh(())vv that the
system is equivalent to a scalar heat equation with source for the new unknown
z. In this way, they obtain the global existence result for the original system, and
actually a rigorous analysis of the time asymptotic behavior of the solutions.

Clearly also in the present case it is possible to consider the system as one
parabolic equation coupled with an ordinary differential equation. However we
have to take into account the strong coupling between s and c¢ into the divergence
form, which makes impossible to reduce our problem to a scalar parabolic one. In
fact, the integration of the ordinary differential equation for ¢ yields

Aco(z)
o(co)et Jo s@mdT _ Be(z)

Now we can write the parabolic equation for s as

(1.4) c(z,t) =

Be,,
¢(c)
where ¢, is obtained by deriving (1.4). The above equation is nonlocal, due to the
dependence of ¢ on s. Moreover, because of the lack of estimates on the quantity

St = Spx + Sz +cs(Bs—1)
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¢z, here considered as a coefficient, the assumptions of classical existence theorems
for nonlinear scalar parabolic equations are not verified.

The main strategy in the present paper is to prove a new local existence result
for suitable weak solutions, with a refined continuation principle, based on the time
local control of ¢, in L?. It turns out that we can prove this weaker bound for our
model and then the global continuation of the solutions.

A similar approach has been independently proposed in [4], to deal with weak
solutions for a system which arises in modeling angiogenesis, and coincides with
system (1.1), apart from the terms of order zero in the first equation. However, in
that note the regularity problem was not addressed.

The paper is organized as follows. In the next section we shortly describe our
model, starting from the main ideas of macroscopic modeling of filtration in porous
media [3, 12]. In Section 3, we introduce a linearized version of our problem and
we prove some estimates for its solutions. In the last section, using the results of
Section 3, existence, uniqueness and regularity of solutions to problem (1.1)—(1.2)
are proven.

2. PHYSICAL MOTIVATIONS

The mathematical description of the time evolution of sulphation process has
been first proposed in [10], to give some measurements of the main physico—chemical
parameters. Different regions and time regimes were described by different parame-
ters and models, and then matched to fit the experimental behavior of the reaction.
Here we consider a single mathematical model developed in [2], which in principle is
able to take into account for the full behavior of the solutions. The model is derived
by using basic physical relations, as the balance laws of the chemical reactions and
the Fick’s law, and by neglecting the permeability of the medium.

The path of reaction of SOy with calcite is assumed to be governed by a simplified
one-step reaction,

1
(2.1) CaCO3 + SO4 + §OQ+2HQO—>CCLSO4'2HQO+COQ.

This means that for one molecules of calcium carbonate and one of sulphur dioxide,
adding oxygen and water, the reaction produces one molecule of calcium sulphate
(gypsum) and carbon dioxide. Here, we neglect all heat effects, and assume the
air contains enough water to give rise to the reaction. Moreover, we assume that
changes in concentration of oxygen, water, and carbon dioxide do not affect the
reaction.

Let Q be the domain occupied by the specimen of calcite under consideration
and set p; for the total concentration of SOs, ¢ for the density of calcite and « for
the density of gypsum. Following [1, 3, 10], we assume that ps and ¢ satisfy the
following balance laws

Ops +V - (psVs) = — 7,1:0 PsCs
(2.2)
8156 = Wlfs PsC,

where V is the sulphur dioxide “fluid” velocity, k is the (constant) reaction rate,
me, Mg are the masses of single molecules of calcite and SOs.
Notice that we assume the conservation of the total density, and then we can

recover the density of gypsum as a function of calcite by the formula

m m
(2.3) ¢+ —y=co+ —,

My M.y
for some given initial densities ¢y and g, respectively for calcite and gypsum, and
setting m., for the mass of a molecule of gypsum.
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Next, we introduce the porosity of the calcite specimen ¢, which is not assumed
to be constant, since the transformation of calcite in gypsum alters the volume of
void (occupied by air and sulphur dioxide). Therefore, it is reasonable to regard it
as a function of the amount of gypsum or, equivalently, as a function of the amount
of calcite, that is ¢ = ¢(c¢). As shown in [1], the porosity of the specimen during
the reaction can be expressed as a linear combination of the porosity of the pure
calcite specimen, g, and the porosity of the final sulphate product, ¢5, namely for
c=0and ¥ = T2co + 0!

c
(2.4) w(e) = @5+ (vo = o3) -

We denote by s the porous concentration of SOs, which is defined as the concen-
tration taken with respect to the volume of the pores. The porous concentration is
related to the total concentration by

(2.5) ps = p(c)s.

