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Abstract

We study the asymptotic time behavior of global smooth swhstto general
entropy dissipative hyperbolic systems of balance lawzispace dimensions,
under the Shizuta-Kawashima condition. We show that thelséiens approach

constant equilibrium state in tHe’-norm at a rateO(t” 20~ 7)), ast — oo, for

p € [min{m,2}, ]. Moreover, we can show that we can approximate, with a
faster order of convergence, the conservative part of theien in terms of the
linearized hyperbolic operator for > 2, and by a parabolic equation, in the
spirit of Chapman-Enskog expansion in every space dimansibe main tool

is given by a detailed analysis of the Green function for thedrized problem.
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1 Introduction

In the following we shall consider the Cauchy problem for agyal hyperbolic
symmetrizablen-dimensional system of balance laws

(1.2) w+ Y (fa),, = g(w),
a=1

with the initial conditions
(1.2) u(x,0) = up(x),

whereu = (uq, up) € Q C R™ x IR"2, with n1 + n, = n. We also assume that there
aren; conservation laws in the system, namely that we can take

(1.3) Q(u) = ( q((it) ), with g(u) € R™.

According to the general theory of hyperbolic systems o&beé laws [8], if the
flux functions f, and the source terrg are smooth enough, it is well-known that
problem (1.1)-(1.2) has a unique local smooth solutioreast for some time inter-
val [0, T) with T > 0, if the initial data are also sufficiently smooth. In the gethe
case, and even for very good initial data, smooth solutioasg Ioneak down in finite
time, due to the appearance of singularities, either digwoities or blow-up.

Despite these general considerations, sometimes disgigaechanisms due
to the source term can prevent the formation of singulaite least for some re-
stricted classes of initial data, as observed for many nsoaklch arise to describe
physical phenomena. A typical and well-known example iggigy the compress-
ible Euler equations with damping, see [30, 15] for the 1-atisional case and [34]
for an interesting 3-dimensional extension.

Recently, in [13], it was proposed a quite general framevadrgufficient con-
ditions which guarantee the global existence in time of sim@wlutions. Ac-
tually, for the systems which are endowed with a strictly venentropy func-
tion & = &(u), a first natural assumption is tlemtropy dissipation conditigrsee
[5, 27, 31, 37], namely for every, u € Q, with g(u) =0,

(& () - &' W) - gu) <0,

where&’ (1) is considered as a vector R and- is the scalar product in the same
space. Unfortunately, it is easy to see that this condisdino weak to prevent the
formation of singularities, see again [13].

A quite natural supplementary condition can be imposed tampn dissipative
systems, following the classical approach by Shizuta angashima [19, 33], and
in the following called conditior{SK), which in the present case reads

(1.4) Ker Dg(u) N {eigenspaces OE Df,(u)éat = {0},

a=1
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for every& € R™ \ {0} and everyu € Q, with g(u) = 0. Itis possible to prove that
this condition, which is satisfied in many interesting ex#mapis also sufficient to
establish a general result of global existence for smatlpleations of equilibrium

constant states, see [13] for a first proof in one space dimenand [38] for a

multidimensional extension.

In this paper we investigate the asymptotic behavior in e global solu-
tions, then always assuming the existence of a strictly @oewtropy and théSK)
condition. First let us describe our approach in the one dsimmal case. Our
starting point is a careful and refined analysis of the bairanfithe Green function
for the linearized problem, which is decomposed in threennt@ms. The first
term, the diffusive one, consists of heat kernels moving@lthe characteristic
directions of the local relaxed hyperbolic problem; thegsilar part consists of ex-
ponentially decaying-functions along the characteristic directions of the &yi-
tem. Finally the remainder term decays faster than the first dlotice that in the
one dimensional case a first analysis of the Green functicalaady contained
in [39]. However, there are some differences in our analyasisl in particular we
are able to give a more precise description of the behavigh@fdiffusive part,
which is decomposed in four blocks, which decay with différdecay rates. This
description will be crucial in the analysis of the asymptdiehavior. Let us bet-
ter explain this point. Actually, we show that solutions @@anonical projections
on two different components: the conservative part and tbsightive part. The
first one, which loosely speaking corresponds to the coasigevpart of equations
in (1.1), decays in time like the heat kernel, since it cqogsls to the diffusive
part of the Green function. On the other side, the dissipgpiart is strongly in-
fluenced by the dissipation and decays at atatdaster of the conservative one.
To establish this result, we shall use the Duhamel principlé the Green kernel
estimates, very much in the spirit of the Kawashima apprdackhe hyperbolic-
parabolic equations [19]. Unfortunately, with respecthattresult, here there is
a severe obstruction given by the lack of decay of the sowa,twhen convo-
luted with the Green kernel. This is not the case for conveair diffusive terms,
since they are derivative terms, so having a better decagn cofrder% for every
derivative. However, in the present work we have shown thertet is a structural
algebraic compatibility between the Green kernel and thesewvative structure
of the system, by decomposing the kernel according to diffelinear projectors,
which yields thecancellationof its highest order and slowly decaying interactions
with the source term.

