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Abstract

We study the asymptotic time behavior of global smooth solutions to general
entropy dissipative hyperbolic systems of balance law inm space dimensions,
under the Shizuta-Kawashima condition. We show that these solutions approach

constant equilibrium state in theLp-norm at a rateO(t−
m
2 (1−

1
p )), ast → ∞, for

p ∈ [min {m, 2},∞]. Moreover, we can show that we can approximate, with a
faster order of convergence, the conservative part of the solution in terms of the
linearized hyperbolic operator form ≥ 2, and by a parabolic equation, in the
spirit of Chapman-Enskog expansion in every space dimension. The main tool
is given by a detailed analysis of the Green function for the linearized problem.
c© 2000 Wiley Periodicals, Inc.
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1 Introduction

In the following we shall consider the Cauchy problem for a general hyperbolic
symmetrizablem-dimensional system of balance laws

(1.1) ut +

m∑

α=1

(
fα(u)

)
xα
= g(u),

with the initial conditions

(1.2) u(x, 0) = u0(x),

whereu = (u1, u2) ∈ Ω ⊆ Rn1 ×Rn2 , with n1 + n2 = n. We also assume that there
aren1 conservation laws in the system, namely that we can take

(1.3) g(u) =

(
0
q(u)

)
, with q(u) ∈ Rn2 .

According to the general theory of hyperbolic systems of balance laws [8], if the
flux functions fα and the source termg are smooth enough, it is well-known that
problem (1.1)-(1.2) has a unique local smooth solution, at least for some time inter-
val [0,T) with T > 0, if the initial data are also sufficiently smooth. In the general
case, and even for very good initial data, smooth solutions may break down in finite
time, due to the appearance of singularities, either discontinuities or blow-up.

Despite these general considerations, sometimes dissipative mechanisms due
to the source term can prevent the formation of singularities, at least for some re-
stricted classes of initial data, as observed for many models which arise to describe
physical phenomena. A typical and well-known example is given by the compress-
ible Euler equations with damping, see [30, 15] for the 1-dimensional case and [34]
for an interesting 3-dimensional extension.

Recently, in [13], it was proposed a quite general frameworkof sufficient con-
ditions which guarantee the global existence in time of smooth solutions. Ac-
tually, for the systems which are endowed with a strictly convex entropy func-
tion E = E(u), a first natural assumption is theentropy dissipation condition, see
[5, 27, 31, 37], namely for everyu, u ∈ Ω, with g(u) = 0,

(E′(u) − E′(u)) · g(u) ≤ 0,
whereE′(u) is considered as a vector inRn and· is the scalar product in the same
space. Unfortunately, it is easy to see that this condition is too weak to prevent the
formation of singularities, see again [13].

A quite natural supplementary condition can be imposed to entropy dissipative
systems, following the classical approach by Shizuta and Kawashima [19, 33], and
in the following called condition(SK), which in the present case reads

(1.4) Ker Dg(u) ∩ {eigenspaces of
m∑

α=1

Dfα(u)ξα} = {0},
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for everyξ ∈ Rm \ {0} and everyu ∈ Ω, with g(u) = 0. It is possible to prove that
this condition, which is satisfied in many interesting examples, is also sufficient to
establish a general result of global existence for small perturbations of equilibrium
constant states, see [13] for a first proof in one space dimension, and [38] for a
multidimensional extension.

In this paper we investigate the asymptotic behavior in timeof the global solu-
tions, then always assuming the existence of a strictly convex entropy and the(SK)
condition. First let us describe our approach in the one dimensional case. Our
starting point is a careful and refined analysis of the behavior of the Green function
for the linearized problem, which is decomposed in three main terms. The first
term, the diffusive one, consists of heat kernels moving along the characteristic
directions of the local relaxed hyperbolic problem; the singular part consists of ex-
ponentially decayingδ-functions along the characteristic directions of the fullsys-
tem. Finally the remainder term decays faster than the first one. Notice that in the
one dimensional case a first analysis of the Green function was already contained
in [39]. However, there are some differences in our analysis, and in particular we
are able to give a more precise description of the behavior ofthe diffusive part,
which is decomposed in four blocks, which decay with different decay rates. This
description will be crucial in the analysis of the asymptotic behavior. Let us bet-
ter explain this point. Actually, we show that solutions have canonical projections
on two different components: the conservative part and the dissipative part. The
first one, which loosely speaking corresponds to the conservative part of equations
in (1.1), decays in time like the heat kernel, since it corresponds to the diffusive
part of the Green function. On the other side, the dissipative part is strongly in-
fluenced by the dissipation and decays at a ratet−

1
2 faster of the conservative one.

To establish this result, we shall use the Duhamel principleand the Green kernel
estimates, very much in the spirit of the Kawashima approachfor the hyperbolic-
parabolic equations [19]. Unfortunately, with respect to that result, here there is
a severe obstruction given by the lack of decay of the source term, when convo-
luted with the Green kernel. This is not the case for convective or diffusive terms,
since they are derivative terms, so having a better decay, ofan order12 for every
derivative. However, in the present work we have shown that there is a structural
algebraic compatibility between the Green kernel and the conservative structure
of the system, by decomposing the kernel according to different linear projectors,
which yields thecancellationof its highest order and slowly decaying interactions
with the source term.

In the multidimensional case, the explicit form of the Greenfunction cannot
in general be expressed, and we have to relay directly on the Fourier coordinates.
Thus the separation of the Green kernel into various part is done at the level of
solution operatorΓ(t) acting onL2(Rm,Rn), or L1 ∩ L2(Rm,Rn). This allow to
performLp linear decay estimates, forp ≥ 2.

Let us now shortly review some previous results concerning the asymptotic be-
havior of solution to dissipative hyperbolic systems. A huge amount of work has
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been done during many years around the special case of the dissipative (nonlinear)
wave equation, see for instance [14, 24, 29] and references therein. At the same
time, and starting from the seminal paper by T.P. Liu [20], there were some studies
on2× 2 systems with relaxation, see for instance [15] for the p-system with damp-
ing, and [6] for the general case. For more general models, werecall the paper by
Y. Zeng [39] about gas dynamics in thermal nonequilibrium and finally the paper
by T. Ruggeri and D. Serre [32] about stability of constant equilibrium states for
general hyperbolic systems in one space dimension, under zero-mass perturbations.
A related result has been recently established by J.F. Coulombel and T. Goudon,
who have considered the diffusive relaxation limit of multidimensional isothermal
Euler equations [7], see Example 5.12 for a comparison with our approach. Finally
let us remark that, under similar assumptions, stability ofshock profiles for general
relaxation models has been considered in [26].

The paper is organized as follows: Section 2 is devoted to recall some ba-
sic results about hyperbolic systems with entropy dissipation and the Shizuta-
Kawashima condition. In this section we also introduce the decomposition of the
linearized system, which will be called the Conservative-Dissipative form. Section
3 contains a very detailed analysis of the Green kernel in onedimension, while the
multidimensional case is presented in Section 4. Finally, Section 5 is devoted to the
study of the decay properties of the nonlinear system. Not only we shall prove the
decay results for both the conservative and the dissipativepart of the solution, but
we shall show also that the conservative variable approaches the conservative part
of the solution of the corresponding linearized problem, faster that the decay of the
heat kernel form ≥ 2. Then, we prove that the solution of the parabolic problem,
given by the Chapman-Enskog expansion, approximates the conservative part of
the solution of the nonlinear hyperbolic system. Form ≥ 2 the Chapman-Enskog
operator is linear, while, in one space dimension, the decayof the nonlinear part
has a stronger influence, and so we can only show the faster convergence towards
the solution of a parabolic equation with quadratic nonlinearity.

Finally, let us point out again that these results were obtained by assuming
all the time the condition(SK). Unfortunately, this condition is not satisfied by
many models, as for instance in one space dimension for the Kerr–Debye sys-
tem, which describes the propagation of electromagnetic waves in nonlinear Kerr
medium [12, 16, 13], for perturbations around a null electric field. Another interest-
ing example is given by the equations of gas dynamics in thermal nonequilibrium,
which has been investigated in [39], where however global existence of solutions
has been established, even if condition(SK) is in general violated, thanks to a
splitting of the system in two parts, one of them being linearly degenerated. The
situation is even worst in more space dimensions, since there are more possibilities
to violate condition(SK). This is the case for for every equilibrium state for the 3-
dimensional version of Kerr–Debye model, as shown by a simple check. However,
a physically relevant class of systems which verify the(SK) condition is given by
the rotationally invariant systems in Example 4.7 below. Other examples are given
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by the BGK models proposed in [1], under the Bouchut stability condition [3]. Ac-
tually, we expect that, for many physical systems not satisfying the(SK) condition,
we could consider the influence of other factors, like the existence of linearly de-
generate fields, or, in several space dimensions, the well-known faster time decay
of the Green function, even for the nondissipative case. Some preliminary results
about systems violating the condition(SK) will be presented in [25].

2 Basic structure of the entropy dissipative hyperbolic systems

2.1 Entropy dissipation

In the following we shall consider a generalm-dimensional system of balance
laws given by equation (1.1), with the source termg = g(u) verifying (1.3).

According to the general theory of hyperbolic systems of conservation laws
[8, 31], we shall assume that the system satisfies an entropy principle: there exists
a strictly convex functionE = E(u), the entropy density, and some related entropy-
flux functionsFα = Fα(u), such that for every smooth solutionu ∈ Ω to system
(1.1), there holds

(2.1) Et(u) +
m∑

α=1

(Fα(u))xα = G(u) ,

whereFα′ = (F′α)TE′ andG = E′ · g. Let us introduce the setγ of the equilibrium
points:

γ = {u ∈ Ω; g(u) = 0}.
Definition 2.1. The system (1.1) isnon-degenerateif, for every ū ∈ γ, it holds

(2.2) qu2(ū) is non singular.

Definition 2.2. The system (1.1) isentropy dissipative, if, for every ū ∈ γ and
u ∈ Ω, we have

(2.3) (E′(u) − E′(ū)) · g(u) ≤ 0.
Following [11, 10, 2], it is now useful to symmetrize our system by introducing

a new variable, theentropy variable, which is just given by

(2.4) W = E′(u).
Actually, sinceE is a strictly convex function, we can inverseE′ to recover the
original variableu by the inverse mapΦ � (E′)−1. Let us set nowA0(W) � Φ′(W),

Cα(W) � Dfα(Φ(W))A0(W), andG(W) = g(Φ(W)) =

(
0
Q(W)

)
. It is easy to see

that the matrixA0(W) is symmetric positive definite and, for everyα = 1. . . . ,m,
Cα(W) is symmetric. Then, selectingW as the new variable, our system reads

(2.5) A0(W)Wt +

m∑

α=1

Cα(W)Wxα = G(W).
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Now, as proved in [13], if the system is entropy dissipative and non-degenerate,
the set of equilibrium points is locally reduced to a single smooth manifold. More
precisely, in the entropy coordinates, we have that, setting γ̃ = E′(γ), the entropy
dissipation condition reads

(2.6) (W2 − W̄2) ·Q(W) ≤ 0,

for everyW̄2 ∈ Rn2 such that there exists̄W1 ∈ Rn1 with W̄ = (W̄1, W̄2) ∈ γ̃, and
everyW ∈ E′(Ω). In this case, i.e. if the system is entropy dissipative and non-
degenerate, we have that, ifW̄ ∈ γ̃, then everyW ∈ E′(Ω) is also an equilibrium
point if and only ifW2 = W̄2, see [13].

Observe now that our definition of dissipative entropy is just invariant for affine
perturbations of the form̃E(u) = E(u) + α + β · u, for α ∈ R, β ∈ Rn. Therefore,
without loss of generality, we can supposeū = 0 ∈ γ and consider system (1.1)
with g(0) = 0, and fix fα(0) = 0. Moreover, we always can assume that the entropy
functionE is a quadratic, i.e. such that

E(0) = 0, E′(0) = 0 ∈ γ̃.

Next, following the above considerations, and according tothe actual structure
of many systems arising in physical models [36, 28, 37, 13, 31], we focus our
investigation on a slightly restricted class of entropy dissipative non-degenerate
systems, namely the systems such that

(2.7) Q(W) = D(W)W2, with D(0) negative definite.

In the following we shall refer to these systems just as strictly entropy dissipative
systems.

2.2 The Shizuta-Kawashima condition and the global existence of so-
lutions

To continue our analysis of smooth solutions for dissipative hyperbolic systems,
we need some supplementary coupling conditions to avoid shock formation. A
very natural condition was first introduced by Shizuta and Kawashima in [33], for
hyperbolic–parabolic systems. Here we first state the condition for the original
unknown, i.e. for system (1.1), just assuming thatu = 0 is an equilibrium point
with g(0) = 0.

Definition 2.3. The system (1.1) verifies condition(SK), if every eigenvector of∑m
α=1Dfα(0)ξα is not in the null space ofDg(0), for everyξ ∈ Rm \ {0}.

Since this condition is invariant under diffeomorphisms which conserve the ori-
gin, in the case of strictly entropy dissipative systems, Definition 2.3 is equivalent
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to

(2.8)

for everyλ ∈ R and everyX ∈ Rn1 \ {0}, the vector

(
X
0

)
∈ Rn is not

in the null space ofλA0(0) +
m∑

α=1

Cα(0)ξα, for everyξ ∈ Rm \ {0}.

Let us consider now the linearized version of system (1.1), namely, settingAα =
Dfα(0) andB = Dg(0),

(2.9) ut +

m∑

α=1

Aαuxα = Bu, u ∈ Rn, x ∈ Rm, t ∈ R+,

with B of the form

(2.10) B =

[
0 0
D1 D2

]
, D1 ∈ Rn1×n2 ,D2 ∈ Rn2×n2 ,

with n = n1 + n2. SetA(ξ) =
∑m
α=1Aαξα. According to the previous discussion,

we can assume that

(H1) there is a symmetric positive definite matrixA0 such thatAαA0 is symmet-
ric, for everyα = 1, . . . ,m, and

BA0 =

[
0 0
0 D

]
,

whereD ∈ Rn2×n2 is negative definite;
(H2) any eigenvector ofA(ξ) is not in the null space ofB, for everyξ ∈ Rm\{0}.
To use the condition(SK), we have to give a reformulation which takes into

account the kernel
E(iξ) = B − iA(ξ).

This is the content of the following lemma, which is an extension of Theorem 1.1
in [33] to the case of a non symmetric matrixD (the proof is omitted).

Lemma 2.4. Under the assumption (H1), assumption (H2) is equivalent toany of
the following:

i) there existsK = K(ξ) ∈ Rn×n such that, for everyξ ∈ Rm \ {0}, K(ξ)A0 is
a skew symmetric matrix and

1

2
(K(ξ)A(ξ)A0 + A(ξ)A0K

T(ξ)) − 1
2
(BA0 + A0B

T)

is strictly positive definite;
ii) if λ(z) is an eigenvalue ofE(z), thenℜ(λ(iξ)) < 0 for everyξ ∈ Rm \ {0};
iii) there existsc > 0 such that

(2.11) ℜ(λ(iξ)) ≤ −c |ξ|
2

1 + |ξ|2 ,

for everyξ ∈ Rm \ {0}.
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About the existence of a solution, we recall the following result [13, 38].

Theorem 2.5.Assume that system (1.1) is strictly entropy dissipative and condition
(SK) is satisfied. Then there existsδ > 0 such that, if‖u0‖s ≤ δ, with s ≥ [m/2]+2,
there is a unique global solutionu of (1.1)–(1.2), which verifies

u ∈ C0([0,∞);Hs(Rm)) ∩ C1([0,∞);Hs−1(Rm)),
and such that, in terms of the entropy variableW = (W1,W2),

(2.12) sup
0≤t<+∞

‖W(t)‖2s +
∫
+∞

0

(
‖∇W1(τ)‖2s−1 + ‖W2(τ)‖2s

)
dτ ≤ C(δ)‖W0‖2s ,

whereC(δ) is a positive constant.

2.3 The Conservative-Dissipative form in the linear case

We now consider a linear system with constant coefficients:

(2.13) wt +

m∑

α=1

Ãαwxα = B̃w,

wherew = (w1,w2) ∈ Rn1 × Rn2 . We assume also that the differential part is
symmetric:

(2.14) for allα = 1, . . . ,m, ÃTα = Ãα.

Definition 2.6. Under assumption (2.14), the partially dissipative system(2.13)
is in Conservative-Dissipative form (C-D form) if there exists a negative definite
matrix D̃ ∈ Rn2 , such that

(2.15) B̃ =

(
0 0
0 D̃

)
.

In the followingw1 � wc is called the conservative variable, whilew2 � wd is
the dissipative one.

We notice that, thanks to assumption (H1), system (2.9) is already in the C-D
form if A0 = I. We shall prove in the following that there exists a linear change
of variable such that (2.9) takes the C-D form in the general case ofA0 symmetric
and positive definite.

Takeu a solution of (2.9). First, we use the classical transformation

v = A−1/2
0
u,

which yields

(2.16) vt +

m∑

α=1

Āαvxα = B̄v,

where Āα = A
−1/2
0
AαA

1/2
0
, B̄ = A−1/2

0
BA1/2
0

. Notice that system (2.16) has a
symmetric differential part, but the matrix̄B does not satisfy (2.15). However, by
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the assumptions on the matrixB, for B̄ there exists a null space of dimensionn1,
while the other eigenvalues are strictly negative. We shallconstruct the C-D vari-
ables using the projectionQ0 on the null space and the complementing projection
Q− = I −Q0. We computeQ0 by using the explicit formula, see [18]:

Q0 = −
1

2πi

∮

|ξ|≪1
(B̄ − ξI)−1dξ.