At the same time, the seepage velocity v is related to the fluid velocity V4 by the
classical Dupuit-Forchheimer relation

(2.6) vs = ¢(c) V.

To close system (2.2), we need an expression for the seepage velocity v,. Following
[2], we assume that all the contributions given by the pressure gradient to the
seepage velocity, usually driven by the Darcy law, will be neglected. Therefore, we
shall express v, only for the influence due to the Fick’s law [12]:

(2.7) svs = —D(c)Vs,

where D(c) = dy(c), and d is the (scalar) effective molecular diffusive coefficient.
This yields, for the new unknown (s, c¢)

0i(p(0)s) = —-p(c)sc+dV - (p(c)Vs),
(2.8)
de = —"0p(c)sc.

s

It is easy to see that we can recover the scaled model (1.1) just by restricting our
attention to one space dimension and making the simple change of variables

k k - MmMe
Yy=4—-—x, T=—t, S§= —5s.
dm m

3. A PRIORI ESTIMATES

In this section we investigate a linearized version of problem (1.1)—(1.2), which
verifies some classical assumptions leading to existence and uniqueness of solutions.
Let us introduce the following set of functions

feC(0,T); L*(R)) , f. € LA(R x [0,T]) :
(3.1) X =23 f(z,t) >0, [[fllze®xp) < S0,

supjo, 7y 1172y + 1f2ll 72 @uo.rp < B2 1150122 )
Set also X = X N C?**t*!1*2 (R x [0,T]) for a € (0,1). In X, X, we consider the
norm [v[x = supjg 1 ||UH%2(R) + ||Uw||%2(Rx[o,T]) .

Given a function f € X, we consider the ordinary differential problem

org = —(9)9f,
(3.2)

9(x,0) = co(x) ,
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where 0 < m < ¢o(z) < Cp and Cy — ¢o(z) € C§°(R). The solution g can be
explicitly written in terms of fot f,ie.
Aco(z)
¢(co)et fo I — Beo(x)
Let ® be the operator which maps the set X into the set of the solutions s to
the Cauchy problem for the equation

(3.3) glz,t) =

(3.4) 9(p(9)s) = 0x(¢(9)0z5) — ©(9)gs,
with the initial condition
(3.5) s(z,0) = so(z),

where so(z) € C°(R) and 0 < sp(z) < Sp.

We shall investigate some properties of the operator ® in view of the link between
its fixed points in X and the solutions of problem (1.1)—(1.2). More precisely, in
this section, we shall prove that:

i) @ is well defined on X%,
i) ®(X*) C X
iii) ® is a contraction function in X .

In the following we shall denote by kg, every constant which depends only on
A, B, ©om, ou,50,Co,m, the L2-norm of so(x) and the H'-norm of Cy — co(z).
With wq(t) we shall denote quantities depending on the above constants and on ¢,
which increase with ¢ and go to zero if ¢ goes to zero.

Our first step is to prove some a priori estimates for the solution g of (3.2).

Proposition 3.1. Let f € X< for some 0 < a < 1, let g be the solution of (3.2)
in Rx [0,T]. Then for all (z,t) € R x [0,T]
Aco(z)

(3.6) 0< =

e A% < g(a,t) < Oy,

(3.7) 1 1Co = gll72(r) <2 <|Co — col| T2 () + Kot? sup ||f||2L2(R)> :

(3-8) ?;EHQIH%HR) < (||00x||2L2(R) +k0||fz||%2(R><[0,T])) eko!