In the multidimensional case, the explicit form of the Grdenction cannot
in general be expressed, and we have to relay directly ondhedf coordinates.
Thus the separation of the Green kernel into various parbigedt the level of
solution operatod’(t) acting onL?(R™,R™), or L' N L*(R™,R™). This allow to
performL? linear decay estimates, fpr> 2.

Let us now shortly review some previous results concerrtiggaisymptotic be-
havior of solution to dissipative hyperbolic systems. A @uwgnount of work has
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been done during many years around the special case of ipatige (nonlinear)
wave equation, see for instance [14, 24, 29] and referefmgein. At the same
time, and starting from the seminal paper by T.P. Liu [20éréhwere some studies
on2 x 2 systems with relaxation, see for instance [15] for the gesyiswith damp-
ing, and [6] for the general case. For more general modelseweadl the paper by
Y. Zeng [39] about gas dynamics in thermal nonequilibriuna &nally the paper
by T. Ruggeri and D. Serre [32] about stability of constaniilfgrium states for
general hyperbolic systems in one space dimension, undeinzass perturbations.
A related result has been recently established by J.F. @ddband T. Goudon,
who have considered the diffusive relaxation limit of mdilthensional isothermal
Euler equations [7], see Example 5.12 for a comparison witrapproach. Finally
let us remark that, under similar assumptions, stabilitgtaick profiles for general
relaxation models has been considered in [26].

The paper is organized as follows: Section 2 is devoted tallreome ba-
sic results about hyperbolic systems with entropy disBpaand the Shizuta-
Kawashima condition. In this section we also introduce tbeothposition of the
linearized system, which will be called the Conservativssipative form. Section
3 contains a very detailed analysis of the Green kernel indimension, while the
multidimensional case is presented in Section 4. Fina#gtiSn 5 is devoted to the
study of the decay properties of the nonlinear system. Nigtwe shall prove the
decay results for both the conservative and the dissippweof the solution, but
we shall show also that the conservative variable appreattteeconservative part
of the solution of the corresponding linearized problersidathat the decay of the
heat kernel forn > 2. Then, we prove that the solution of the parabolic problem,
given by the Chapman-Enskog expansion, approximates th&eotive part of
the solution of the nonlinear hyperbolic system. koe 2 the Chapman-Enskog
operator is linear, while, in one space dimension, the detdke nonlinear part
has a stronger influence, and so we can only show the fasteergamce towards
the solution of a parabolic equation with quadratic nordiitg.

Finally, let us point out again that these results were akthiby assuming
all the time the conditior(SK). Unfortunately, this condition is not satisfied by
many models, as for instance in one space dimension for the-Bebye sys-
tem, which describes the propagation of electromagnetices/@n nonlinear Kerr
medium [12, 16, 13], for perturbations around a null eledigld. Another interest-
ing example is given by the equations of gas dynamics in thenonequilibrium,
which has been investigated in [39], where however globaitence of solutions
has been established, even if condit@K) is in general violated, thanks to a
splitting of the system in two parts, one of them being lihedegenerated. The
situation is even worst in more space dimensions, since #ermore possibilities
to violate condition(SK). This is the case for for every equilibrium state for the 3-
dimensional version of Kerr—Debye model, as shown by a sropéck. However,
a physically relevant class of systems which verify (6&) condition is given by
the rotationally invariant systems in Example 4.7 belowhétexamples are given
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by the BGK models proposed in [1], under the Bouchut stghilindition [3]. Ac-
tually, we expect that, for many physical systems not satigfthe(SK) condition,
we could consider the influence of other factors, like thestexice of linearly de-
generate fields, or, in several space dimensions, the wellvk faster time decay
of the Green function, even for the nondissipative case. é&Spraliminary results
about systems violating the conditi¢8K) will be presented in [25].