We have:

(B̄ − ξI)−1 = A1/2
0
(BA0 − ξA0)−1A1/20 = A

1/2
0

[
−ξA0,11 −ξA0,21
−ξA0,21 D − ξA0,22

]−1
A1/2
0

= A1/2
0

([
−ξA0,11 −ξA0,12
0 D

] (
I +O(ξ)

))−1
A1/2
0

= A1/2
0

(
I +O(ξ)

) [ −(A0,11)−1/ξ −(A0,11)−1A0,12D−1
0 D−1

]
A1/2
0

=
1

ξ
A1/2
0

[
−(A0,11)−1 0
0 0

]
A1/2
0
+O(1).

We thus obtain that

Q0 = A
1/2
0

[
(A0,11)

−1 0
0 0

]
A1/2
0
.

Note that due to the assumptions onA0, this projector is symmetric. In particular
we can choose left and right projectorsL0 ∈ Rn×n1 , R0 ∈ Rn1×n, so that

(2.17) Q0 = R0L0, L0R0 = I ∈ Rn1×n1 , L0 = RT0 .
Note that by the last condition alsoR0, L0 are unique: in fact they are given by

(2.18) R0 = A
1/2
0

[
(A0,11)

−1/2

0

]
, L0 =

[
(A0,11)

−1/2 0
]
A1/2
0
.

We define the complementary projectionQ− to be

(2.19) Q− � I −Q0 = R−L−, L−R− = I ∈ Rn2×n2 , L− = RT−.
The last condition follows because alsoQ− is symmetric, and the matricesR− ∈
Rn2×n, L− ∈ Rn×n2 are the unique left and right projectors which satisfy (2.19):
one can check that these projectors are given by

(2.20) R− = A
−1/2
0

[
0

((A−1
0
)22)
−1/2

]
, L− =

[
0 ((A−1

0
)22)
−1/2

]
A−1/2
0

.

Set noww1 = L0v, w2 = L−v. We have

v = (Q0 +Q−)v = R0L0v + R−L−v

= R0w1 + R−w2
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and by (2.16):

(L0v)t +

m∑

α=1

L0Āα(R0w1 + R−w2)xα = L0B̄(R0w1 + R−w2),

(L−v)t +
m∑

α=1

L−Āα(R0w1 + R−w2)xα = L−B̄(R0w1 + R−w2).

Now notice that

L0B̄ = 0, B̄R0 = 0.

Thereforew = (w1,w2) are Conservative-Dissipative variables and system (2.16)
is equivalent to the C-D form system (2.13), whereÃα are the symmetric matrices

(2.21) Ãα =

(
L0ĀαR0 L0ĀαR−
L−ĀαR0 L−ĀαR−

)

and

(2.22) B̃ =

(
0 0
0 D̃

)
,

with

(2.23) D̃ = L−B̄R− = ((A
−1
0 )22)

1/2D((A−10 )22)
1/2

is negative definite.

Proposition 2.7. If u is a solution to system(2.9), then, under assumption (H1),

(2.24) w =Mu =




(A0,11)
−1/2 0

((A−1
0
)22)
−1/2(A−1

0
)21 ((A

−1
0
)22)
1/2


 u

is a solution to the C-D form system(2.13)with (2.21), (2.22)and (2.23).

Remark2.8. If system (1.1) is non degenerate and entropy-dissipative,we can
apply Proposition 2.7 to the linearized system (2.9). Therefore, in the following,
we are always going to assume that the unknownu is chosen in such a way that
(2.9) is in conservative-dissipative form. In this case, wesay that also system (1.1)
is in conservative-dissipative form and we shall setu = (uc, ud) ∈ Rn1 ×Rn2 .
Remark2.9. More generally, we can look to the set of linear transformationsw =
Mu, such that, starting from system (2.9), under assumption (H1), the new system
is in C-D form. To obtain the symmetry of the differential part, we have to takeM
such that(MTM)−1 is a symmetrizer of the system. Hence, we can chooseM such
that

(2.25) MTM = A−10 .
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Now, to verify condition (2.15), we obtain the relations

(2.26)



MT
11
M11 = (A0,11)

−1,

M12 = 0,

M21 = (M
T
22
)−1(A−1

0
)21,

MT
22
M22 = (A

−1
0
)22.

In particular, a special choice is to takeM11 andM22 symmetric and we obtain
(2.24) withD̃ given by (2.23).

Example 2.10. Thep-system with relaxation. Let us consider system

(2.27)



∂tu + ∂xv = 0 ,

∂tv + ∂xσ(u) = h(u) − v,
with σ′(u) > 0. Its linear counterpart is given by

(2.28)



∂tu + ∂xv = 0 ,

∂tv + λ2∂xu = au − v,

whereλ =
√
σ′(0) anda = h′(0). Therefore

A =



0 1

λ2 0


 , B =



0 0

a −1


 .

We can use the symmetrizerA0 given by

A0 =



1 a

a λ2


 ,

which is positive definite if it holds the subcharacteristicconditionλ > |a|. It is
easy to verify that assumption (H1) is verified, since

AA0 =



a λ2

λ2 aλ2


 , BA0 =



0 0

0 a2 − λ2


 .

To recover the C-D form, we first compute the inverse matrixA−1
0

, which is given
by

A−10 =
1

λ2 − a2



λ2 −a

−a 1


 .
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This yields

M =




1 0

−a(λ2 − a2)− 12 (λ2 − a2)− 12




and so we obtain the matrices of the C-D form

Ã =




a (λ2 − a2) 12

(λ2 − a2) 12 −a


 , B̃ =



0 0

0 −1


 .

Setting (
uc
ud

)
=M

(
u
v

)

and reporting in (2.27), we obtain its conservative-dissipative form

(2.29)

∂t



uc

ud


 +∂x




auc + (λ2 − a2)
1
2ud

(λ2 − a2)− 12 (σ(uc) − a2uc) − aud




=




0

(λ2 − a2)− 12 (h(uc) − auc) − ud


 .

3 The Green kernel for linear dissipative systems in one space
dimension

Aim of this section is to compute the Green kernelΓ(t) for a linear dissipative
hyperbolic system. The fact that we are in dimension one willhelp us in inverting
the Fourier transforms, hence giving explicit form to the principal parts ofΓ(t).

We can consider directly a system in C-D form, according to the results of
Subsection 2.3. So we write our system as

(3.1) wt + Awx = Bw,

wherew = (wc,wd) ∈ Rn1×Rn2 . We assume that the differential part is symmetric,
and there exists a negative definite matrixD ∈ Rn2×n2 , such that

(3.2) B =

(
0 0
0 D

)
,

so we have (H1). We assume also that (3.1) verifies condition(SK), then we have
also (H2). We notice that, by contrast with [39], we are not assuming that the
matrix B is symmetric. This is necessary to deal with some specific examples, as
for instance the Jin-Xin relaxation system, see [17, 13].
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We want to study the Green kernelΓ(t, x) of (3.1), which satisfies

(3.3)



Γt + AΓx = BΓ

Γ(0, x) = δ(x)I

Taking the Fourier transform

Γ̂(t, ξ) =

∫

R

Γ(t, x)e−iξxdx

of (3.3) we obtain

(3.4)



dΓ̂/dt = (B − iξA)Γ̂

Γ̂(0, ξ) = I

To study the large time behavior of the Green kernelΓ, we use the approach already
proposed in [21], [39].

3.1 Perturbation analysis

Consider the entire function

(3.5) E(z) = B − zA.
It is clear that the solution to (3.4) is given by

(3.6) Γ̂(t, ξ) = eE(iξ)t =
+∞∑

n=0

tn

n!
(B − iξA)n,

so that

(3.7) Γ(t, x) = p.v.
1

2π

∫

R

eE(iξ)teiξxdξ = lim
N→+∞

1

2π

∫ N

−N
eE(iξ)teiξxdξ

andΓ̂(t, z) = eE(z)t is an entire function ofz. The next analysis follows using some
ideas in [18].

The functionE(z) given by (3.5), as a matrix valued function, has a constant
numbers of distinct eigenvaluesλ(z) iff z is not one of the exceptional points,
which are of finite number in the plane. In fact these points are the solutions to

(3.8) det
(
B − zA − λI

)
,

which is a polynomial equation with holomorphic coefficients. It follows that its
rootsλ(z) are branches of one or more analytic functions with algebraic singular-
ities of at most ordern. As a consequence the number of eigenvalues is constant,
with the exception of a finite number of points, calledexceptional points, in each
compact set of the complex plane. Since we can write

E(z) = z(−A + B/z),
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then the same occurs in a neighborhood ofz = ∞, so that in our case the number
of exceptional points is bounded in the whole complex plane.Even if z is not an
exceptional point, differently from [39], the matrixE(z) is in general not diagonal-
izable, due to the fact thatB is negative definite but not symmetric: we say that
E(z) is permanently degenerate.

In any region where there are no exceptional point, the functions λ j(z), j =
1, . . . , s, are holomorphic, with constant multiplicitiesm j, j = 1, . . . , s. In general
theseλ j are branches of one or more algebraic functions, denoted again asλ j,
j = 1, . . . , s. The exceptional points can be either regular points for these algebraic
functions, or a branch point for someλ j(z). In the first case the eigenprojectors
remain bounded, while in a branch point the projectors have apole.

In general, the functionE(z), if z is not exceptional, is represented as

(3.9) E(z) =
∑

j

λ j(z)P j(z) +
∑

j

D j(z),

whereλ j are the eigenvalues ofE(z), P j(z) the corresponding eigenprojections,
given by the formula

(3.10) P j(z) = −
1

2πi

∮

|ξ−λ j(z)|≪1
(E(z) − ξI)−1dξ,

andD j are the nilpotent matrices, due to the fact that in generalE is not diagonal-
izable, defined by

(3.11) D j(z) = (E(z) − λ j(z)I)P j(z).
Note that by construction the eigenvalues ofD j are0, so that

(3.12) D
m j
j
(z) = 0,

wherem j is the multiplicity ofλ j.
We now study which consequences have the assumptions (H1), (H2) onE(z)

andΓ̂(t, z) near the pointz = 0 andz = ∞. Both points are in general exceptional
points: forz → 0, n1 eigenvalues different from0 converges to0. When |z| →
∞, the matrixA is diagonalizable, but it can have common eigenvalues: thenthe
perturbationB/z will in general remove part of this degeneracy.

We are going to show that, nearz = 0, semisimple eigenvalue ofB, the matrix
E(z) has a decomposition

(3.13) E(z) =
∑

jk

(
Λ jk(z)P jk(z) +D jk(z)

)
+ E1(z),

where theΛ jk are diagonaln × nmatrices composed by then1 eigenvalues, which
converge to 0, theP jk are spectral projectors, theD jk are nilpotent operators com-
muting withP jk. From assumption (H1), we can control the behavior of the matrix
E1(z).
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In a similar way, nearz = ∞, since the eigenvalues ofA are semisimple,E(z)
has a canonical decomposition as

(3.14) E(z) =
∑

jk

(
Υ jk(z)P jk(z) +D jk(z)

)
.

The entries in the matrixΛ jk have an expansion in the form

(3.15) λ(z) = −zλ1j − z2c jk +O(z3),

where theλ1
j

are the eigenvalues of the symmetric blockA11.

On the other hand, the entries in the matrixΥ jk have an expansion in the form

(3.16) υ(z) = −zλ j + b jk +O(1/z),

where theλ j are the eigenvalues ofA. As a consequence of the assumption (H2),
which is equivalent to the condition (SK), the coefficientsc jk andb jk have strictly
negative real part.

Casez = 0

The total projectorP corresponding to all the eigenvalues near0 is

(3.17) P(z) = − 1
2πi

∮

|ξ|≪1
(E(z) − ξI)−1dξ.

The pointz = 0 is in general an exceptional point, and the projections corre-
sponding to the eigenvalues with negative real part (i.e. not in any of thejk families
defined in (3.15)) can have poles inz = 0. Nevertheless, the projection

(3.18) P−(z) = I − P(z)

corresponding to the whole family of eigenvalues with strictly negative real part is
holomorphic nearz = 0, see [18] or the analysis below.

To simplify computations, we introduce the projectors

(3.19) L0 = R
T
0 =

[
In1 0

]
, L− = R

T
− =

[
0 In2

]
.

and

(3.20) Q0 = R0L0 =

[
In1 0
0 0

]
, Q− = I −Q0 =

[
0 0
0 In2

]
.

Forξ close to0, we have

(3.21) (B − ξI)−1 = −1
ξ
Q0 + R−(D − ξI)−1L− =

[
ξ−1I 0
0 (D − ξI)−1

]
.
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We recall also the expansion of the resolvent

(3.22)

R(ξ, z) � (B − zA − ξI)−1 = (B − ξI)−1
(
I − zA(B − ξI)−1

)−1

= (B − ξI)−1 + z(B − ξI)−1A(B − ξI)−1

+z2(B − ξI)−1(A(B − ξI)−1)2 +O(z3)

= R0(ξ) +
∑
n≥1 z

nRn(ξ).

The total projectorP becomes here

(3.23) P(z) = P0 +
∑

n≥1
znPn,

wherePn is given by the integral

(3.24) Pn = −
1

2πi

∮

|ξ|≪1
Rn(ξ)dξ.

By using (3.21) we have the zero order coefficient,

(3.25) P0 = −
1

2πi

∮

|ξ|≪1
(B − ξI)−1dξ = Q0 =

[
I 0
0 0

]
,

while the coefficient forz is given by

P1 = −
1

2πi

∮

|ξ|≪1
(B − ξI)−1A(B − ξI)−1dξ = Q0AR−D−1L− + R−D−1L−AQ0

=

[
0 A12D

−1

D−1A21 0

]
.

(3.26)

For completeness we will also compute the coefficient forz2. Integrating as before
R2(ξ), we have

P2 = Q0(AR−D
−1L−)

2
+ R−D

−1L−AQ0AR−D
−1L− + (R−D

−1L−A)
2Q0

− (Q0A)2R−D−2L− − R−D−2L−(AQ0)2 −Q0AR−D−2L−AQ0

=




−A12D−2A21 A12D
−1A22D−1 − A11A12D−2

D−1A22D−1A21 −D−2A21A11 D−1A21A12D−1


 .

(3.27)

As we will see later, the coefficient we are interested is the22 coefficient: in fact
we see that we can write

(3.28) P(z) =

[
I +O(z2) zA12D

−1
+O(z2)

zD−1A21 +O(z2) z2D−1A21A12D−1 +O(z3)

]
.
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We introduce the right and left eigenprojectors ofP(z), R(z) ∈ Rn×n1 , L(z) ∈
Rn1×n, which verify

P(z) = R(z)L(z), L(z)R(z) = I.

We can find the power series ofL(z) andR(z) by means of the relations

L(z)P(z) = L(z), P(z)R(z) = R(z).

We have in fact forL(z) = L0 + zL1 + z2L1 +O(z3), with L0 given by (3.19),
(
L0 + zL1 + z

2L2 +O(z3)
)(
P0 + zP1 + z

2P2 +O(z3)
)

= L0P0 + z
(
L0P1 + L1P0

)
+ z2

(
L0P2 + L1P1 + L2P0

)
+O(z3)

= L0 + zL0AR−D−1L− + z2L0(AR−D−1L−)2 − z2L0AR−D−2L−AQ0

−z2L0AQ0AR−D−2L− + z2L1R−D−1L−AQ0 + z2L2P0 +O(z3),
so that we see that

(3.29)

L1 = L0AR−D−1L− =
[
0 A12D

−1
]
,

R1 = R−D−1L−AR0 =

[
0

D−1A21

]
,

and

(3.30)

L2 = L0(AR−D−1L−)2 − L0AQ0AR−D−2L−

=

[
−A12D−2A21/2 A12D−1A22D−1 − A11A12D−2

]
,

R2 = (R−D−1L−A)2R0 − R−D−2L−AQ0AR0

=

[
−A12D−2A21/2

D−1A22D−1A21 −D−2A21A11

]
,

where we used a similar computation forR1, R2. Note that sinceD−1 is not sym-
metric, these projectors do not satisfyL(z) = R(z).

Next, we can decomposeE(z) according to the right and left operators:

(3.31) E(z) = R(z)F(z)L(z) + R−(z)F−(z)L−(z),

whereF(z) � L(z)E(z)R(z) ∈ Rn1×n1 andF−(z) � L−(z)E(z)R−(z) ∈ Rn2×n2 .
We have

F(z) =
(
L0 + zL1 +O(z2)

)
(B − zA)

(
R0 + zR1 +O(z2)

)

= − zL0AR0 − z2L0AR−D−1L−AR0 +O(z3)
= − zA11 − z2A12D−1A21 +O(z3).(3.32)
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The matrixA11 is symmetric, from assumption (H1), so that we can write for some
eigenvaluesλ1

j
, with multiplicity m′

j
, j = 1, . . . ,m′, and left and right eigenprojec-

tions l j ∈ Rm
′
j
×n1 , r j ∈ Rn1×m

′
j , with l j = rTj ,

(3.33) A11 =

m′∑

j=1

λ1j r jl j.