Proof. The estimate (3.6) immediately follows from the explicit expression of g and
conditions ¢g; < 0 ,¢o(z) > m > 0; if B > 0 then kg = maxg ¢(co(z)), otherwise
ko = A.

In order to prove the second estimate we consider the equation for g = Cy — g

(3.9) g =(9)(Co—9)f .
Multiplying by g and integrating on R x [0, ] yields

L= [1c-aP +80MOO( //f2+e// > >0,

For ¢ = m the above inequality gives (3.7).

Finally we derive with respect to x the equation in (3.2) and then we multiply
it by g, to have

t
||9x||2Lz(R) < HCUIH%%R) +k70||fx||2L2(Rx[o,T]) +k0/0 /]Rgf; )

which gives (3.8). O
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Now we are able to prove that problem (3.4)—(3.5) has a unique classical solution.

Proposition 3.2. Let T > 0 and let f € X for some 0 < a < 1. Then, there
exists a unique classical solution s in R x [0,T] to problem (8.4)-(3.5), with s €
CHrel+3 (R x [0,T)).

Proof. Let us rewrite the linear parabolic equation (3.4) as follows

Bgzsr
©(9)

Notice that g, can be explicitly expressed by

(3.11) ggE(x,t):%ﬂx,wm_g<x,t>¢(g<x,t>> / 5

We are going to prove that the coefficients wg(“;) ,g(Bf — 1) are smooth.

By using the equation for g it is easy to prove that, for (z1,t), (z2,t) € R,
l9(x1,1) = g(z2,t)| < Kifw1 — 2],
where K3 depends on ¢, Cy and the Lipschitz constant of f with respect to = .
Moreover we know that f,, fz» and g, are bounded in R. By deriving the equation

for g, now we are able to prove that, for (z1,t), (z2,t) € R,
(3.12)

192 (21, 1) = gz (22, 1)] < |goa (1, 1) = goa (w2, 1) + K2 (|g(21, 1) — g(w2, )|+

(3.10) St = Spg + +gs(Bf-1).

|f(z1,t) = fz2,t)| + [fu(21,t) — fa(w2,1)]) < K|zt — 22 ,

where Ko, K3 depend on T, ||9z||cos Co, ¥ ar, So and the Lipschitz constants of f and
fz, with respect to x. It follows that the coefficient @g(z) is Lipschitz continuous with
respect to z in R x [0,7] . In similar way we prove that it is Lipschitz continuous
with respect to ¢ and we obtain the same results for the coefficient g(Bf — 1). By
Theorem 5.1 in [11] (pag. 320), such smoothness of the coefficients is enough to

ensure the existence and uniqueness of a solution s € C2T*1+5 (R x [0, 7). O

The above result implies that the operator @ is well defined on the sets X ®.
Next we prove some estimates for s = ®(f) , f € X?; it is readily seen that they
imply the property ii) for the operator ®.
In the cases of increasing ¢ we have to consider only small initial data sg. Let
us assume that
1
E.
Proposition 3.3. Let f € X* and let assumption (3.13) be satisfied. Let s be the
solution of problem (3.4)-(3.5); then

0<s(z,t) <S8y forall(z,t) e Rx[0,T];

(3.13) if B > 0, then Sy <

(3.14) lim s(z,t)=0;

z—+o0

(3.15) Aw(g)s2+AtA¢(g)si S/RsO(g)S%

Proof. First we prove the upper bound for s. Let 6,7 > 0, 4 = So + 6 + 3. Thanks
to Proposition 3.2, we can set to = sup{t € [0,77] : [|s]| oo (mx[0,r]) < p}. Let R be
a positive constant sufficiently large such that