2 Basic structure of the entropy dissipative hyperbolic sy'ems

2.1 Entropy dissipation

In the following we shall consider a generatdimensional system of balance
laws given by equation (1.1), with the source tegre g(u) verifying (1.3).
According to the general theory of hyperbolic systems ofsepwation laws
[8, 31], we shall assume that the system satisfies an entripgie: there exists
a strictly convex functiol& = &(u), the entropy density, and some related entropy-
flux functions ¥, = F,(u), such that for every smooth solutione () to system
(1.1), there holds

(2.1) E) + ) (Fal)),, = G,
a=1

whereF,” = (F/)T& andG = & - g. Let us introduce the setof the equilibrium
points:

y ={u € Q; g(u) = 0}.
Definition 2.1. The system (1.1) ison-degeneratéd, for everyii € y, it holds
(2.2) qu, (1) is non singular

Definition 2.2. The system (1.1) ientropy dissipativeif, for every i € y and
u € Q), we have

(2.3) (&' (w) - &) - gu) <0.

Following [11, 10, 2], itis now useful to symmetrize our sstby introducing
a new variable, thentropy variable which is just given by
(2.4) W =&(u).

Actually, since& is a strictly convex function, we can inveréd to recover the
original variableu by the inverse ma@ = (&')~!. Let us set nowdy(W) = @' (W),

CalW) = Dfo(@(W)Ag(W), andG(W) = g(D(W)) = ( Q(OW)

that the matrix4y(W) is symmetric positive definite and, for evary= 1....,m,
C.(W) is symmetric. Then, selectinky as the new variable, our system reads

. Itis easy to see

(2.5) Ao(WM)Wi + Y Ca W)Wy, = G(W).

a=1
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Now, as proved in [13], if the system is entropy dissipativel aon-degenerate,
the set of equilibrium points is locally reduced to a singteosth manifold. More

precisely, in the entropy coordinates, we have that, seftie= &'()), the entropy

dissipation condition reads

(2.6) (W2 = W2) - Q(W) <0,

for everyW, € R™ such that there exist&/; € R™ with W = (W, W,) € 7, and
everyW e &(Q). In this case, i.e. if the system is entropy dissipative amad-n
degenerate, we have thatJif € 7, then everyW € &'(Q) is also an equilibrium
point if and only if W, = W, see [13].

Observe now that our definition of dissipative entropy is jogariant for affine
perturbations of the fornd(u) = E(u) + a + - u, fora € R, g € R". Therefore,
without loss of generality, we can suppase= 0 € y and consider system (1.1)
with ¢(0) = 0, and fixf,(0) = 0. Moreover, we always can assume that the entropy
function& is a quadratic, i.e. such that

E0)=0, E0)=0¢ 7.

Next, following the above considerations, and accordinthéoactual structure
of many systems arising in physical models [36, 28, 37, 13, ®& focus our
investigation on a slightly restricted class of entropysifiative non-degenerate
systems, namely the systems such that

(2.7) QW) = D(W)W,, with D(0) negative definite

In the following we shall refer to these systems just astrientropy dissipative
systems.

2.2 The Shizuta-Kawashima condition and the global existere of so-
lutions

To continue our analysis of smooth solutions for dissigaliyperbolic systems,
we need some supplementary coupling conditions to avoidksfarmation. A
very natural condition was first introduced by Shizuta anavishima in [33], for
hyperbolic—parabolic systems. Here we first state the ti@mdfor the original
unknown, i.e. for system (1.1), just assuming that 0 is an equilibrium point
with g(0) = 0.

Definition 2.3. The system (1.1) verifies conditidi®K), if every eigenvector of
1 Df4(0)&, is not in the null space dDg(0), for every& € R™ \ {0}.