Lemma 3.1. Under the assumption (H2), the matrixA12D−1A21 is negative de-
fined.

Proof. Let r be an eigenvector ofA11 for the eigenvalueλ1. Then, sinceD−1 is
strictly negative andA12 = AT21, we have that

d = rTA12D
−1A21r < 0

if A21r , 0. On the other hand, we have that

B

[
r
0

]
= 0

and

A

[
r
0

]
= A

[
A11r
A21r

]
=

[
λ1r
A21r

]
.

Therefore

[
r
0

]
is an eigenvalue ofA if A21r = 0, and assumption (H2) implies

thatA21r , 0. �

We can again reduce (3.32) by considering the right and left projectionsr j(z),
l j(z), with r j(0) = r j, l j(0) = l j, for each family of eigenvaluesλ j = −zλ1j +O(z2).
We can now expand the projectors as

p j(z) = r jl j + zp
1
j +O(z2), r j(z) = r j + zr1j +O(z2), l j(z) = l j + zl1j +O(z2),

wherer1
j
= p1

j
r j, l

1
j
= p1

j
l j. Therefore

F j(z) � l j(z)F(z)r j(z)

= −zλ1
j
Im j − z2

(
l jA12D

−1A21r j
)
− z2

(
l1
j
A11r j + l jA11r

1
j

)
+O(z3).

Now, using formula (II -2.14) in [18], it is possible to prove that the third term
vanishes. So, we obtain

(3.34) F j(z) = −zλ1j I − z2(A21r j)TD−1(A21r j) +O(z3).

As previously, the matrix(A21r j)TD−1(A21r j) has eigenvalues with strictly negative

real part. Letc jk be its eigenvalues, with multiplicitym′
j
, and letp jk ∈ Rm

′
j
×m′

j be
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the corresponding eigenprojections, withd jk ∈ Rm
′
j
×m′

j the nilpotent matrices. We
obtain finally that

(3.35) F j(z) =
∑

k

F jk(z) =
∑

k

(−zλ1j − z2c jk)p jk − z2d jk +O(z3).

The eigenvalues tending to0 belong to jk families, whosez expansion can be
expressed by

(3.36) λ jk(z) = −zλ1j − z2c jk +O(z3).
Note that since allc jk are different, then the total projection for each family is
holomorphic nearz = 0, and similarly the nilpotent part. They can be expressed as

(3.37) P jk(z) = R0r jp jk(R0r j)
T
+O(z), D jk(z) = z

2R0r jd jk(R0r j)
T
+O(z3).

Therefore, we obtain the projection ofE(z) on the null eigenvalue as

(3.38) R(z)F(z)L(z) =
∑

jk

(
−zλ1j I − z2c jkI +O(z3)

)
P jk(z) +D jk(z).

Remark3.2. As we have noticed before, in general inside thejk family there are
different eigenvalues whose projections have a pole inz = 0. We just say that
the total projectionP jk(z) of the wholejk family does not have poles in0: as we
showed, this follows becauseF(z) can be decomposed as the sum ofF jk(z), acting
on different subspaces.

We study now the termF−(z) = L−(z)E(z)R−(z). As before, we expand the
left and right projections ofP−(z) as L−(z) = L− + zL1− + O(z2) andR−(z) =
R− + zR1− +O(z2). We obtain

(3.39) L1− =
[
−D−1A21 0

]
, R1− =

[
−A12D−1
0

]
.

This yields

(3.40) F−(z) = D − zA22 +O(z2).
We sum up the previous results in the following statement.

Proposition 3.3. We have the following decomposition nearz = 0

(3.41) E(z) =
∑

jk

(
Λ jk(z)P jk(z) +D jk(z)

)
+ E1(z),

where theΛ jk are diagonaln × n matrices composed by then1 eigenvaluesλ jk
given by(3.36), the coefficientsc jk having strictly negative real part, thanks to
assumption (H2). The spectral projectorsP jk and the nilpotent operatorsD jk are
given by(3.37)and verify

P jk(z)P j′k′(z) = δ j j′δkk′P jk(z), D jk(z)P jk(z) = P jk(z)D jk(z) = D jk(z),

Λ jk(z)P jk(z) = P jk(z)Λ jk(z) = Λ jk(z), P jk(z)E1(z) = E1(z)P jk(z) = 0.
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The termE1(z) is given byR−(z)F−(z)L−(z), whereF−(0) = D, which, by assump-
tion (H1), has eigenvalues with strictly negative real part.

Casez = ∞

We do now the same analysis when|z| → ∞. We have

E(z) = B − zA = z
(
−A + 1

z
B
)
= zẼ(1/z),

where

(3.42) Ẽ(ζ) = −A + ζB.
SinceA is symmetric, we can write

(3.43) A =
∑

j

λ jR jR
T
j ,

whereλ j are the eigenvalues with multiplicitym j, R j ∈ Rn×m j are the right eigen-
projections, normalized byRT

j
R j = I ∈ Rm j×m j . As before, by considering the total

projection for the family of eigenvalues converging toλ j asζ → 0, we obtain the
reduced equation for eachλ j,

(3.44) F̃ j(ζ) = −λ jI + ζRTj BR j +O(ζ2).
If one decompose nowRT

j
BR j as

RTj BR j =
∑

k

b jkp̃ jk + d̃ jk, p̃ jk, d̃ jk ∈ Rm jk×m jk ,

we obtain that we can reduce further theF̃ j by

(3.45) F̃ jk(ζ) = (−λ j + ζb jk)p̃ jk + ζd̃ jk +O(ζ2).
As before, one obtains thejk families of eigenvalues for|z| → ∞ have thez series

(3.46) λ jk(z) = −zλ j + b jk +O(1/z),
and the projectors and nilpotent parts

P jk = R jp̃ jkRTj +O(1/z), D jk = R jd̃ jkRTj +O(1/z).(3.47)

Lemma 3.4.Under the assumption (H2), the eigenvaluesb jk ofRT
j
BR j have strictly

negative real part.

The proof follows by arguing as in Lemma 3.1.

Proposition 3.5. We have the following decomposition nearz = ∞
(3.48) E(z) =

∑

jk

(
Υ jk(z)P jk(z) +D jk(z)

)
,

whereΥ jk is the diagonal matrix whose entries are the eigenvalues of the jk family
(3.46), the coefficientsb jk having strictly negative real part, thanks to assumption
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(H2). The spectral projectorsP jk and the nilpotent operatorsD jk are given by
(3.47)and verify

P jk(z)P j′k′ (z) = δ j j′δkk′P jk(z), D jk(z)P jk(z) = P jk(z)D jk(z) = D jk(z),
Υ jk(z)P jk(z) = P jk(z)Υ jk(z) = Υ jk(z).

3.2 Green function estimates

In the general case, assuming that the matrixA is symmetric, we have that
Γ(t, x) = 0 if x > λ̄t or x < λt, where

(3.49) λ̄ := max
j
λ j, λ := min

j
λ j,

namely, the support ofΓ is contained in the wave cone ofA. Therefore we have

(3.50) Γ(t, x) = Γ(t, x)χ
{
λt ≤ x ≤ λ̄t},

whereχ is the characteristic function. In conclusion, in the following we shall
assume all the time

|x
t
| ≤ C.

Now, we are ready to estimate the global behavior for larget of the Green ker-
nel Γ(t, x) using the local expansions contained in Propositions 3.3 and 3.5. We
associate a diffusive operator with Green functionK(t, x) to the expansion (3.41),
and a dissipative transport operator with Green functionK(t, x) to (3.48), and we
estimate the remainder term

R(t, x) = Γ(t, x) − K(t, x) −K(t, x).

Estimates nearz = 0

In the following we shall consider the Green kernel as composed of 4 parts,
acting onwc, wd:

(3.51) Γ(t, x) =

[
L0Γ(t, x)R0 L0Γ(t, x)R−
L−Γ(t, x)R0 L−Γ(t, x)R−

]
=

[
Γ00(t, x) Γ0−(t, x)
Γ−0(t, x) Γ−−(t, x)

]
.

Using the expansion ofL(z), R(z) given by (3.29), (3.30) it follows that

P jk(z) = P̄ jk(z) + R jk(z)

=




r jp jkr
T
j

zr jp jkr
T
j
A12D

−1

zD−1A21r jp jkrTj z
2D−1A21r jp jkrTj A12D

−1


 +

[
O(z2) O(z2)
O(z2) O(z3)

]
.

(3.52)

We can associate to each term ofF jk(iξ) given by (3.35) the parabolic equation

(3.53) wt + λ
1
jwx = −

(
c jkI + d jk

)
wxx, w ∈ Rm

′
j ,

wherec jk is in general complex valued, but its real part is strictly negative:

(3.54) c jk = −µ jk − iν jk, µ jk > 0.
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Its kernel can be computed explicitly. Ifγ jk =
√−c jk =

√
µ jk + iν jk is the square

root with positive real part, so thatargγ jk ∈ (−π/4, π/4), then

(3.55) g jk(t, x) �
1

2γ jk
√
πt
exp

−
(x − λ1

j
t)2

4(µ jk + iν jk)t





∑

ι

M jk,ι
(x − λ1

j
t)2ι

((µ jk + iν jk)t)ι


 .

The matrix valued coefficientsM jk,ι are due to the fact that we have a nilpotent part
D jk: the maximal value ofι is m jk − 1, wherem jk is the multiplicity of c jk. Note
that we have in any case that for somec > 0

(3.56) |g jk(t, x)| ≤
O(1)√
t
e
−(x−λ1

j
t)2/(ct) ∀k, (t, x) ∈ R+ ×R.

Similarly, one can see that the inverse Fourier transform of

F̄(t, z) �
∑

jk

e
−zλ1

j
t−z2c jkte−z

2D jktP̄ jk(z)

is given by the function
(3.57)

K(t, x) �
∑

jk




r j(g jk(t, x)p jk)r
T
j

−r j
(
dg jk

dx
p jk

)
rT
j
A12D

−1

−D−1A21r j
(
dg jk

dx
p jk

)
p jkr

T
j
D−1A21r j



d2g jk

dx2
p jk


 rTj A12D−1



.

The functionK(t, x), as we will see later, collects the principal parts of each com-
ponent (3.51) of the Green kernelΓ(t, x).

By the Proposition 3.3, we can computeeE(z)t nearz = 0:

(3.58) eE(z)t =
∑

jk

e
−zλ1

j
t−z2c jkte−z

2tD jk+O(z3t)P jk(z) + R−(z)e
F−(z)tL−(z).

We associate to kernel of the parabolic equation (3.53), thefunction

ĝ jk(z) = −(zλ1j − z2c jk)I − z2d jk.

In the same way, to the Green functionK(t, x) we associate the function
(3.59)
K̂(z) �

∑
jk ĝ jk(z)P̄ jk(z)

=
∑
jk




r j ĝ jk(z)p jkr
T
j

zr j ĝ jk(z)p jkr
T
j
A12D

−1

zD−1A21r j ĝ jk(z)p jkrTj z
2D−1A21r j ĝ jk(z)p jkrTj A12D

−1


 .
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Consider the following integral:

R1(t, x) =
1

2π

∫ ǫ

−ǫ

(
eE(iξ)t − eK̂(iξ)t

)
eiξxdξ

=

∑

jk

1

2π

∫ ǫ

−ǫ
e
iξ(x−λ1

j
t)+ξ2c jkt

(
eξ
2tD jk+O(ξ3t)P jk(iξ) − eξ

2tD jkP̄ jk(iξ)
)
dξ

+
1

2π

∫ ǫ

−ǫ
R−(iξ)e

F−(iξ)tL−(iξ)e
iξxdξ.

(3.60)

The constantǫ is sufficiently small. The meaning of the above integral is that
for low frequenciesξ, the main parts ofΓ(t, x) is given by the parabolic diffusion
process described by (3.53). Moreover, we are taking into account the principal
parts of each component ofΓ(t, x), as in (3.51).

Using (3.40), and sinceD has strictly negative eigenvalues, it is clear that for
some positive constantC

(3.61)

∣∣∣∣∣
1

2π

∫ ǫ

−ǫ
R−(iξ)eF−(iξ)tL−(iξ)eiξxdξ

∣∣∣∣∣ ≤ Ce
−t/C.

We will consider separately each of the integrals

(3.62) R jk(t, x) =
1

2π

∫ ǫ

−ǫ
e
iξ(x−λ1

j
t)+ξ2c jkt

(
eξ
2tD jk+O(ξ3t)P jk(iξ) − eξ

2tD jkP̄ jk(iξ)
)
dξ.

The integrand is holomorphic, because we are considering the whole eigenspace
P jk (see Remark 3.2), so we can change the path of integration in such a way
that, when we take the real part of the exponent inside the integral, we obtain a
strictly negative exponent (it is clear that such a thing do not happens for the path
considered in (3.67)). Letc jk = −µ jk− iν jk, and denote as beforeγ jk =

√
µ jk + iν jk

its square root with positive real part. Note that for alljk we have

(3.63) argγ jk ∈ (−π/4 + ζ, π/4 − ζ), ζ > 0.

By the change of coordinatesξ = e−i argγ jkz, we can write the exponent as

(3.64) iξ(x − λ1j t) − ξ2γ2jkt = ie−i argγ jkz(x − λ1j t) − |γ jk|2z2t,

integrated along the pathz = ei arg γ jkξ, ξ ∈ [−ǫ, ǫ]. Since all integrands (3.67) are
holomorphic, we can deform the path as in fig. 3.1: denoting with y the constant

(3.65) y = min
{
|x − λ1j t|/(2|γ jk |2t), ǫ/2

}
,
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σ2

σ1

π
2 − argγ jk

arg γ jk

σ3

ℑz

ℜz

FIGURE 3.1. The pathσ in the complex plane in the casex − λ1
j
t > 0.

consider the path

σ =
{
−ǫei arg γ jk + isgn(x − λ1j t)ηe−i arg γ jk ; η ∈ [0, y]

}

⋃{
−ηei argγ jk + isgn(x − λ1j t)ye−i arg γ jk ; η ∈

[
−ǫ, ǫ

]}

⋃{
ǫei argγ jk − isgn(x − λ1j t)ηe−i argγ jk ; η ∈ [−y, 0]

}

= σ1 ∪ σ2 ∪ σ3.(3.66)

We now estimate:
(3.67)

R jk(t, x) =
1
2π

∮

σ
e
ie
−i arg γ jk z(x−λ1

j
t)−|γ jk |2z2t

×
(
eξ
2tD jk+O(ξ3t)P jk(iξ) − eξ

2tD jk P̄ jk(iξ)
) ∣∣∣∣ξ=e−i arg γ jk z e

−i argγ jkdz.

We begin with the following lemma.

Lemma 3.6. If D is a complex nilpotent matrix, then for allδ > 0 andα ∈ C, there
existsC = C(δ) such that

(3.68)
∣∣∣eαD+A − eαD

∣∣∣ ≤ Ce|α|δ+C|A||A|
for every matrixA.

Proof. Let 0 < ω << 1. SinceD is nilpotent, there exists an invertible change of
baseR = R(ω), with

|R| = O(1), |R−1| = O(ω−n+1),
such that the matrix

(3.69) Y := RDR−1
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verifies
|Y| = ω.

In fact, there existsS ∈ Rn×n, such that

D′ = SDS−1 =




0 1 0 . . . . . .
... 0

. . .
. . .

...
. . . 1

. . .
. . . 0

. . .
. . .

. . . 0
0

. . . . . . . . . 0




.

We introduce the diagonal matrix

T(ω) = diag(ωn−1, ωn−2, . . . , ω, 1)

and its inverse
T(ω)−1 = diag(ω−n+1, ω−n+2, . . . , ω−1, 1),

and setR(ω) = T(ω)S, which yields (3.69) withY = ωD′. We can now compute
∣∣∣∣e−αDeαD+A − I

∣∣∣∣ =
∣∣∣∣
(∑
+∞
n=0

(−αD)n
n!

) (∑
+∞
m=0

(αD+A)m

m!

)
− I

∣∣∣∣

=

∣∣∣∣R−1
(∑
+∞
n=1

∑n−1
m=0

1
m!(n−m)! (−αY)m(αY + RAR−1)n−m

)
R
∣∣∣∣

≤ C
∑
+∞
n=1

∑n−1
m=0

1
m!(n−m)!

∑n−m
i=1

(n−m)!
i!(n−m−i)! |αY|n−i|RAR−1|i

≤ C
∑
+∞
n=1

∑n
i=1

1
i!(n−i)! |αY|n−i|RAR−1|i

∑n−i
m=0

(n−i)!
m!(n−i−m)!

= C
∑
+∞
n=1 2

n
∑n
i=1

1
i!(n−i)! (|α||Y|)n−i|RAR−1|i

= C
∑
+∞
n=0

2n

n!

(
(|α||Y| + |RAR−1|)n − (|α||Y|)n

)

= C
(
e2(|α||Y|+|RAR

−1 |) − e2|α||Y|
)
≤ Ce2|α||Y|+C|A||A|.