20 20

"2 +|B| ”g:cHLOO(]Rx[O,T])m < (RIXI}%?T] 9)(So + ) min{1,1 — B f[loc }-
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We want to show that the function

is strictly negative on the domain [—R, R] X [0,¢]. On the boundary we have

5
wf(z,0) = so(x) — So — ﬁxQ —-v<0,

wi(£R,t) = s(£R,t) — Sy — 0 — v < —% < 05
we suppose that w? = 0 somewhere in (—R, R) x (0,to] and we denote by Py(x1,11)
a point such that w B(P) = 0 and wf(x,t) < 0 for t < t;. Hence wj*(P) > 0

wf(Py) = 0 and wk (P;) < 0. Taking into account the equation satisfied by w¥,
we obtain

25| B|
- 1.1-B
" (R%DT} 9)(So+7) min{1, [ flloc} <O

)
wf(Py) < 2@ + 119z l| Lo rx[0,17)

which leads to a contradiction.

Then w® < 0in [~R, R] x [0,to] and s < Sy + 7 + 2z22 on the same domain.
Letting R — +o0o and then v — 0 we obtain s < Sy for (z,t) € R x [0,%]. So
to = T and the bound is proved.

The proof of the lower bound for s follows by similar arguments. We introduce
the function

and we prove that if v, R > 0 are such that

250 2S0|B
R—,f SD:JR|”9w|L°°(R><[O,T]) < (i o)yminl, 1= Bl o),

then v®(z,t) > 0 in [~ R, R] x [0, T]. Letting R — +oco and then v — 0 we obtain
s> 0 for (x,t) e R x [0,T].

In order to prove that s goes to zero for large x, let us denote by [c, d] the support
of so and we introduce two parameters a, R such that ¢ > max{0,d}, R > a and
the function

pha _ g ST Sea t
R x Va
We are going to prove that w < 0 in [a, R] x [0,7]. On the boundary
Sox  Spa
R,a 0 0
)
W (@,0) R x ’
S t
wf(a,t) = s(a,t) — %a — S0 — Ta <0,
S t
W (R, 1) = s(R,t) — So— 220 — <.

R Va
If w® = 0 somewhere in [a, R] x [0,7], there exists a point Py = (z1,t1) €
(a,R) x (0,T] such that wf(Py) = wB(P) = 0,wE (P;) < 0 and wl(P) > 0
Using the equation satisfied by w® in P; we obtain the inequality

1 25 Vva 1
R
P)y<—1-1 Bl |9zl Lo — 4+ —
wli(P) < 72 (14 2 4 Bl niom (Y + 2 ) )
which, for a, R sufficiently large, leads to a contradiction.
Hence, letting R — +o0, for large a we have

Soa t
— + — i x [0,T];

s < . + 7 in [a,00) x [0,T7;
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it follows that

IEIJIrloos(x7t) = % for all a > ag
and then the claim for x — +o00. The claim for z — —oo follows in similar way.
Finally we are going to prove inequality (3.15). After multiplying the equation
(3.4) by s we obtain

(DD — (plg)sso)e —olo)st + plaas (85 -1).

where we used the equation for g. Now the estimate (3.15) easily follows integrating
the above equality over R x [0,T] since the first term on the right hand side does
not give any contribute, thank to (3.14), and the last one is negative. O

Next are some estimates, which are useful in order to show that ® verifies the
contraction property ii).

Lemma 3.1. Let f1, fo € X. Then for every fized x and for all t € [0,T

/0 |fi(z,7) = folz,7)|* dr < max{t, 1}|fi — fol% -

Proof. By Sobolev embedding theorems we obtain

/\ﬁun»—hmanrs/smmﬁumw—ﬁuder
0 0 R

< [ (120 = 2O age) + 11 = For(D ey

(3.16)
t
gw%mmw—Mﬂm®+Aémmm%ﬁmem
S max{t 1}|f1 — f2|%( .
This proves the claim. O

Proposition 3.4. Let g1,92 be the solutions of problem (3.2) respectively with
f=1/f1,f2 € X Then for allt € [0,T]

(3.17) g1 (1) = g2 () [|2 < wo()|f1 — folk
(3.18) lg1(t) — g2(t)|15 < wo (W) f1 — folk
(3.19) 1912(t) = gau (B) 115 < wo(t)| 1 — falX -

Proof. We shall use the explicit expressions for g; and go. We observe that

(eo(@)et o 1097 — Beo(w)) (pleo(@))e i 29 — Beg(a)) = @2, 5

hence

AZco(x)¢(co())

02

eASot

/Xﬁmﬂ—h@m»m
0

l91(2,) = g2(, )] <

Then, thanks to Lemma 3.1,

lg1(z,t) — ga(a,1)]* < koekott/ |fi(@,7) = fala, 7)]Pdr < wo(t)| f1 — fal % -
0
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The estimate (3.17) immediately follows. The above inequality also implies that

/ |91(2, 1) = g2(x, ) Pdx < koe™ P sup || f1 (1) — f2(1)]13
R i
and (3.18) is proved.
To prove the last estimate we consider the explicit expression for gi, and go,
and we compute

~

coz (T

cf(x)

|glz(xat) - gZx(xvt” =

(0 0o

_ (gl(a:,t)apl(x,t) /Ot fraz (@, m)dr — ga (2, t)p2(, 1) /Ot fzm(%ﬂdT)‘

where ¢; = ¢(g;) , ¢ = 1,2. Then we have
(3.20)
2

1912(, ) — g20 (@, 8)[* < Ko|cos () ?e4

/ (fr(a.7) — fola,7))dr

0

+ 2
Fholeos () 2624 |gy (2. 1) — ga(ar )2 + kog?(a. 1) ( [ 1faster) - fu(fm)ld7>

2

v (| t aalaldr ) lon(a.t) — sate O

therefore
t
l91(8) — g2 (®)]3 < wolt) lcos 3 / sup f1(r) = fa()P dr
0
(321) ke eoll3 lg1(£) — g2(t)|2
t t
() / / fro — foal® + wo(®llgs (t) — g2(1) 2 / / Faal?.
RJO 0 R
Now, using Lemma 3.1, (3.17) and (3.18) we obtain (3.19). O

Now we are going to prove that, for small T, the operator ® is a contraction
function in the norm | - |x on X.

Proposition 3.5. Let assumption (3.13) be verified and let f1, fo € X* and s1 =
D(f1),82 = ®(f2). Then there exists a constant L < 1 such that, for T < Ty,

|s1 — s2|lx < LIf1 — fa|x
where TO = TO(Aa Ba Pmy PM, SOa 007m7 ||SO||L2(R)7 ||COOL‘||L2(]R))'

Proof. We set ¥ = s1 — 9, I' = g1 — g2 and we consider the equation (3.4) for s;
and s2. Subtracting the equation for ss to the equation for s; and multiplying by
(s1 — s2), we find

(@1%2) +BgZ  +B(s:T'%), — Bsol'S,
(3.22) k
= (Y1812 — P2522)a 2 + (919151 — P29252)%.

Now we integrate over R x [0,¢] and using the equation for g and (3.14) we have
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/(pl— dr = / /glgolfl— dx dt
R

(3.23) —B/ (O ()T dx+B/ /SQFEt dx dr

//%81:1: P2524) 8, dx dT+/ / (p19181 — Y29282)% dx dT .

We are going to obtain some estimates for the terms on the right hand side

using Proposition 3.4, the L, bounds for s;, f;, the bounds (3.6)-(3.8) for g; and
the boundedness of |s;|x and |f;|x, for i = 1,2.

For the first term we have

t 22 22
|B|/ /glcplf17 dz dr < wp(t) Sup/ p1— dx
0 JR

04 Jr 2
and for the second one

Bl [ @@l 50] do < 20 R+ sz, 0.

Next, for the fourth term, we have
(3.24)

//aplslz P2894 )2y dx dT
/ /<p1 dde—B/ /sszE dr dr
//cpl da:dt—|——||lﬂ||2 / /|521\2dajd7'+ //|E |* da dr

wold) f, mxf%f;//m|mm,

for small € > 0; in a similar way

| /\

IN

t
/ /(8019151 — pagase) X dxdr
o Jr

wo(t
B23) cunsugy [ o5 o+ 2 sup 0B + wo(0esup |13
R

) it

< (14 €)wo(t) supg 4 12115 + WOT(t)|f1 - fal% e>0.