Therefore, we obtain

(3.70)
∣∣∣eαD+A − eαD

∣∣∣ ≤ Ce3|α||Y|+C|A||A|
and the conclusion follows. �

We introduce now

∆ jk(z) = e
ξ2tD jk+O(ξ3t) − eξ2tD jk .
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Recall that we setξ = e−i argγ jkz. Using (3.68), we obtain the estimate

(3.71)
∣∣∣∆ jk(z)

∣∣∣ ≤ Ce|z|2tδ+O(|z|3t)|z|3t ≤ Ce2|z|2tδ|z|3t,

with ǫ ≈ δ andδ ≪ 1. Note that we only assume here that|z| is small, but it may
happens thatz3t is large. The importance of the above lemma is in the fact thatwe
do not require any assumption on the norm ofA.

We have
∣∣∣∣eξ
2tD jk+O(ξ3t)P jk(iξ) − eξ

2tD jkP̄ jk(iξ)
∣∣∣∣

≤
∣∣∣∣∣∣




r j∆ jk(z)p jkr
T
j

zr j∆ jk(z)p jkr
T
j
A12D

−1

zD−1A21r j∆ jk(z)p jkp jkrTj z
2D−1A21r j∆ jk(z)p jkrTj A12D

−1



∣∣∣∣∣∣

+

∣∣∣∣eξ
2tD jk+O(ξ3t)

(
P jk(iξ) − P̄ jk(iξ)

)∣∣∣∣

Using (3.71), (3.68) and (3.69), we obtain
(3.72)∣∣∣∣eξ

2tD jk+O(ξ3t)P jk(iξ) − eξ
2tD jkP̄ jk(iξ)

∣∣∣∣ = (|z3|t + |z|)e2δ|z|
2t

[
O(1) O(1)|z|
O(1)|z| O(1)|z|2

]
.

What we are going to obtain is the following result: the principal terms ofΓ(t, x) are
the heat kernelsg jk(t, x) or their derivatives, and the error terms for each principal
part are of higher order. Using (3.67), we will thus integrate along the pathσ the
function

(3.73) |z|p(|z|2t + 1) exp
{
ℜ

(
ie−i argγ jkz(x − λ1j t) − z2|γ jk|2t

)
+ 2δ|z|2t

}
,

for p = 1, 2, 3.

Onσ1, observing that|z| = O(ǫ), one has

(3.74)

∣∣∣∣∣∣
1

2π

∮

σ1

(. . . ) dz

∣∣∣∣∣∣

≤ Cǫp(ǫ2t + 1)
∫ y

0

e
− cos(2 arg γ jk)

(
η|x−λ1

j
t|+|γ jk |2ǫ2t−|γ2jk|η

2t

)
+2δ(ǫ2t)

dη

≤ Cǫp+1(ǫ2t + 1)e− 12µ jkǫ2t ≤ Cǫp+1e− ǫ
2

C t ≤ Ce−t/C,

for some large constantC and if δ is sufficiently small. The same estimate can be
obtained onσ3.
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Onσ2 we have
(3.75)∣∣∣∣∣∣
1

2π

∮

σ2

(. . . ) dz

∣∣∣∣∣∣

≤C
∫ ǫ

−ǫ
e
− cos(2 arg γ jk)(y|x−λ1j t|+|γ jk |2η2t−|γ jk |2y2t)+2δ(|z|2t)(t(|y| + |η|)2 + 1)(|y| + |η|)pdη.

Recall now thaty = min
{
|x − λ1

j
t|/(2|γ jk |2t), ǫ/2

}
. If ǫ < |x − λ1

j
t|/|γ|2t, then we

can evaluate (3.75) as before,

(3.76) Cǫp+1(ǫ2t + 1)e
−
1

8
µ jkǫ

2t
≤ Ce−t/C.

Forǫ ≥ |x − λ1
j
t|/|γ|2t we have

(3.77)∣∣∣∣∣∣
1

2π

∮

σ2

(. . . ) dz

∣∣∣∣∣∣

≤ C
∫ ǫ

−ǫ
e
− cos(2 arg γ jk)(

(x−λ1
j
t)2

4|γ jk |2t
+|γ jk|2η2t)+4δη2t+

δ(x−λ1
j
t)2

|γ jk |4t
(
t(|y| + |η|)2 + 1

)
(|y| + |η|)pdη

≤ Ce− cos(2 argγ jk)
(x−λ1

j
t)2

8|γ|2t

∫ ǫ

−ǫ
e−
1
2µ jkη

2t
(
|η|2t + y2t + 1

)
(|η| + y)pdη

≤ Ce− cos(2 argγ jk)
(x−λ1

j
t)2

8|γ|2t 1
t(1+p)/2

(∑p+2
ι=0

(
|x−λ1

j
t|

√
t

)ι)

≤ C
t(1+p)/2

e
−(x−λ1

j
t)2/ct

.

Observe here that in (3.62),R jk is bounded for0 ≤ t ≤ 1. Then, using also (3.50),
we can write that the rest part nearξ = 0 is of the order of

(3.78) R1(t, x) =
∑

j

e
−(x−λ1

j
t)2/ct

[
O(1)(1 + t)−1 O(1)(1 + t)−3/2
O(1)(1 + t)−3/2 O(1)(1 + t)−2

]
.

Estimates nearz = ∞

In this case, we can associate to each term ofzF̃ jk(1/z) in (3.45), the Fourier
transform of the Green kernel of the transport equation

(3.79) wt + λ jwx = (b jkI + d̃ jk)w, w ∈ Rm jk .
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We can write it explicitly by

(3.80) g̃ jk(t, x) = δ(x − λ jt)eb jkt
∑

ι

tι

ι!
(d̃ jk)

ι,

Note that by our assumptionℜ(b jk) ≤ −c < 0, so that we have the estimate

(3.81) |g̃ jk(t, x)| ≤ Cδ(x − λ jt)e−ct ∀k, (t, x) ∈ R+ ×R.
We associate to the kernelsg̃ jk, the hyperbolic Green function

(3.82) K(t, x) =
∑

jk

R j g̃ jk(t, x)p̃ jkR
T
j .

Using (3.47) and Proposition 3.5, we obtain

(3.83) K(t, x) =
∑

jk

δ(x − λ jt)eb jktetD jk(∞)P jk(∞).

Observe thatK(t, x) is the Fourier transform inx of

(3.84) K̂ (t, ξ) =
∑

jk

e−iλ jtξ+b jktetD jk(∞)P jk(∞).

From the Proposition 3.5, nearz = ∞ we have the expansion forE(z) as

(3.85) E(z) =
∑

jk

((
−zλ j + b jk + b1jk

1

z
+O(1) 1

z2

)
I +D jk(z)

)
P jk(z),

so that we can compute its exponential as

(3.86) eE(z)t =
∑

jk

e
−zλ jt+b jkt+(b1jk

1
z+O(1) 1z2 )tetD jk(z)P jk(z).

ForN sufficiently large, we define

(3.87) R2(t, x) =
1

2π

∫

|ξ|≥N

(
eE(iξ)t − K̂(t, ξ)

)
eiξxdξ.

We have

|R2| ≤

∑

jk

1

2π

∣∣∣∣∣∣

∫

|ξ|≥N
eiξ(x−λ jt)+b jkt(e

tD jk(iξ)+t(b1jk
1
iξ+O(1) 1ξ2 )IP jk(iξ) − etD jk(∞)P jk(∞))dξ

∣∣∣∣∣∣.

We have

D jk(iξ) + b1jk
1
iξ I +O(1) 1ξ2 = D jk(∞) +

1
ξD1jk +O(1)

(
1
ξ2

)
,

P jk(iξ) = P jk(∞) + 1ξP1jk +O(1)
(
1
ξ2

)
.
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We denote bydeD the derivative of the application

D→ eD.
So, it holds

|eD+A − eD − deDA| ≤ C|A|2 sup
s∈[0,1]

|d2eD+sA| ≤ Ce|D|+|A||A|2,

which in the case

D 7→ tD, |D| ≤ δ, A 7→
(
t

ξ

)
A, |A|/|ξ| ≤ δ,

becomes∣∣∣∣∣e
tD+

(
t
ξ

)
A − etD − detD

(
t

ξ

)
A

∣∣∣∣∣ ≤ Ce
t(|D|+|

(
1
ξ

)
A|)

(
t2

ξ2

)
|A|2 ≤ C

(
t2

ξ2

)
eCδt.

From the Lemma 3.6 and (3.69) we can suppose that|D jk(∞)| ≤ δ.
Therefore, forN large enough, we obtain

e
tD jk(iξ)+t(b1jk

1
iξ+O(1) 1ξ2 )IP jk(iξ)

=

[
etD jk(∞)P jk(∞) − d

(
etD jk(∞)

) (
t
ξ

) (
D1
jk
+O(1)

(
1
ξ

))
+ O(1)

(
t2

ξ2

)
eCδt

]

×
[
P jk(∞) + 1ξP1jk +O(1)

(
1
ξ2

)]
.

We conclude that

(3.88)

e
tD jk(iξ)+t(b1jk

1
iξ+O(1) 1ξ2 )IP jk(iξ) − etD jk(∞)P jk(∞)

=
1
ξ

[
td

(
etD jk(∞)

)
D1
jk
P jk(∞) + etD jk(∞)P1jk

]
+
1
ξ2
O(1)eCδt.

Finally, for δ small enough, we obtain
(3.89)

|R2(t, x)| ≤
∑

jk

Ce−αt
∣∣∣∣∣∣

∫

|ξ|≥N

eiξ(x−λ jt)

ξ
dξ

∣∣∣∣∣∣ +
∑

jk

Ce−αt
∫

|ξ|≥N

1

ξ2
dξ ≤ Ce−αt.

Estimates in between

To complete the study of the Fourier transform ofΓ, we have to study which
terms are left: these are the parabolic kernelK for |ξ| ≥ ǫ andt ≥ 1, the transport
kernelK for |ξ| ≤ N, and the kernelE(z) for ǫ ≤ |ξ| ≤ N. We thus have to consider
here3 cases.

First, one has immediately that ifK is the parabolic linearized Green kernel.
Set

(3.90) R3(t, x) =
1

2π

∫

|ξ|≥ǫ
K̂(t, ξ)eiξxdξ,
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and we obtain

(3.91) |R3(t, x)| ≤
∑

jk

C

∣∣∣∣∣∣

∫

|ξ|≥ǫ
e
iξ(x−λ1

j
t)
e−c jkξ

2tdξ

∣∣∣∣∣∣ ≤ C
e−t/C√
t
, t ≥ 1.

Similarly, we introduce

(3.92) R4(t, x) =
1

2π

∫

|ξ|≤N
K̂ (t, ξ)eiξxdξ,

(3.93) |R4(t, x)| ≤ Ce−αt
∑

j

∣∣∣∣∣∣

∫ N

−N
eiξ(x−λ jt)dξ

∣∣∣∣∣∣ ≤ Ce
−αtmin

j

{
N, 1/|x − λ1j t|

}
.

Finally, we set

(3.94) R5(t, x) =
1

2π

∫

ǫ≤|ξ|≤N
eE(iξ)teiξxdξ,

and, thanks to Lemma 2.4, we can use the estimate (2.11), which follows from the
Shizuta-Kawashima condition:

(3.95) |R5(t, x)| ≤ C
∫

ǫ≤|ξ|≤N
e−αξ

2t/(1+ξ2)dξ ≤ Ce−t/C,

for some large constantC.

Global estimates

Notice that, thanks to (3.50), we have to study only the case|x/t| ≤ C. By
means of (3.78), (3.89), (3.91), (3.93), (3.95), we have

R(t, x) = Γ(t, x) − K(t, x) −K(t, x)

=

∑

j

e
−(x−λ1

j
t)2/Ct

1 + t

[
O(1) O(1)(1 + t)−1/2

O(1)(1 + t)−1/2 O(1)(1 + t)−1
]
+ Ce−t/C,(3.96)

for some large constantC. Moreover, using again|x/t| ≤ C, we have that in (3.96)
the first term on the RHS dominates the second one, so that we can write

(3.97) R(t, x) =
∑

j

e
−(x−λ1

j
t)2/Ct

1 + t

[
O(1) O(1)(1 + t)−1/2

O(1)(1 + t)−1/2 O(1)(1 + t)−1
]
.

We have then proved the main result of this section.

Theorem 3.7. LetΓ(t, x) be the Green function of system(3.1), under the assump-
tions (H1) and (H2). LetK(t, x) be the Green function of the diffusive operator
given by(3.57)andK(t, x) the Green function of the dissipative transport opera-
tor given by(3.82). Then, we have the decomposition

(3.98) Γ(t, x) = K(t, x)χ
{
λt ≤ x ≤ λ̄t, t ≥ 1

}
+K(t, x) + R(t, x)χ

{
λt ≤ x ≤ λ̄t

}
,
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whereR(t, x) can be written as

R(t, x) =
∑

j

e
−(x−λ1

j
t)2/ct

1 + t

(
R0(O(1))L0 + R0(O(1)(1 + t)−1/2)L−

+ R−(O(1)(1 + t)−1/2)L0 + R−(O(1)(1 + t)−1)L−
)
,

(3.99)

for some constantc. HereO(1) denotes a generic bounded matrix,λ1
j

are the

eigenvalues of the symmetric blockA11 of A, used in expansion(3.15), and the
projectors are given by(3.19)and (3.20).

4 The multi dimensional Green function

In this section we prove an analogous theorem for multi dimensional systems.
Since, in general, the form of the Green function is not explicit, we have to relay
directly on the Fourier coordinates. Thus the separation ofthe Green kernel into
various part is done at the level of solution operatorΓ(t) acting onL2(Rm,Rn), or
L1 ∩ L2(Rm,Rn). In the following we will consider the last space, even if onecan
study the equation for initial data only inL2. Our aim is in fact to obtain decay
estimates.

4.1 General setting and first estimates

We consider the Cauchy problem for the linear relaxation system in the Con-
servative-Dissipative form

(4.1) wt +

m∑

α=1

Aαwxα = Bw, w ∈ Rn1+n2 ,

(4.2) w(0, ·) = w0.

We assume thatAα, α = 1, . . . ,m, are symmetric matrices and that we have, as in
(3.2),

B =

[
0 0
0 D

]
,

whereD is a negative definite matrix∈ Rn2×n2 . So we have (H1).
Set, forξ ∈ Rm,

(4.3) A(ξ) :=
m∑

α=1

ξαAα, E(iξ) = B − iA(ξ).
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We assume also that we have (H2), and we recall that, from Lemma 2.4, there
exists ac > 0 such that ifλ(iξ) is an eigenvalue ofE(iξ), with ξ ∈ Rm, then

(4.4) ℜ(λ(iξ)) ≤ −c |ξ|
2

1 + |ξ|2 .

Let us introduce the polar coordinates inRm

ξ = ρζ, ρ = |ξ|, ζ ∈ Sm−1

and set

E(iρ, ζ) = E(iρζ).

More generally, inC ⊗ Sm−1,
(4.5) E(z, ζ) = E(zζ) = B − zA(ζ).

Moreover, sinceSm−1 is compact, then whenE(z, ζ) is considered inC⊗Sm−1,
the pointsz = 0, z = ∞ are uniformly isolated exceptional point for allζ, while in
general there are a finite number of exceptional curves for0 < |z| < ∞. Thus we
can expandE(z, ζ) nearz = 0 andz = ∞ as in the one dimensional case.

As before, we want to study the Green kernelΓ(t, x) of (4.1). We recall that the
support ofΓ is contained in the wave cone of (4.1), so that, fort ≥ 0, Γ(t, ·) has
compact support. The solution of the Cauchy problem (4.1)-(4.2) is given by

(4.6) w(t, ·) = Γ(t, ·) ∗ w0

and, using the Fourier transform, we have

(4.7) ŵ(t, ξ) = Γ̂(t, ξ)ŵ0(ξ) = eE(iξ)tŵ0(ξ).

We now use (4.4) to obtain our first decay estimates. Fora > 0, we have:

(4.8)
∣∣∣χ(|ξ| > a) eE(iξ)t

∣∣∣ ≤ Ce
−c a

2

1 + a2
t
,

(4.9)
∣∣∣χ(|ξ| ≤ a) eE(iξ)t

∣∣∣ ≤ Ce
− c

1 + a2
|ξ|2t

.

We have the following natural decomposition

w(t, ·) =Ma(t)w0 +Ma(t)w0,
with

(4.10) M̂a(t)w0 = χ(|ξ| > a) eE(iξ)tŵ0(ξ),

(4.11) M̂a(t)w0 = χ(|ξ| ≤ a) eE(iξ)tŵ0(ξ).
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For the high frequencies we obtain

‖Ma(t)w0‖L2 = C‖χ(|ξ| > a) eE(iξ)tŵ0(ξ)‖L2

≤ Ce
−c a

2

1 + a2
t
‖w0‖L2

and, more generally, for any derivativeDβ in the space variables:

(4.12) ‖DβMa(t)w0‖L2 ≤ Ce
−c a

2

1 + a2
t
‖Dβw0‖L2 .