Finally we rewrite the third term discarding (s1 — s2)¢ by using the equation

(3.4) for s; and s2 and, after an integration by part of the term with the second
derivatives in x, we obtain

t t t
/ /SQFthl'dT:*/ /s%I‘Emdxde/ /SQFmEId(KdT
0 R 0 JR 0 R
_ t
(3.26) / / [ ¥291251e © P1920520 dwd7+/ /5251(Bf1 — )2 dzdr
P1P2 0 JR

t ¢
—I—/ /szggFZ(Bfl —1)dxdr + B/ /s%ggF(fl — fo)dxdr ;
o Jr o Jr
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therefore

t k t t
B/ /SQFEtdl'dTS —0/ /|52I|2|F|2dxd7+koe/ /zidxdT
o JR € Jo Jr o JR
' ' ' 1912
+’%0/ /FidxdTJrkoe/ /EidxdTJrko/ /52|F|—I|Z\dxd7
o JR o JR o JR ¥1
+/<:0/ /52\32x||1“| dmd7+ko/ /\F|2dxd7'
(3.27)
t i t
—|—k0/ /|Z|2dxd7+k0/ /|f1 —f2|2dacd7'§k06/ /|Zm|2da;d7
0 JR 0 JR 0 JR

HIT2 (R kg + wo(#)) + (2282 + wo(t) ) supg T 3

Le _ e

+uwio(t) (suppo,q ITIZ + supyo g I3 + supyo g 11 — fall3) -

Now, using Proposition 3.4 yields

t t
B / / 6oT'S, de dr < koc / / 19a]? + wo(t) sup |22
0 JR 0 JR [0,t]

ug(t) (1+ Ko+ wo(t) + E2O) |1y — fo]%

Putting together all the estimates obtained for the terms on the right hand side
of (3.23) we proved that

1213 (£ — wolt) — ewo(t)) + (ko — koe) / / 2.2

(3.28)

(3.29)
<|fi— fol% (on(t) 'Hdo(t)) .
Now it is easy to verify that for suitable small € and ¢, there exists L < 1 such that
BI% < LIA - folk

which concludes the proof. O

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Now we return to deal with problem (1.1). We already pointed out in the In-
troduction that our system is not a strongly parabolic problem. For this reason we
introduce the following notion of weak solution.

Definition 4.1. A pair (s, c) is a weak solution to system (1.1)-(1.2) in R x [0,T)
if

9 S LXRXDINNCOTL ). 5. € LB % 01))

/ [ (@@ = (@), — pleless) dode+ [ plen)o(a0) do =0

for all € CH(R x [0,T));
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¢) c is given in terms of fot s(x, T)dT by the expression
Aco(x)
p(co)e Jo* — Beo(x)

(4.1) c(z,t) =

We are going to show that for all T > 0 problem (1.1)—(1.2) has a unique weak
solution (s,c) on R x [0,T).

Theorem 4.1. Let sg, ¢y be nonnegative functions such that 0 < sqg < Sy, 0 <m <
co(z) < Cy and 5o € L*(R), Cy — ¢y € HY(R) ; moreover assume that assumption
(3.13) is satisfied. Then there exists T > 0 such that problem (1.1)-(1.2) has
a unique local weak solution (s,c) on the time interval [0,T), with the following
properties

i) 0 <e(x,t) < Co;

ii) 0 <s(x,t) <SpinRx[0,T);

iii) Co —ce C([0,T); H(R));

iv) supjg 1) ||5(t)H%2(]R) + ||5||2L2(Rx[o,T)) < %HSO”%z(R)-
If [0, Tyy) is the mazimal interval of existence, then Ty < +oo implies
(4.2) lim_ ||Cz(';t)||L2(R) = 400.

—

M

Proof. The contraction property of ® in X, proved in the previous section, implies
that the sequence

30($7t) = f(xat) € X® ’ Sn+1(x’t) = @(sn(x,t))

for (z,t) € R x [0,T], T small, converges in X —norm to a function s € X such that
0 < s(z,t) < So and [s[% < 22|03

By density arguments it follows that @ is well defined on X and it is a contraction
on the same set. So the limit function s is the unique fixed point of ® in X.

Hence we proved the existence and uniqueness of the weak solution to (1.1)—(1.2)
in R x [0,7T) for smooth initial data and T small. By density arguments we prove
the same result for general initial data.

Proposition 3.5 shows that 7 depends on A, B, @, o, So, Co,m, |50l 2 r),
llcoz |l L2(r)- We know that ||s(t)[|z2(r) is bounded by a constant depending only
on the data; therefore, if supyy 1) [[cx(t)||L2r) < €, we can reconsider our system
with initial data s(x, T), ¢(z, T) and, arguing as in Section 3, we extend the solution
on an interval [0,7'+ &) where 6 depends on A, B, ¢.,, s, So, Co, m, [|So| 2 r) and
on C. (]

Now we use the continuation principle of the above theorem to prove the following
global result.

Theorem 4.2. Under the same assumptions of Theorem 4.1, we have Ty = oo
and the solution is globally defined.

Proof. Let (s,c) be the local weak solution of problem (1.1)—(1.2) and let [0, Ta)
be the maximal interval of existence. By Proposition 3.1 we have the following
estimate

?&15 ||C:v||%2(R) < (HCOCDH%)(R) + kOstHiz(RX[O,T])> ekot )

Hence, by the continuation principle in Theorem 4.1 we deduce that T; cannot be
finite, and then the solutions are globally defined. O

By using classical regularity results we are also able to precise the actual smooth-
ness of our weak solutions.
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Theorem 4.3. Let so,co satisfy conditions (1.3) and assumption (3.13) and let
the pair (s,c) be the global weak solution of (1.1)-(1.2). There exists a > 0 such
that, if co € CY2(I) for all intervals I C R then

s € CHlT3 (I % (0,T))

for all I C R and all T > 0. Moreover in I x (0,T) ¢, is Holder continuous
with exponent o with respect to x and Lipschitz continuous with respect to t ; c; is
Holder continuous with exponent 1 + o with respect to x and Lipschitz continuous
with respect to t.

Proof. We are going to use Theorem 12.1 in [11] (Chapter IIT), which gives a general
regularity result for linear equations with discontinuous coefficients. Let us write
the parabolic equation for s as

()

and ¢(Bs—1) as coefficients depending on (z,t). Next, we introduce

T z %
[vllg,rr. 7 = (/ (/ |v|qu) dt)
0 I

We have to verify that our coefficients have finite norms ||-|| 24,2, 1,7 for some positive
q, r satisfying the conditions

St = Spz + Sz +cs(Bs—1)

Cx

considering 7]
the following norms

Pt =1-0,
4.3

(4.3) qell+oc], re iy rdy] . 0<0<}.
Thanks to (3.8) and the L> bounds for s and c it is easy to check that

Cx
®(c)

< C{(T
1,6,1,T — (1)

(4.4)
le(Bs = Dlly 67,0 < Co(1,T) ,

where C1(T) and Cs(I,T') are positive constants; ¢ = 1 and r = 6 satisfy conditions
(4.3) with 6 = 1.

Inequalities (4.4) imply not only that, for some o > 0 depending on ¢, r, the
solution s € C* % (I x (0,T)) , but also that s, belongs to C*% (I x (0,T)). Now
we can use this information to prove more regularity for the coefficients. In fact, as
in Proposition 3.2, it easy to verify that = ¢(Bs —1) € C*% (I x (0,T)), using

e(c)’
the expressions of ¢, ¢, in function of s, the smoothness of s and assumption on cq,.
The claim follows by using again Theorem 12.1 in [11]. O
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