On the other hand, for the low frequencies, we have

‖DβMa(t)w0‖L∞ ≤ C
∫

Sm−1

∫ a

0

e
− c

1 + a2
|ξ|2t
|ξ|β|ŵ0(ξ)||ξ|m−1d|ξ|dζ

≤ C(a, |β|)min
(
1, t−

m
2 −
|β|
2

)
‖w0‖L1

and

‖DβMa(t)w0‖L2 ≤ C



∫

Sm−1

∫ a

0

e
− c

1 + a2
|ξ|2t
|ξ|2β|ŵ0(ξ)|2|ξ|m−1d|ξ|dζ




1
2

≤ C(a, |β|)min
(
1, t−

m
4 −
|β|
2

)
‖w0‖L1

More generally, forβ ∈Nm andp ∈ [2,+∞], we obtain the decay estimates:

(4.13) ‖DβMa(t)w0‖Lp ≤ C(a, |β|)min
(
1, t−

m
2 (1− 1p )−

|β|
2

)
‖w0‖L1 .

To obtain a more refined estimate, we have to use the Conservative-Dissipative
form in (4.13), by expandingE(iξ) for the low frequencies.

4.2 Low frequencies estimates

We now study the expansion ofE(z, ζ) = B − zA(ζ) nearz = 0. We can use the
result of Section 3, noting that the matrixA in (3.5) is simply replaced byA(ζ).
We introduce the total projectorP(z, ζ) corresponding to all the eigenvalues near 0,
andP−(z, ζ) = I − P(z, ζ) is the projector corresponding to the whole family of the
eigenvalues with strictly negative real part (see (3.17) and (3.18)). The principal
part of P(z, ζ) is the projectorQ0 = R0L0, the principal part ofP−(z, ζ) is the
projectorQ− = R−L−, and the projectorsR0, L0, R−, L− are given by

(4.14) L0 = R
T
0 =

[
In1 0

]
, L− = RT− =

[
0 In2

]
.
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As in Section 3.1, we can write the expansion of the eigenprojectorsL(z, ζ),R(z, ζ)
corresponding to the vanishing eigenvalues. By formula (3.29) we obtain

(4.15)

L(z, ζ) = L0 + zL0A(ζ)R−D−1L− +O(z2)

= L0 + z
[
0 A12(ζ)D

−1
]
+O(z2)

=

[
In1 zA12(ζ)D

−1
]
+O(z2).

(4.16)

R(z, ζ) = R0 + zR−D−1L−A(ζ)R0 +O(z2)

= R0 + z
[ 0
D−1A21(ζ)

]
+O(z2)

=

[ In1
zD−1A21(ζ)

]
+O(z2).

Thus, as in (3.32), we obtain

F(z, ζ) � L(z, ζ)E(z, ζ)R(z, ζ)

= − zA11(ζ) − z2A12(ζ)D−1A21(ζ) +O(z3)
= F(z, ζ) +O(z3).(4.17)

In the same way, using (3.39) and (3.40), we obtain

(4.18)
F−(z) � L−(z, ζ)E(z, ζ)R−(z, ζ)

= D − zA22(ζ) +O(z2).
Let us recall that nearz = 0 we have

P(z, ζ) = R(z, ζ)L(z, ζ), L(z, ζ)R(z, ζ) = I,

P−(z, ζ) = R−(z, ζ)L−(z, ζ), L−(z, ζ)R−(z, ζ) = I,

and
E(z, ζ) = R(z, ζ)F(z, ζ)L(z, ζ) + R−(z, ζ)F−(z, ζ)L−(z, ζ).

This yields

(4.19) eE(iξ)t = R(iξ)eF(iξ)tL(iξ) + R−(iξ)e
F−(iξ)tL−(iξ).

Take now a constanta small enough, such that we can use decomposition (4.19) in
(4.11):

(4.20)
M̂a(t)w0 = χ(|ξ| ≤ a)R(iξ)eF(iξ)tL(iξ) + χ(|ξ| ≤ a)R−(iξ)eF−(iξ)tL−(iξ)

�
̂Ma,1(t)w0 +

̂Ma,2(t)w0.
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Lemma 4.1. Assumea << 1. There exist two constantsc,C > 0, such that

(4.21)
∣∣∣χ(|ξ| ≤ a)eF−(iξ)t

∣∣∣ ≤ Ce−ct,

(4.22)
∣∣∣χ(|ξ| ≤ a)eF(iξ)t

∣∣∣ ≤ Ce−c|ξ|
2t.

Proof. The matrixD is negative definite, thus (4.18) implies (4.21). To obtain
(4.22), we use again the polar coordinatesρ = |ξ|, ξ = ρζ, to write

F(iξ) = −iρA11(ζ) + ρ2A12(ζ)D−1A21(ζ) +O(ρ3)

= F(iξ) +O(ρ3).

The matrixA11(ζ) is real symmetric, and, the matrixA12(ζ)D−1A21(ζ) is negative
defined (uniformly inSm−1), thanks to Lemma 3.1. Ifµ is an eigenvalue of the
matrix

−iA11(ζ) + ρA12(ζ)D−1A21(ζ),
there exists a constantc > 0 such that

ℜ(µ) ≤ −cρ, (0 ≤ ρ ≤ a).
Therefore, ifµ(iξ) is an eigenvalue ofF(iξ), we have

(4.23) ℜ(µ(iξ)) ≤ −c|ξ2|, (0 ≤ |χ| ≤ a),
which yields (4.22). Let us underline that these inequalities are a direct conse-
quence of assumption (H2). �

Next, we fixa > 0, such that estimates (4.21) and (4.22) hold, and we make a
decomposition of the Green operator:

(4.24) Γ(t) = K(t) +K(t),
where

K(t) �Ma,1(t), K(t) �Ma,2(t) +Ma(t).
For every functionw0 ∈ L1∩L2(Rm,Rn), the solutionw(t) = Γ(t)w0 of (4.1), (4.2)
can be decomposed as

(4.25) w(t) = Γ(t)w0 = K(t)w0 +K(t)w0.
Using (4.12) and (4.21), we can estimate the second term on the RHS: there exist
two constantsc,C > 0, such that, for all space derivativeDβ, it holds

(4.26) ‖DβK(t)w0‖L2 ≤ Ce−ct‖Dβw0‖L2 .
Now, using the Conservative-Dissipative form, we establish the decay properties
of K(t). Actually, using (4.15), (4.16), (4.20), and (4.22), we have that there exist
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two constantsc,C > 0, such that

(4.27)

∣∣∣ ̂L0K(t)w0
∣∣∣ ≤ Ce−c|ξ|

2t
(
|L0ŵ0| + |ξ||L−ŵ0|

)

∣∣∣ ̂L−K(t)w0
∣∣∣ ≤ Ce−c|ξ|

2t
(
|ξ||L0ŵ0| + |ξ|2|L−ŵ0|

)
.

Using (4.27) we obtain

‖L0K(t)w0‖2L2 ≤ C
∫ ∞

0

∫

Sm−1
e−2c|ξ|

2t(|L0ŵ0(ξ)|2 + |ξ|2|L−ŵ0(ξ)|2)|ξ|m−1dζd|ξ|

≤ Cmin{1, t−m/2}‖L0ŵ0‖2L∞ + Cmin{1, t−m/2−1}‖L−ŵ0‖2L∞

≤ Cmin{1, t−m/2}‖L0w0‖2L1 + Cmin{1, t
−m/2−1}‖L−w0‖2L1 ,

‖L−K(t)w0‖2L2 ≤ C
∫ ∞

0

∫

Sm−1
e−2c|ξ|

2t(|ξ|2|L0ŵ0(ξ)|2 + |ξ|4|L−ŵ0(ξ)|)|ξ|m−1dζd|ξ|

≤ Cmin{1, t−m/2−1}‖L0w0‖2L1 + Cmin{1, t
−m/2−2}‖L−w0‖2L1 .

Similarly, it is easy to prove that for every multi indexβ the coefficientξ2β appears
in the integrand, so that

‖L0DβK(t)w0‖L2 ≤ Cmin{1, t−m/4−|β|/2}‖L0w0‖L1

+Cmin{1, t−m/4−1/2−|β|/2}‖L−w0‖L1 .

‖L−DβK(t)w0‖L2 ≤ Cmin{1, t−m/4−1/2−|β|/2}‖L0w0‖L1

+Cmin{1, t−m/4−1−|β|/2}‖L−w0‖L1 .
We can estimate also the decay in everyp ∈ [2,+∞]. We have that

|DβL0K(t)w0| ≤ C
∫
e−c|ξ|2t|ξ|β

(
‖L0ŵ0‖L∞ + |ξ|‖L−ŵ0‖L∞

)
dξ

≤ Cmin
{
1, t−m/2−|β|/2

}
‖L0w0‖L1

+Cmin
{
1, t−m/2−1/2−|β|/2

}
‖L−w0‖L1 ,

|DβL−K(t)w0| ≤ Cmin
{
1, t−m/2−1/2−|β|/2

}
‖L0w0‖L1

+Cmin
{
1, t−m/2−1−|β|/2

}
‖L−w0‖L1 ,
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so that, ifβ is a multi index, forp ∈ [2,+∞] we have also the “K(t) estimates”:

(4.28)

‖L0DβK(t)w0‖Lp ≤ C(|β|)min
{
1, t−

m
2 (1− 1p )−|β|/2

}
‖w0c‖L1

+C(|β|)min
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
‖w0
d
‖L1 ,

(4.29)

‖L−DβK(t)w0‖Lp ≤ C(|β|)min
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
‖w0c‖L1

+C(|β|)min
{
1, t−

m
2 (1− 1p )−1−|β|/2

}
‖w0
d
‖L1 .

4.3 Decay estimates

We thus collect the results in the following theorem.

Theorem 4.2. Consider the linear PDE in the Conservative-Dissipative form

(4.30) wt +

m∑

α=1

Aαwxα = Bw,

whereAα, B satisfy the assumption(SK) of Definition 2.3, and letQ0 = R0L0,
Q− = I − Q0 = R−L− be the eigenprojectors on the null space and the negative
definite part ofB. Then, for any functionw0 ∈ L1 ∩ L2(Rm,Rn), the solution
w(t) = Γ(t)w0 of (4.1), (4.2)can be decomposed as

(4.31) w(t) = Γ(t)w0 = K(t)w0 +K(t)w0,
where the following estimates hold: for any multi indexβ and for everyp ∈
[2,+∞],

K(t) ESTIMATES:

‖L0DβK(t)w0‖Lp ≤ C(|β|)min
{
1, t−

m
2 (1− 1p )−|β|/2

}
‖L0w0‖L1

+ C(|β|)min
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
‖L−w0‖L1 ,(4.32)

‖L−DβK(t)w0‖Lp ≤ C(|β|)min
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
‖L0w0‖L1

+ C(|β|)min
{
1, t−

m
2 (1− 1p )−1−|β|/2

}
‖L−w0‖L1 ;(4.33)

K(t) ESTIMATES:

(4.34) ‖DβK(t)w0‖L2 ≤ Ce−ct‖Dβw0‖L2 .
Remark4.3. Let us notice the relation among the Green kernel for (4.1) and the
parabolicn1 × n1 system inm dimensions

(4.35) wt +

m∑

α=1

Aα,11wxα = −
m∑

α,β=1

Aα,12D
−1Aβ,21wxαxβ , w ∈ Rn1 .
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This relation will be exploited better in the Sections 5.4, 5.5. Here we want to
prove that the above system satisfies the following assumptions:

(1) there exists a unitary matricesC(ζ), ζ ∈ Sn−1, such that

(4.36) CT(ζ)
( m∑

α,β=1

ζαζβAα,12D
−1Aβ,21

)
C(ζ) =

[
0 0

0 D̂(ζ)

]
,

with D̂(ζ) negative definite (also its dimension depends onζ, in general);
(2) any eigenvector of

∑
α ζαAα,11 is not in the null eigenspace of
m∑

α,β=1

ζαζβAα,12D
−1Aβ,21.

It is easy to verify that the above assumptions correspond toShizuta-Kawashima
condition along any directionζ for the parabolic system (4.35). To prove (1), let
C(ζ) ∈ Rn1×n1 be the change of coordinates so that

( m∑

α=1

ζαAα,21

)
C(ζ) =

[
0 K(ζ)

]
,

with Ker(K(ζ)) = {0}. SinceAα,12 = ATα,12, we thus obtain

CT(ζ)
( m∑

α=1

ζαAα,21

)T
D−1

( m∑

α=1

ζαAα,21

)
C(ζ) =

[
0
KT(ζ)

]
D−1

[
0 K(ζ)

]

=

[
0 0
0 KT(ζ)D−1K(ζ)

]
.

The matrixKT(ζ)D−1K(ζ) is negative definite, sinceD−1 is negative definite and
Ker(K(ζ)) = {0}.

Assume now thatv(ζ), eigenvector of
∑
α ζαAα,11, is in the null space of the

viscosity matrix of (4.35). The it follows that is in Ker(
∑
α ζαAα,21), so that the

vectorR0v is an eigenvector of
∑
α ζαAα. But this contradicts our assumptions,

because is in the null space ofB. For a related discussion about this remark, in a
slightly different framework, see [38].

Remark4.4. We note here that we cannot expect any estimate of the form

‖w(t)‖L1 ≤ C‖w0‖L1 ,
because for larget the functionL0w behaves like the solution to

wc,t +

m∑

α=1

L0AαR0wc,xα = 0,

and it is knows from [4] that this estimate is not true in general. TheL∞ estimate
depends strongly on the presence of a uniform parabolic operator, so that it is lost
in the hyperbolic limit.
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Remark4.5. We note here that by means of the explicit form of the kernel inthe
one dimensional case it follows that the decay estimates holds for p ∈ [1,+∞],
with the same decay rate.

Remark4.6. Since in general we are not able to give the explicit form of the kernel
partK(t), one may suspect that even if the kernelK(t)R−L− has the same decay
estimates of a derivative of the heat kernel, it is not a derivative of a heat like
kernel. This is striking different from the one dimensionalcase.

However, a simple observation shows that the functionL0Γ(t, x)R− is actually
a derivative. Note that in one space dimension we only provedthat its principal
partL0K(t, x)R− is anx-derivative. Thus we are obtaining a new result also in one
space dimension.

By replacingwd with w̃d + eDtwd(t = 0), we obtain that the equations for
(wc, w̃d) are
(4.37)

wc,t +
∑
αAα,11wc,xα +

∑
αAα,12w̃d,xα = −∑

αAα,12e
Dtwd,xα(t = 0)

w̃d,t +
∑
αAα,21wc,xα + Aα,22w̃d,xα = Dw̃d −

∑
αAα,22e

Dtwd,xα(t = 0)

with initial data(wc(t = 0), 0). The solution can be written by Duhamel formula as
(
wc
w̃d

)
= Γ(t) ∗

(
wc(t = 0)
0

)
−

∑

α

∫ t

0

Γ(t − s) ∗
(
Aα,12e

Dswd,xα(t = 0)
Aα,22e

Dswd,xα(t = 0)

)
ds

= Γ(t) ∗
(
wc(t = 0)
0

)
−

∑

α

∂xα

∫ t

0

Γ(t − s) ∗
(
Aα,12e

Dswd(t = 0)
Aα,22e

Dswd(t = 0)

)
ds.

(4.38)

In particular, one sees that the

(4.39) Γ(t, x)R− =
∑

α

∂xα

(∫ t

0

Γ(t − s, x)AαR−eDsds
)
+

(
0

eDtδ(x)

)
.

This remark is useful to deal with the casem = 2 in Section 5.4.

Example 4.7. Rotationally invariant systems.If we assume that system (4.30)
is invariant for rotations, it is possible to give a more precise expansion of the par-
abolic partK(t) of the kernelΓ(t). Consider for example the linearized isentropic
Euler equations with damping, which can be written as

(4.40)



ρt + divv = 0

vt + ∇ρ = −v
To fix the ideas, takem = 3, n = 4 = n1 + n2 = 1 + 3. Clearly the system is
already in the Conservative-Dissipative form and the condition (SK) is satisfied. In
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this case one can decomposeK(t, x) as

(4.41) K(t, x) =

[
G(t, x) (∇G(t, x))T
∇G(t, x) ∇2G(t, x)

]
+ R1(t, x),

whereG(t, x) is the heat kernel forut = ∆u, and the rest termR1(t, x) satisfies the
bound

(4.42) R1(t, x) =
e−c|x|

2/t

(1 + t)2

[
O(1) O(1)(1 + t)−1/2

O(1)(1 + t)−1/2 O(1)(1 + t)−1
]
.

In particular the principal part ofΓ(t) is given by the heat kernelG(t, x).
A more interesting example is the system

(4.43)



ρt + divv = 0,

vt + ∇ρ + divR = 0,

Rt + ∇v = −R,
whereρ ∈ R, v ∈ R3, andR ∈ R9. In this case, thanks to the invariance for
rotations of the Green kernel, we can use the one dimensionaldecomposition (3.57)
to find that the main smooth partK00(t) of the Green kernelΓ(t) is given by

(4.44) K00(t) =

[
0 0
0 G(t, x)P

]
+

[
(W00 ∗ G)(t, x) (W01 ∗G)(t, x)
(W10 ∗ G)(t, x) (W11 ∗G)(t, x)

]
+R1(t, x).

HereP : (L2(R3))3 7→ (L2(R3))3 is the orthogonal projection ofL2 vector fields on
the subspace of divergence free vector fields.Pv is characterized by

Pv ∈ (L2(R3))3, divPv = 0, curl(v − Pv) = 0,
and so we have that

v − Pv = ∇ψ, with ∆ψ = divv.

This yields

(4.45) Pv = v − ∇(∆−1divv).

In fact, in Fourier coordinates, we have

(4.46) P̂v(ξ) = v̂(ξ) − |ξ|−2(ξ · v̂(ξ))ξ = v̂(ξ) − |ξ|−2ξξT · v̂(ξ).
The matrix valued function

(4.47) W(t, x) =W1(t, x) +W2(t, x) =

[
W00(t, x) W01(t, x)
W10(t, x) W11(t, x)

]
+

[
0 0
0 δ(x)P

]

is the matrix valued Green function of the system


ρt + divv = 0,

vt + ∇ρ = 0,



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 41

and it can be written by means of the fundamental solution to the wave equation
utt = ∆u. In fact,W00 is the solution ofutt = ∆u with initial datau = δ(x), ut = 0,
and

(4.48) W1 =

[
W00 ∇T∂t(−∆)−1W00

∇∂t(−∆)−1W00 −∇2(−∆)−1W00

]
.

In particular one can check thatW2 corresponds to incompressible vector fields,
whileW1 corresponds to curl free vector fields. Finally the restR1(t, x) satisfies

|R1(t, x)| ≤ (1 + t)−1/2|G(t, x)| + (1 + t)−1/2
∣∣∣(W ∗G)(t, x)

∣∣∣.
From (4.44), one sees that the asymptotic behavior ofΓ(t) is a function(0, v0), with
v0 divergence free vector field, which remains close to the origin, and a function
(ρ, v1), with v1 curl free, which diffuses around the sound cone{|x| = t}. Due to
the finite speed of propagation of (4.43), we can restrictK00(t) to the light cone
{|x| ≤

√
2t}. Finally, let us notice that the main part of the kernelK00 is the Green

function of the fully parabolic system

(4.49)



ρt + divv = ∆ρ,

vt + ∇ρ = ∆v.

5 Decay estimates in the nonlinear case and more accurate asymptotic
behavior

In this section we study the time decay properties of the global smooth solu-
tions to a nonlinear entropy strictly dissipative relaxation system in conservative-
dissipative form. We shall prove that the conservative variablesuc = L0u decays
as the heat kernel and derivatives, while the dissipative variableud = L−u decays
faster. Following (3.51), we set

K(t) =

[
L0K(t)R0 L0K(t)R−
L−K(t)R0 L−K(t)R−

]
=

[
K00(t) K0−(t)
K−0(t) K−−(t)

]
.

Moreover we shall prove thatuc(t) approaches the conservative partK00(t)L0u(0)
of the linear solutionΓ(t)u(0) faster that the decay of the heat kernel form ≥ 2.
In one dimension we shall show thatuc(t) converges to the solution of a parabolic
equation with quadratic nonlinearity, in the spirit of Chapman-Enskog expansion.

5.1 Decay estimates inLp

We now prove the decay estimates inLp(Rm;Rn), p ∈ [2,+∞], for the solution
u with initial data inL1 ∩Hs, with s sufficiently large, for the non linear equation

(5.1) ut +

m∑

α=1

( fα(u))xα = g(u),
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with fα(0) = g(0) = 0 and initial condition

(5.2) u(x, 0) = u0(x).

We shall assume that the system (5.1) is strictly entropy dissipative and condition
(SK) is satisfied. Under the assumptions of Theorem 2.5, we consider the global
solutionu of (5.1)-(5.2), with

(5.3) u ∈ C0 ([0,+∞);Hs(Rm)) ∩ C1
(
[0,+∞);Hs−1(Rm)

)
,

and we can assume that there existsδ0 > 0 such that, for(t, x) ∈ [0,+∞) ×Rm,

(5.4) |u(t, x)| ≤ δ0.

Consider now the associated linearized problem

(5.5) ut +

m∑

α=1

Dfα(0)uxα = Dg(0)u.

Thanks to Proposition 2.7 and Remark 2.8, we can assume , without loss of gener-
ality, that this system is in the Conservative-Dissipativeform (C-D form) of Defi-
nition 2.6. Therefore, thanks to Theorem 4.2, the associated Green function can be
decomposed as

(5.6) Γ(t) = K(t) +K(t),

and the estimates (4.32), (4.33), and (4.34) hold true.
We can write the solutionu to (5.1) by Duhamel’s formula as

u(t) = Γ(t)u(0) +

m∑

α=1

∫ t

0

DxαΓ(t − s)
(
Dfα(0)u(s) − fα(u(s))

)
ds

+

∫ t

0

Γ(t − s)(g(u(s)) −Dg(0)u(s))ds.(5.7)

Remark5.1. We now observe that the only terms acting ong(u) −Dg(0)u are the
exponential decaying termsK(t), and the termsK0−(t) andK−−(t). Thus when
projecting on the conservative variables, the term with theslowest decay isK0−(t),
while when projected on the dissipative variables the leading term isK−−(t). A
similar observation can be made for the productΓxα(t − s)(Dfα(0)u(s) − fα(u(s)),
where the principal part foruc is K00(t) while for ud(t) is K−0(t).

We first prove that the solution decays as the heat kernels andderivatives, with
no distinction among the conservative partuc = L0u and the dissipative oneud =
L−u. We next prove that the dissipative part decays faster, as a derivative of the
conservative one. Finally we shall study the decay of the time derivative.
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For theβ derivative, we shall use the formula

Dβu(t) = DβK(t)u(0) +K(t)Dβu(0)

+

m∑

α=1

∫ t/2

0

DβDxαK(t − s)
(
Dfα(0)u(s) − fα(u(s))

)
ds

+

m∑

α=1

∫ t

t/2
DxαK(t − s)Dβ

(
Dfα(0)u(s) − fα(u(s))

)
ds

+

∫ t/2

0

DβK(t − s)R−L−
(
g(u(s)) −Dg(0)u(s)

)
ds

+

∫ t

t/2
K(t − s)R−DβL−

(
g(u(s)) −Dg(0)u(s)

)
ds

+

m∑

α=1

∫ t

0

K(t − s)Dβ
(
Dxα

(
Dfα(0)u(s) − fα(u(s))

))
ds

+

m∑

α=1

∫ t

0

K(t − s)Dβ
((
g(u(s)) −Dg(0)u(s)

))
ds,(5.8)

observing that forβ = 0 we do not need to split the integral in time.
Now we recall some well-known inequalities in the Sobolev spacesHs(Rm).

The basic remark is the fact that fors > m
2 , Hs(Rm) is a Banach algebra, i.e., for

anyu, v in Hs(Rm), we have:

(5.9) ‖uv‖Hs ≤ C‖u‖Hs‖v‖Hs .
More generally, we need some Moser-type calculus inequalities, see for instance
[23, 35].

For everyu, v in Hs(Rm) ∩ L∞(Rm) (s ≥ 0), and|β| ≤ s

(5.10) ‖Dβ(uv)‖L2 ≤ C
(
‖u‖L∞‖Dβv‖L2 + ‖v‖L∞‖Dβu‖L2

)
,

so that, ifu, v ∈ Hs+|β|(Rm),

(5.11) ‖Dβ(uv)‖Hs ≤ C
(
‖u‖L∞‖Dβv‖Hs + ‖v‖L∞‖Dβu‖Hs

)
.

For every smooth functionh : R 7→ R, everyu ∈ Hs(Rm) ∩ L∞(Rm) (s ≥ 1),
which verifies inequality (5.4), andβ , 0, |β| ≤ s, we have

(5.12) ‖Dβh(u)‖L2 ≤ Cβ‖h′‖C|β|−1(|u|≤δ0)‖u‖
|β|−1
L∞ ‖D

βu‖L2 .
Moreover, ifh(0) = 0, we have

(5.13) ‖h(u)‖Hs ≤ C
(
δ0, ‖h‖Cs(|u|≤δ0)

)
(1 + ‖u‖Hs).

As in [6], we use the following crude, but useful Lemma:
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Lemma 5.2. For anyγ, δ ≥ 0, t ≥ 2
(5.14) ϕ � min

{
γ, δ, γ + δ − 1

}
,

then it holds

(5.15)

∫ t

0

min{1, (t−s)−γ}min{1, s−δ}ds ≤ C ·



t−ϕ γ, δ , 1

t−ϕ(1 + ln t)



γ ≤ 1, δ = 1
or

γ = 1, δ ≤ 1

t−1



γ > 1, δ = 1

or

γ = 1, δ > 1

(5.16)

∫ t

0

min{1, s−δ} = C ·



1 δ > 1

ln t δ = 1

t1−δ 0 ≤ δ < 1

(5.17)

∫ t

0

e−c(t−s)min{1, s−γ} ≤ Cmin{1, s−γ}, γ ≥ 0,

Hs estimates

Let us set now

(5.18) Es = max
{
‖u(0)‖L1 , ‖u(0)‖Hs

}
,

and

(5.19) M0(t) = sup
0≤τ≤t

{
max

{
1, τm/4

}
‖u(τ)‖Hs

}
,

We are going to estimate theHs norm ofu(t) in (5.7). For shortness we denote (the
products below should be intended as tensor products)

(5.20) fα(u) −Dfα(0)u = u2hα(u), g(u) −Dg(0)u = u2h(u).
Using Theorem 4.2 and recalling Remark 5.1, we have the estimate
(5.21)
‖u(t)‖Hs ≤ Cmin{1, t−m/4}‖u(0)‖L1 + Ce−ct‖u(0)‖Hs

+C
∫ t
0
min

{
1, (t − s)−m/4−1/2

}(∑m
α=1 ‖u2hα(u(s))‖L1 + ‖u2h(u(s))‖L1

)
ds

+C
∫ t
0
e−c(t − s)

(∑m
α=1 ‖Dxα(u2hα(u(s)))‖Hs + ‖u2h(u(s))‖Hs

)
ds.

It is obvious that

Cmin{1, t−m/4}‖u(0)‖L1 + Ce−ct‖u(0)‖Hs ≤ Cmin{1, t−m/4}Es.
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For the third term, using (5.4), we have:

(5.22)

∑m
α=1 ‖u2hα(u(s))‖L1 + ‖u2h(u(s))‖L1

≤ C
(∑m

α=1 ‖hα‖L∞(|u|≤δ0) + ‖h‖L∞(|u|≤δ0)
)
‖u(s)‖2

L2

≤ Cmin{1, s−m/2} (M0(s))2

Let us consider now the fourth term in (5.21). We have to estimate‖Dβ(u2h(u))‖Hs
for β = 0 and|β| = 1. More generally we have the following result.

Lemma 5.3. Fix s > m
2 and β ∈ Nm, and letu ∈ Hr which verifies inequality

(5.4), with r ≥ s + |β|. Then we have

(5.23) ‖Dβ(u2h(u))‖Hs ≤ C
(
δ0, ‖u‖Hs , ‖h‖Cs+|β|(|u|≤δ0)

)
‖u‖L∞‖Dβu‖Hs .

Proof. First we consider the caseβ = 0. We have

‖u2h(u)‖Hs ≤ ‖u2h(0)‖Hs + ‖u2(h(u) − h(0))‖Hs .
Using (5.9) and (5.11) yields

‖u2h(u)‖Hs ≤ C(‖u‖L∞‖u‖Hs + ‖u‖L∞‖h(u) − h(0)‖L∞‖u‖Hs

+‖u‖L∞‖u‖Hs‖h(u) − h(0)‖Hs ).
So, by (5.13), we obtain (5.23) forβ = 0. For |β| ≥ 1, using twice (5.11) yields

‖Dβ(u2h(u))‖Hs ≤ C‖u‖L∞
(
‖u‖L∞‖Dβh(u)‖Hs + ‖h(u)‖L∞‖Dβu‖Hs

)
.

Since|β| ≥ 1, we can use (5.12) to obtain

‖Dβh(u)‖Hs ≤ C(δ0)‖h′‖C|β|+s−1(|u|≤δ0)‖D
βu‖Hs ,

which implies (5.23) withC = C
(
δ0, ‖h‖Cs+|β|(|u|≤δ0)

)
. �

Now, inequality (5.23) gives

(5.24)
m∑

α=1

‖Dxα(u2hα(u))‖Hs + ‖u2h(u)‖Hs ≤ C‖u‖L∞‖u‖Hs+1 .

Collecting inequalities (5.22) and (5.24) in (5.21), we obtain
(5.25)

‖u(t)‖Hs ≤ Cmin{1, t−m/4}Es + CM0(t)Es+1
∫ t

0

e−c(t−s)min{1, s−m/4}ds

+C (M0(t))
2

∫ t

0

min{1, (t − s)−m/4−1/2}min{1, s−m/2}ds.



46 S. BIANCHINI, B. HANOUZET AND R. NATALINI

By means of Lemma 5.2, form = 1 the second integral decays ast−1/4, while for
m = 2 decays ast−1 ln t < t−1/2, and form ≥ 3 as t−m/4−1/2 < t−m/4. So, we
obtain in (5.25)

(5.26) M0(t) ≤ C
(
Es + Es+1M0(t) + (M0(t))

2
)
.

Then, ifEs+1 is small enough, we have the bound

(5.27) M0(t) ≤ CEs,

which implies

(5.28) ‖u(t)‖Hs ≤ Cmin{1, t−m/4}Es.

L∞ estimates

We now estimate theL∞ norm of the solution. Set as before

N0(t) = sup
0≤τ≤t

{
max

{
1, τm/2

}
‖u(τ)‖L∞

}
.

From (5.8) and Theorem 4.2, we have, using (5.22) and (5.27),

(5.29)

‖u(t)‖L∞ ≤ Cmin
{
1, t−m/2

}
‖u(0)‖L1 + Ce−ct‖u(0)‖H[m/2]+1

+CE2
[m/2]+1

∫ t
0
min

{
1, (t − s)−m/2−1/2

}
min

{
1, s−m/2

}
ds

+CN0(t)E[m/2]+1
∫ t
0
e−c(t − s) min

{
1, s−m/2

}
ds.

Using Lemma 5.2, form ≥ 2, we obtain

(5.30) N0(t) ≤ C(E[m/2]+1 + E[m/2]+1N0(t) + E2[m/2]+1),

which implies

(5.31) ‖u(t)‖L∞ ≤ Cmin
{
1, t−m/2

}
E[m/2]+1,

if E[m/2]+1 is small enough.
Form = 1, using the decomposition of Theorem 3.7 and the estimate (5.27),

we can estimate the first integral as
∫ t

0

(‖Kx(t)‖L2 + ‖Rx(t)‖L2 )‖u2‖L2 ≤ CN0(t)E1
∫ t

0

min{1, (t − s)− 34 }min{1, s− 34 }ds

≤ Cmin{1, t−1/2}N0(t)E1,

and forE1 is uniformly small, the inequality (5.31) holds also form = 1.
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Dβu estimates

We set now forb ∈N

(5.32) Mb(t) =
∑

0≤|β|≤b
sup
0≤τ≤t

{
max

{
1, τm/4+|β|/2

}
‖Dβu(τ)‖Hs

}
,

and we assume that for0 ≤ b < b̄ the following estimates hold:

(5.33) Mb(t) ≤ CEb+s ≪ 1.

Now we estimate the|β| = b̄ derivative using Theorem 4.2 with the decomposi-
tion (5.8) and Remark 5.1. We have
(5.34)
‖Dβu(t)‖Hs ≤ Cmin{1, t−m/4−|β|/2}‖u(0)‖L1 + Ce−ct‖Dβu(0)‖Hs

+C

∫ t/2

0

min
{
1, (t − s)−m/4−1/2−|β|/2

} 
m∑

α=1

‖u2hα(u(s))‖L1 + ‖u2h(u(s))‖L1

 ds

+C

∫ t

t/2
min

{
1, (t − s)−m/4−1/2

}( m∑

α=1

‖DβDxαu2hα(u(s))‖L1 + ‖Dβu2h(u(s))‖L1
)
ds

+C

∫ t

0

e−c(t − s)
( m∑

α=1

‖DβDxαu2hα(u(s))‖Hs + ‖Dβu2h(u(s))‖Hs
)
ds.

For the first integral we obtain, using (5.22), (5.27), and Lemma 5.2:
(5.35)∫ t/2

0

min
{
1, (t − s)−m/4−1/2−|β|/2

} (∑m
α=1 ‖u2hα(u(s))‖L1 + ‖u2h(u(s))‖L1

)
ds

≤ CE2s
∫ t/2

0

min
{
1, (t − s)−m/4−1/2−|β|/2

}
min

{
1, s−m/2

}
ds

≤ Cmin{1, t−m/4−|β|/2}E2s .

For the second integral we need to prove the following estimate

( m∑

α=1

‖DβDxαu2hα(u)‖L1+‖Dβu2h(u)‖L1
)

≤ Cmin{1, t−m/2−|β|/2}
(
E2
b̄+s−1 + EsMb̄

)
.(5.36)
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We just consider the first term on the left. Using the chain rule, we have

DβDxαu
2hα(u) = D

β
(
(Dxαu)uh̃(u)

)

=
∑
α≤β

∑
γ≤β−α

∑
δ1+···+δk=α C(α, β, γ, δi)(D

β−α−γDxαu)×

×(Dγu)(Dδ1u) · · · (Dδku)h̃(k)(u).
Following the proof of Lemma 3.10 in [35], we obtain for the generic term

‖(Dβ−α−γDxαu)(Dγu)(Dδ1u) · · · (Dδku)‖L1

≤ ‖(Dβ−α−γDxαu)‖L2 · ‖(Dγu)(Dδ1u) · · · (Dδku)‖L2

≤ C‖Dβ−α−γu‖H1‖D|γ+α|u‖L2 .
Then, to obtain (5.36), we have to use (5.33) for the casesγ+α , 0 andγ+α , β.

For the third integral, the inequality (5.23) yields
(∑m

α=1 ‖DβDxαu2hα(u(s))‖Hs + ‖Dβu2h(u(s))‖Hs
)
≤ C‖u‖L∞‖Dβu‖Hs+1

≤ C‖u‖L∞‖Dβ
′
u‖Hs+2 ,

where|β′| = b̄ − 1. We use the L∞-estimate (5.31) and the induction hypothesis
(5.33) (replacings by s + 2), to obtain
(5.37)( m∑

α=1

‖DβDxαu2hα(u(s))‖Hs + ‖Dβu2h(u(s))‖Hs
)
≤ Cmin{1, t−m4 − b̄2 }E[m/2]+1Eb̄+s+1.

Substituting the above inequalities into (5.34) yields
(5.38)
‖Dβu(t)‖Hs ≤ Cmin{1, t−m/4−|β|/2}

(
Eb̄+s + E

2
s

)

+C
(
E2
b̄+s−1 + EsMb̄(t)

) ∫ t

t/2
min

{
1, (t − s)−m/4−1/2

}
min{1, s−m/2−|β|/2}ds

+CE[m/2]+1Eb̄+s+1

∫ t

0

e−c(t − s) min{1, s−m/4− b̄2 }ds.

Using again Lemma 5.2 we finally obtain

(5.39)
‖Dβu(t)‖Hs ≤ Cmin{1, t−m/4−|β|/2}×

×
(
Eb̄+s + E

2
s + E

2
b̄+s−1 + E[m/2]+1Eb̄+s+1 + EsMb̄(t)

)
.
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If Es is small enough, we have

Mb̄(t) ≤ CEb̄+s,
with C = C(Eb̄+s+1). So, we can conclude

(5.40) ‖Dβu(t)‖Hs ≤ Cmin{1, t−m/4−|β|/2}E|β|+s.
To obtain theL∞ estimates we use the following inequalities from [35], Propo-

sition 3.8:
‖Dβu(t)‖L∞ ≤ C‖D[m/2]+1Dβu(t)‖1/2L2 ‖D

kDβu(t)‖1/2
L2
,

with k = [m/2] − 1 if m is even andk = [m/2] if m is odd. So, we just use (5.40)
with s = [m/2] + 1 to obtain

(5.41) ‖Dβu(t)‖L∞ ≤ Cmin{1, t−m/2−|β|/2}E|β|+m+2.
Actually, it is possible to show, by a direct calculation, that the following estimate
holds:

(5.42) ‖Dβu‖L∞ ≤ Cmin
{
1, t−m/2−|β|/2

}
E|β|+[m/2]+1.

Therefore, we easily obtain the decay estimate in theLp-spaces

(5.43) ‖Dβu(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2

}
E|β|+[m/2]+1,

with p ∈ [2 +∞].
Let us state our global decay estimate foru.

Theorem 5.4.Letu(t) be a smooth global solution to problem(5.1), (5.2). LetEs =

max
{
‖u(0)‖L1 , ‖u(0)‖Hs

}
, and assumeE[m/2]+2 small enough. Letp ∈ [2,+∞]. The

following decay estimate holds

(5.44) ‖Dβu(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2

}
E|β|+[m/2]+1,

withC = C(E|β|+σ), for σ large enough.

Remark5.5. Form = 1 we can estimate also theL1 norm, since with the same
computation as above we have

‖Dβu(t)‖L1 ≤ Cmin
{
1, t−β/2

}
‖u(0)‖L1 + Ce−ct‖Dβu(0)‖L1

+CE2
1
min

{
1, t−β/2−1/2

} ∫ t/2

0

min
{
1, s−1/2

}
ds

+CE2
β
min

{
1, t−1/2−β/2

} ∫ t

t/2
min

{
1, (t − s)−1/2

}
ds

+CEβ+1Eβ

∫ t

0

e−c(t − s) min
{
1, s−1/2−β/2

}
ds,
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which yields

(5.45) ‖Dβu(t)‖L1 ≤ C
(
min

{
1, t−β/2

}
Eβ+1 + e

−ct‖Dβu(0)‖L1
)
,

with the constantC = C(Eβ+2), so that, form = 1, Theorem 5.4 holds forp ∈
[1,+∞].

5.2 Decay estimates for the dissipative variables

We now study the faster decay of the dissipative variables. Setuc = L0u(t) for
the conservative variables, andud(t) = L−u(t) for the dissipative ones, where the
projectorsL0 andL− are given by (4.14). We have that

Dβud(t) = D
βL−K(t)u(0) + L−K(t)Dβu(0)

+

m∑

α=1

∫ t/2

0

DβDxαL−K(t − s)
(
Dfα(0)u(s) − fα(u(s))

)
ds

+

m∑

α=1

∫ t

t/2
DxαL−K(t − s)Dβ

(
Dfα(0)u(s) − fα(u(s))

)
ds

+

∫ t/2

0

DβL−K(t − s)R−L−
(
g(u(s)) −Dg(0)u(s)

)
ds

+

∫ t

t/2
L−K(t − s)R−L−Dβ

(
g(u(s)) −Dg(0)u(s)

)
ds

+

m∑

α=1

∫ t

0

L−K(t)Dβ
(
Dxα

(
Dfα(0)u(s) − fα(u(s))

)
+

(
g(u(s)) −Dg(0)u(s)

))
ds.

(5.46)

As we see form the above formula, in this case one gainst−1/2 in the estimates
of the convolution with the smoothing kernels, because the principal terms in the
initial data isK−0 and in the convolutions areDK−0 andK−−(t), respectively, but
no gain in the singular partL−K(t).
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We start with theL2 norm of theβ derivative: we have
(5.47)
‖Dβud(t)‖L2 ≤ Cmin{1, t−m/4−|β|/2−1/2}‖u(0)‖L1 + Ce−ct‖u(0)‖H|β|

+C

∫ t/2

0

min
{
1, (t − s)−m/4−1−|β|/2

}
‖u(s)2‖L1ds

+C

∫ t

t/2
min

{
1, (t − s)−m/4−1

}( m∑

α=1

‖Dβu2hα(u(s))‖L1 + ‖Dβu2h(u(s))‖L1
)
ds

+C

∫ t

0

e−c(t − s)
( m∑

α=1

‖DβDxαu2hα(u(s))‖L2 + ‖Dβu2h(u(s))‖L2
)
ds.

Using (5.36) and (5.33),we have

m∑

α=1

‖Dβu2hα(u(s))‖L1 + ‖Dβu2h(u(s))‖L1

≤ Cmin
{
1, t−m/2−|β|/2

} (
E2|β|+[m/2] + E[m/2]+1E|β|+[m/2]+1

)
.

(5.48)

Next, using (5.23) and then (5.44) and (5.40), yields

m∑

α=1

‖DβDxαu2hα(u(s))‖L2 + ‖Dβu2h(u(s))‖L2 ≤ C‖u‖L∞‖Dβu‖H[m/2]+2

≤ Cmin
{
1, t−m/2

}
E[m/2]+1min

{
1, t−m/4−|β|/2

}
E|β|+[m/2]+2.

(5.49)

Therefore, we use the above inequalities in (5.47), to give
(5.50)

‖Dβud(t)‖L2 ≤ Cmin{1, t−
m
4 −
|β|
2 − 12 }E|β|

+Cmin
{
1, t−

m
4 −1−

|β|
2

} 
∫ t

2

0

min
{
1, s−

m
2

}
ds


 E2[m2 ]+1

+Cmin
{
1, t−

m
2 −
|β|
2

} 
∫ t

t
2

min
{
1, (t − s)−m4 −1

}
ds



(
E2|β|+[m2 ]

+ E[m2 ]+1E|β|+[m2 ]+1

)

+C

(∫ t

0

e−c(t−s)min{1, s− 3m4 −
|β|
2 }ds

)
E[m2 ]+1E|β|+[m2 ]+2.
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Then, form ≥ 2, we obtain

‖Dβud(t)‖L2 ≤ Cmin{1, t−
m
4 −
|β|
2 − 12 }(E|β| + E2[m2 ]+1 + E

2
|β|+[m2 ]

+ E[m2 ]+1E|β|+[m2 ]+2),

which implies

(5.51) ‖Dβud(t)‖L2 ≤ Cmin{1, t−m/4−|β|/2−1/2}E[m/2]+|β|+1,

with C = C(E|β|+[m/2]+2).
About theL∞ norm, we can use (5.51) and, by arguing as in (5.41), we have

(5.52) ‖Dβud(t)‖L∞ ≤ Cmin{1, t−m/2−|β|/2−1/2}E|β|+m+1,

for m ≥ 2. Actually, it is also possible as before, to show by a direct calculation,
that the following estimate holds:

(5.53) ‖Dβud(t)‖L∞ ≤ Cmin{1, t−m/2−|β|/2−1/2}E|β|+[m/2]+1.

We also obtain theLp-decay estimate

(5.54) ‖Dβud(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E|β|+[m/2]+1,

with p ∈ [2 +∞],m ≥ 2.
Form = 1, we recall that, thanks to (3.57),L−K(t)R− = K−− = D2S−−, where

S−− is a heat like kernel. Therefore, we will consider the equation

Dβud(t) =
(
DβL−K(t) +DβL−R(t)

)
u(0) +K(t)Dβu(0)

+

∫ t/2

0

Dβ+1
(
L−K(t − s) + L−R(t − s)

)(
Df (0)u(s) − f (u(s))

)
ds

+

∫ t

t/2

(
L−K(t − s) + L−R(t − s)

)
Dβ+1

(
Df (0)u(s) − f (u(s))

)
ds

+

∫ t/2

0

Dβ
(
D2S−−(t − s) + R−−(t − s)

)
L−

(
g(u(s)) −Dg(0)u(s)

)
ds

+

∫ t

t/2
DS−−(t − s)L−Dβ+1

(
g(u(s)) −Dg(0)u(s)

)
ds

+

∫ t

t/2
R−−(t − s)L−Dβ

(
g(u(s)) −Dg(0)u(s)

)
ds

+

∫ t

0

L−K(t − s)Dβ
(
D
(
Df (0)u(s) − f (u(s))

)
+

(
g(u(s)) −Dg(0)u(s)

))
ds.

(5.55)
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Thanks to this decomposition we can prove theL2 estimate form = 1. Using (5.48)
and, for the fifth integral, theL1-estimate ofR−− coupled with (5.23), we have
(5.56)

‖Dβud(t)‖L2 ≤ Cmin{1, t−1/4−β/2−1/2}Eβ

+Cmin
{
1, t−1/4−1−β/2

} (∫ t/2

0

min
{
1, s−1/2

}
ds

)
E21

+Cmin
{
1, t−1−β/2

} (∫ t

t/2
min

{
1, (t − s)−3/4

}
ds

)
Eβ+2Eβ+1

+Cmin
{
1, t−3/4−β/2

} (∫ t

t/2
min

{
1, (t − s)−3/2

}
ds

)
E1Eβ+1

+C

(∫ t

0

e−c(t−s)min{1, s−3/4−β/2}ds
)
E1Eβ+2.

Therefore, we have (5.51) form = 1. On the other hand, we can estimate the
L∞-norm as follows. First we have

‖Dβud(t)‖L∞ ≤ Cmin{1, t−1−β/2}‖u(0)‖L1 + Ce−ct‖Dβu(0)‖L∞

+ C

∫ t/2

0

min
{
1, (t − s)−3/2−β/2

}
‖u(s)2‖L1ds

+ C

∫ t

t/2
min

{
1, (t − s)−1/2

}
‖Dβ+1u2h(u(s))‖L∞ds

+ C

∫ t

t/2
min

{
1, (t − s)−3/2

}
‖Dβu2h(u(s))‖L∞ds

+ C

∫ t

0

e−c(t − s)
(
‖Dβ+1u2h(u(s))‖L∞ + ‖Dβu2h(u(s))‖L∞

)
ds.

By using (5.42), we have

(5.57) ‖Dβu2h(u(t))‖L∞ ≤ Cmin
{
1, t−1−β/2

}
Eβ+1Esup(β,1),
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which yields

‖Dβud(t)‖L∞ ≤ Cmin{1, t−1−β/2}‖u(0)‖L1 + Ce−ctEβ+1

+CE2
1
min

{
1, t−3/2−β/2

} ∫ t/2

0

min
{
1, s−1/2

}
ds

+CEβ+2Eβ+1min
{
1, t−3/2−β/2

} ∫ t

t/2
min

{
1, (t − s)−1/2

}
ds

+CE2
β+1
min

{
1, t−1−β/2

} ∫ t

t/2
min

{
1, (t − s)−3/2

}
ds

+CEβ+2Eβ+1min
{
1, t−1−β/2

}
.

Therefore, we conclude

(5.58) ‖Dβud(t)‖L∞ ≤ Cmin{1, t−1−β/2}Eβ+1,
with C = C(Eβ+2).

Theorem 5.6.Under the assumptions of Theorem 5.4, we have the following decay
estimates for the dissipative part of u:

(5.59) ‖Dβud(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
E|β|+[m/2]+1,

withC = C(E|β|+σ), for σ large enough, andp ∈ [2,+∞].
Remark5.7. As previously, form = 1, we can estimate theL1 norm. By the
decomposition (5.55), and using (5.48), we have

‖Dβud(t)‖L1 ≤ Cmin
{
1, t−1/2−β/2

}
‖u(0)‖L1 + Ce−ct‖Dβu(0)‖L1

+ CE21min
{
1, t−1−β/2

} ∫ t/2

0

min
{
1, s−1/2

}
ds

+ CEβ+1Eβ+2min
{
1, t−1−β/2

} ∫ t

t/2
min

{
1, (t − s)−1/2

}
ds

+ CE2β+1min
{
1, t−1/2−β/2

} ∫ t

t/2
min

{
1, (t − s)−3/2

}
ds

+ CEβ+1Eβ+2

∫ t

0

e−c(t − s) min
{
1, s−1/2−β/2ds

}

≤ Cmin
{
1, t−1/2−β/2

}
Eb̄+1,(5.60)

which yields

(5.61) ‖Dβud(t)‖L1 ≤ C
(
min

{
1, t−1/2−β/2

}
Eβ+1 + e

−ct‖Dβu(0)‖L1
)
,
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with the constantC = C(Eβ+2), so that, form = 1, Theorem 5.6 holds forp ∈
[1,+∞].

5.3 Decay estimates for the time derivative

We estimate now the decay of the time derivative of the solution. Directly from
equations we obtain

‖Dβut(t)‖Lp ≤
m∑

α=1

‖DβDxα fc,α(u)‖Lp + C‖Dβud‖Lp + ‖Dβ(g(u) −Dg(0)u)‖Lp

≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E|β|+[m/2]+2,

(5.62)

wherep ∈ [2,+∞]. Form = 1, as previously,

(5.63) ‖Dβut(t)‖L1 ≤ Cmin
{
1, t−1/2−β/2

}
Eβ+2 + Ce

−ct‖Dβ+1u(0)‖L1 .
About the dissipative variables, we write

(ut)t +

m∑

α=1

Dfα(0)(ut)xα −Dg(0)ut

=

m∑

α=1

((Dfα(0) −Dfα(u))ut)xα + (Dg(u) −Dg(0))ut,

so that we obtain

Dβud,t(t) = D
βL−K(t)ut(0) +K(t)Dβut(0)

+

m∑

α=1

∫ t/2

0

DβDxαL−K(t − s)
(
(Dfα(0)u(s) −Dfα(u))ut(s)

)
ds

+

m∑

α=1

∫ t

t/2
DxαL−K(t − s)Dβ

(
(Dfα(0) −Dfα(u))ut(s)

)
ds

+

∫ t/2

0

DβL−K(t − s)R−L−
(
(Dg(u) −Dg(0))ut(s)

)
ds

+

∫ t

t/2
L−K(t − s)R−DβL−

(
(Dg(u) −Dg(0))ut(s)

)
ds

+

m∑

α=1

∫ t

0

K(t)Dβ
(
Dxα((Dfα(0) −Dfα(u))ut(s)) + (Dg(u) −Dg(0))ut(s)

)
ds.

(5.64)

It holds
L−D

βK(t)R0L0ut(0) = −
∑

α

DβDxαL−K(t)R0L0 fα(u(0)),
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and

L−D
βK(t)R−L−ut(0)

= −
∑

α

DβDxαL−K(t)R−L− fα(u(0)) +D
βL−K(t)R−L−g(u(0)).

Since fα(0) = g(0) = 0, we have‖ fα(u)‖L1 , ‖g(u)‖L1 = O(1)‖u‖L1 , which can be
used, form ≥ 2, to yield

‖Dβud,t(t)‖L2 ≤ Cmin{1, t−m/4−|β|/2−1}‖u(0)‖L1 + Ce−ctE|β|+[m/2]+2

+ CE[m/2]+2min
{
1, t−m/4−1−|β|/2

} ∫ t/2

0

min
{
1, s−m/2−1/2

}
ds

+ CE|β|+[m/2]+2min
{
1, t−m/2−|β|/2−1/2

} ∫ t

t/2
min

{
1, (t − s)−m/4−1

}
ds

+ CE|β|+[m/2]+3min
{
1, t−3m/4−|β|/2−1/2

}

≤ Cmin{1, t−m/4−|β|/2−1}E|β|+[m/2]+3.

(5.65)

It follows by using the same analysis of (5.58) that for allp ∈ [2,+∞]

(5.66) ‖Dβud,t(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1

}
E|β|+[m/2]+3.

Repeating the computations we did above form = 1, it follows that the above
estimate holds also form = 1.

Theorem 5.8.Under the assumptions of Theorem 5.4, we have the following decay
estimates forut

(5.67) ‖Dβut(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−1/2−|β|/2

}
E|β|+[m/2]+2,

(5.68) ‖Dβud,t(t)‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−1−|β|/2

}
E|β|+[m/2]+3,

whereC = C(E|β|+σ) for σ large enough andp ∈ [2,∞].

Form = 1, as previously,

(5.69) ‖Dβud,t(t)‖L1 ≤ Cmin
{
1, t−1−β/2

}
Eβ+3 + Ce

−ct‖Dβ+1u(0)‖L1 .

5.4 Decay to linear solution

We consider here the difference among the solution of the nonlinear equation
(5.1) and the linearized one

(5.70) ut +

m∑

α=1

Dfα(0)uxα =

(
0

Dudq(0)ud

)
,
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where we have already considered the conservative-dissipative variable pair. The
idea is that if the dimensionm is sufficiently large, then the decay of the non linear
parts is faster than the linear part. Since it is easy to show that the following results
do not hold in the casem = 1, we will consider in the followingm ≥ 2, thus
estimating only theLp norm,p ∈ [2,+∞].

By using the representation (5.7), it follows that

u(t) − ul(t) =
m∑

α=1

∫ t

0

DxαΓ(t − s)
(
Dfα(0)u(s) − fα(u(s))

)
ds

+

∫ t

0

Γ(t − s)(g(u(s)) −Dg(0)u(s))ds.(5.71)

Repeating the estimates leading to (5.38) and (5.51), it follows that form ≥ 3
(5.72) ‖Dβ(u(t) − ul(t))‖L2 ≤ min

{
1, t−

m
4 −|β|/2−1/2

}
E2|β|+[m/2]+1.

By arguing as previously, it follows also that

(5.73) ‖Dβ(u(t) − ul(t))‖Lp ≤ min
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E2|β|+[m/2]+1,

for m ≥ 3. If one tries to repeat the above computations form = 2, one finds that
there is a critical integral of the form

I =
∫ t

0

L−K(t − s)R−L−(g(u(s)) −Dg(0)u(s))ds,

which we can only estimate at orderln t/t, since, directly using Theorem 4.2, we
obtain that

‖I‖L2 ≤ C
∫ t

0

min
{
1, (t − s)−1

}
min

{
1, s−1

}
ds.

However, using Remark 4.6, we can actually write

I = O(1)
∑

α

∫ t

0

(∫ t−s

0

L−K(t − s − τ)AαR−eτDudq(0)dτ
)
Dxα(g(u(s))−Dg(0)u(s))ds.

Therefore, estimating the Kernel inL1 and the termDxα(g(u(s)) − Dg(0)u(s)) in
L2, we obtain

‖I‖L2 ≤ C
∫ t

0

min
{
1, (t − s)−1/2

}
min

{
1, s−3/2

}
≤ Cmin

{
1, s−1

}
.

We thus conclude with the following result.

Theorem 5.9. Let ul be the solution of problem(5.70), (5.2), under the assump-
tions of Theorem 5.4, form ≥ 2 and p ∈ [2,∞], we have the following decay
estimate

(5.74) ‖Dβ(u(t) − ul(t))‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E|β|+[m/2]+1,

withC = C(E|β|+σ), for σ large enough.
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We notice now that for the conservative part we have that

L0ul(t) = L0Γ(t) (R0L0u(0) + R−L−u(0))

= K00(t)L0u(0) + L0K(t)R−L−u(0) + L0K(t)u(0).

So, using Theorem 4.2, and by arguing as for Theorem 5.9, we obtain another
interesting approximation.

Theorem 5.10. Under the assumptions of Theorem 5.9, the following decay esti-
mate holds

(5.75) ‖Dβ(uc(t) − K00(t)L0u(0))‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E|β|+[m/2]+1.

Let us notice that, by definition, the pseudo-differential operatorK00 is always
fully parabolic.

5.5 Chapman-Enskog expansion

We show now how the solutions to the parabolic Chapman-Enskog expansion
approximate the conservative part of the solutions to the nonlinear hyperbolic prob-
lem:

(5.76) ut +

m∑

α=1

Aα(u)uxα =

(
0
q(u)

)
,

whereAα(u) = Dfα(u). We use the conservative-dissipative decomposition ofu:

uc,t +

m∑

α=1

Aα,11(0)uc,xα+

m∑

α=1

Aα,12(0)ud,xα

= L0

m∑

α=1

(
Aα(0)u − fα(u)

)
xα
;(5.77)

ud,t+

m∑

α=1

Aα,21(0)uc,xα +

m∑

α=1

Aα,22(0)ud,xα

= Dudq(0)ud + L−

m∑

α=1

(
Aα(0)u − fα(u)

)
xα
+

(
q(u) −Dudq(0)ud

)
.(5.78)
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We can computeud using (5.78), which yields, inserting in (5.77):

uc,t+

m∑

α=1

Aα,11(0)uc,xα +

m∑

β=1

m∑

α=1

Aα,12(0)(Dudq(0))
−1Aβ,21(0)uc,xαxβ

= L0

m∑

α=1

(
Aα(0)u − fα(u)

)
xα
+

m∑

α=1

Aα,12(0)(Dudq(0))
−1 (q(u) −Dudq(0)ud

)
xα

−
m∑

α=1

Aα,12(0)(Dudq(0))
−1

(
ud,txα +

m∑

β=1

Aβ,22(0)ud,xαxβ

−
m∑

β=1

L−
(
Aβ(0)u − fβ(u)

)
xαxβ

)
.

(5.79)

We consider the linear parabolic equation

(5.80) wt +

m∑

α=1

Aα,11(0)wxα +

m∑

β=1

m∑

α=1

Aα,12(0)(Dudq(0))
−1Aβ,21(0)wxαxβ = 0,

and we denote byup(t) the solution of the weakly parabolic equation (5.80) with

(5.81) up(0) = L0u(0).

Using Remark 4.3 and by arguing again as for Theorem 5.9, it ispossible to prove
the following result.

Theorem 5.11.Letup be the solution of problem(5.80), (5.81), under the assump-
tions of Theorem 5.4, form ≥ 2 and p ∈ [2,∞], we have the following decay
estimate

(5.82) ‖Dβ(uc(t) − up(t))‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
E|β|+[m/2]+1,

withC = C(E|β|+σ), for σ large enough.

Notice that the same faster decay holds for the difference between the solu-
tion up to the weakly parabolic problem and the solutionK00L0u(0) of the“fully”
parabolic pseudo-differential problem.

Example 5.12. Rotationally invariant systemsConsider the isentropic dissipa-
tive Euler equations

(5.83)



ρt + div(ρv) = 0,

(ρv)t + div(ρv ⊗ v) + 1γ∇ργ = −v.
We can linearize the system around the constant state(ρ̄, v̄) = (1, 0), so obtaining
system (4.40) of Example 4.7. In that case we can immediatelyapply Theorems
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5.4, 5.6, 5.9, and 5.11. In particular, by eliminatingv in (4.40), we obtain the
estimate

‖Dβ(ρ(t) − ρw(t))‖Lp + ‖Dβ(ρ(t) − ρp(t))‖Lp ≤ Cmin
{
1, t−

m
2 (1− 1p )−|β|/2−1/2

}
,

whereρw andρp are respectively the solutions of them-dimensional dissipative
wave equation equation

ρw,t + ρw,tt − ∆ρw = 0,
and them-dimensional heat equation

ρp,t − ∆ρp = 0.
These estimates improve on previous results about this problem contained in [34]
and [7].

Consider now the relaxation system

(5.84)



ρt + div(ρv) = 0,

(ρv)t + div(ρR) + ∇ρ = 0,

(ρR)t + ∇(ρv) = ρv ⊗ v − ρR.
Its local relaxation limit is given by the (non dissipative)isentropic Euler equations.
However, its linearized version around the state(ρ̄, v̄, R̄) = (1, 0, 0), is just given
by system (4.43) of Example 4.7. Again, we can explicitly identify the asymptotic
limits, with analogous decay rates, in terms of the linear hyperbolic system (4.43)
and, thanks to the analysis in Example 4.7, of the fully parabolic system (4.49),
which corresponds to the kernelK00 given by (4.44). Finally, thanks to Theorem
5.11, the same behavior is shown by its Chapman-Enskog expansion, which is
given in this case by the weakly parabolic system



ρt + divv = 0,

vt + ∇ρ = ∆v.

The Chapman-Enskog expansion in the casem = 1. Form = 1, we need to
consider together with the linear part the nonlinear terms of the order ofu2, because
the decay ofu2 convoluted with the linear kernel and integrated in time gives the
same decay estimate ofu. We will prove that for all0 ≤ µ < 1/2, the difference
among the conservative variables and the solution to an approximated Chapman-
Enskog expansion decays ast−1/2(1−1/p)−µ in Lp if the initial data is sufficiently
small: their size goes to0 asµ→ 1/2.

Let us introduce the operators

(5.85) Ã =
1

2

(
L0D

2
uc f (0) − A12(0)(Dudq(0))−1D2ucq(0)

)
,

(5.86) B̃ = A12(0)(Dudq(0))
−1A21(0).
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We rewrite (5.79) as

(5.87) uc,t +
(
A11(0)uc + Ã(uc, uc)

)
x
+ B̃uc,xx = Sx,

with

S = L0
(
A(0)u − f (u) + 12D2uc f (0)(uc, uc)

)

+A12(0)(Dudq(0))
−1

(
q(u) −Dudq(0)ud − 12D2ucq(0)(uc, uc)

)

−A12(0)(Dudq(0))−1
(
ud,t + A22(0)ud,x − L−

(
A(0)u − f (u))x

)
.

In the same way, we replace (5.80) by the nonlinear parabolicequation

(5.88) wt +
(
A11(0)w + Ã(w,w)

)
x
+ B̃wxx = 0.

We introduceFβ, with F1 = E1 and, ifβ ≥ 1,

(5.89) Fβ+1 =



Eβ+1, if p ∈ [2,∞],

Eβ+1 + ‖Dβu(0)‖L1 , otherwise.

Theorem 5.13.Letup be the solution of problem(5.88), (5.81), under the assump-
tions of Theorem 5.4, form = 1 andp ∈ [1,∞], for µ ∈ [0, 1/2), if E1 sufficiently
small with respect to(1/2 − µ), then we have the following decay estimate

(5.90) ‖Dβ(uc(t) − up(t))‖Lp ≤ Cmin
{
1, t−

1
2 (1− 1p )−µ−β/2

}
Fβ+4,

whereC = C(µ, Fβ+σ), for σ large enough.

Proof. We denote byΓp(t) the Green kernel of the linear parabolic equation

(5.91) wt + A11(0)wx + B̃wxx = 0.

Using Remark 4.3,Γp(t) can be written as

(5.92) Γp(t) = K00(t) + K̃(t) + R̃(t),

whereK00(t) is the00 component of the principal partK(t) of the relaxation kernel
Γ(t), given by (3.57).
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We take the difference amonguc(t) andup(t):

Dβ(uc(t) − up(t))

=

∫ t/2

0

DβD
(
K00(t − s) + R̃(t − s)

)(
Ã(up(s), up(s)) − Ã(uc(s), uc(s))

)
ds

+

∫ t/2

0

DβD
(
K00(t − s) + R̃(t − s)

)
S(s)ds

+

∫ t

t/2
D(K00(t − s) + R̃(t − s))Dβ

(
Ã(up(s), up(s)) − Ã(uc(s), uc(s)) + S(s)

)
ds

+

∫ t

0

K̃ (t − s)DβD
(
Ã(up(s), up(s)) − Ã(uc(s), uc(s)) + S(s)

)
ds.

(5.93)

By the previous estimates onDβu,Dβud,Dβud,t, we have that

(5.94)
∥∥∥∥DβS

∥∥∥∥
Lp
≤ Cmin

{
1, t−1/2(1−1/p)−1−β/2

}
Fβ+3.

Let us define, for a fixedµ ∈ [0, 1/2),

(5.95) m0(t) � sup
0≤τ≤t

{
max

{
1, τ1/4+µ

}
‖uc(τ) − up(τ))‖L2

}
.

Taking theL2 norm of (5.93), forβ = 0 we have

‖uc(t) − up(t)‖L2 ≤ CE1m0(t)
∫ t

0

min
{
1, (t − s)−3/4

}
min

{
1, s−1/2−µ

}
ds

+ CF3

∫ t

0

min
{
1, (t − s)−3/4

}
min

{
1, s−1

}
ds

+ C(E2E1 + F4)

∫ t

0

e−c(t − s) min
{
1, s−5/4

}
ds

≤ Cmin
{
1, s−1/4−µ

}
(E1E2 + E1 + F4 + (1/2 − µ)−1E1m0(t)).

It follows thus

(5.96) m0(t) ≤ CF4,
for E1 sufficiently small with respect to(1/2 − µ).

Assume now that forγ < β

(5.97) ‖Dγ(uc − up)(t)‖L2 ≤ C(µ)min
{
1, t−1/4−µ−γ/2

}
Fγ+4,

with µ < 1/2, and set

(5.98) mβ(t) � sup
0≤τ≤t

{
max

{
1, τ1/4+µ+β/2

}
‖Dβ(uc(τ) − up(τ))‖L2

}
.
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Using the induction assumption (5.97), we obtain

‖Dβ(Ã(uc(s), uc(s))−Ã(up(s), up(s)))‖L1

≤ C
β−1∑

α=0

(
‖Dβ−αuc‖L2 + ‖Dβ−αup‖L2

)
‖Dα(uc − up)‖L2

+ C(‖uc‖L2 + ‖up‖L2)‖Dβ(uc − up)‖L2
≤ Cmin

{
1, t−1/2−µ−β/2

}
(C(µ)Eβ+1Fβ+3 + E1mβ(t)).

Using this inequality, (5.94) and (5.96) in (5.93) yields

‖Dβ(uc(t) − up(t))‖L2 ≤ CE21
∫ t/2

0

min
{
1, (t − s)−3/4−β/2

}
min

{
1, s−1/2−µ

}
ds

+ CF3

∫ t/2

0

min
{
1, (t − s)−3/4−β/2

}
min

{
1, s−1

}
ds

+ C(C(µ)Eβ+1Fβ+3 + E1mβ(t))

∫ t

t/2
min

{
1, (t − s)−3/4

}
min

{
1, s−1/2−µ−β/2

}
ds

+ CFβ+4

∫ t

t/2
min

{
1, (t − s)−3/4

}
min

{
1, s−1−β/2

}
ds

+ C(Eβ+2E1 + Fβ+4)

∫ t

0

e−c(t − s) min
{
1, s−5/4−β/2

}
ds.

It follows thatmβ(t) ≤ C(µ)Fβ+4, and we have (5.97) forβ.
As for the estimate (5.41), we have theL∞-estimate

(5.99) ‖Dβ(uc(t) − up(t))‖L∞ ≤ C(µ)min
{
1, t−1/2−µ−β/2

}
Fβ+4.

Finally, we estimate theL1-norm in (5.93):

‖Dβ(uc(t) − up(t))‖L1 ≤ CE21
∫ t/2

0

min
{
1, (t − s)−1/2−β/2

}
min

{
1, s−1/2−µ

}
ds

+ CF3

∫ t/2

0

min
{
1, (t − s)−1/2−β/2

}
min

{
1, s−1

}
ds

+ C(C(µ)Eβ+1Fβ + E1mβ+3(t))

∫ t

t/2
min

{
1, (t − s)−1/2

}
min

{
1, s−1/2−µ−β/2

}
ds

+ CFβ+4

∫ t

t/2
min

{
1, (t − s)−1/2

}
min

{
1, s−1−β/2

}
ds

+

(
C(µ)(Eβ+2Fβ+4 + E1Fβ+5) + Fβ+4

) ∫ t

0

e−c(t − s) min
{
1, s−1−β/2

}
ds.
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It follows that

(5.100) ‖Dβ(uc(t) − up(t))‖L1 ≤ Cmin
{
1, t−µ−β/2

}
Fβ+4.

Therefore, we obtain the conclusion. �

Example 5.14. Thep-system with relaxation. We can apply Theorem 5.13 to
the Example 2.10. In this case the Chapman-Enskog expansionis given by the
semilinear parabolic equation

(5.101) up,t + h
′(0)up,x +

1

2
h′′(0)(u2p)x − (λ2 − a2)up,xx = 0.

For previous results about this example see [6] and [22]. Notice that in [6], the
data are chosen in a special class, which allows to takeµ = 1/2 in Theorem 5.13.
However, even for this special example, our C-D decomposition gives a more pre-
cise description on the behavior of the solution, in terms ofthe dissipative part
ud = (λ

2 − a2)− 12 (v − au).
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