Since this condition is invariant under diffeomorphismsahlconserve the ori-
gin, in the case of strictly entropy dissipative systemdfjiid@n 2.3 is equivalent
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to

for everyA € R and everyX € R™ \ {0}, the vector( )OC

) € IR" is not
(2.8) m
in the null space oftAy(0) + Z C.(0)&,, for everyg € R™ \ {0}.
a=1
Let us consider now the linearized version of system (1dmely, settingd, =
Df,(0) andB = Dg(0),

m
(2.9) up + ZAa“xa = Bu, ueR" xeR", teR",
a=1
with B of the form
(2.10) B = [ 131 122 ]/ Dy € R"*%2, D, € R™%"2,

with n = nq + np. SetA(&) = Y. ; Ax&n. According to the previous discussion,
we can assume that

(H1) there is a symmetric positive definite matiy such thatd, Ao is symmet-
ric, for everya =1, ...,m, and

0 0
BA, = [ 00 ]
whereD € R™*"2 is negative definite;
(H2) any eigenvector of (&) is not in the null space d&, for everyé € IR\ {0}.
To use the conditiorfSK), we have to give a reformulation which takes into
account the kernel
E(i&) = B —iA(¢).
This is the content of the following lemma, which is an exten®f Theorem 1.1
in [33] to the case of a non symmetric matfix(the proof is omitted).

Lemma 2.4. Under the assumption (H1), assumption (H2) is equivaleintp of
the following:

i) there existK = K(&) € R™" such that, for every € R™ \ {0}, K(&)Ay is
a skew symmetric matrix and

SKEA©A + AOAKT(©) - 5(BA) + AgB")

is strictly positive definite;
i) if A(z) is an eigenvalue df(z), thenR(A(i&)) < 0 for everyé € R™ \ {0};
i) there existg > 0 such that
5

(2.11) R(A()) < ~e— s

for everyé € R™ \ {0}.
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About the existence of a solution, we recall the followingui¢[13, 38].

Theorem 2.5. Assume that system (1.1) is strictly entropy dissipativecamdition
(SK) is satisfied. Then there exigts> 0 such that, if|ug|ls < 0, withs > [m/2]+2,
there is a unique global solutiom of (1.1)—(1.2), which verifies

u € C([0, 00); H(IR™)) N C'([0, 00); H*"'(R™)),
and such that, in terms of the entropy variabte= (W, W,),

(212)  sup W2+ fo (VWA (@I, + IWa(D)I2) dr < C)IWolR,

0<t<+o0

whereC(0) is a positive constant.

2.3 The Conservative-Dissipative form in the linear case
We now consider a linear system with constant coefficients:

m
(2.13) Wy + ZAawxa = Bw,

a=1
wherew = (w1, wy) € R™ x R, We assume also that the differential part is
symmetric:

(2.14) foralla=1,...,m, Al =A,.

Definition 2.6. Under assumption (2.14), the partially dissipative sys{@ri3)
is in Conservative-Dissipative form (C-D form) if there stg a negative definite
matrix D € R™2, such that

(00
(2.15) B:(O D)'

In the followingw; = w, is called the conservative variable, while = w, is
the dissipative one.

We notice that, thanks to assumption (H1), system (2.9y&adl in the C-D
form if Ag = I. We shall prove in the following that there exists a lineaarfe
of variable such that (2.9) takes the C-D form in the genesiabafAy symmetric
and positive definite.

Takeu a solution of (2.9). First, we use the classical transforomat

V= Aal/zu,
which yields
m
(2.16) v + ZAaUxa = By,
a=1

whereA, = A;'?A,A%, B = A;'?BA}/*. Notice that system (2.16) has a
symmetric differential part, but the matri does not satisfy (2.15). However, by
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the assumptions on the mati for B there exists a null space of dimensiop
while the other eigenvalues are strictly negative. We stwatistruct the C-D vari-
ables using the projectio@y on the null space and the complementing projection
Q- =1-Qy. We compute&), by using the explicit formula, see [18]:
1 - _
Qo= —— (B - &Dde.

27'(i 1&l<1
We have:

-1
(B—cl)' = AV2(BA — EA)AV? = AL A1 —EAo2 AL2
0 0 0 o 0 | =€Aoz1 D—-<EAom 0

-1
:A(l)/z ([ —5130,11 —Ego,lz ](I+O(E))) A(l)/z

B A -1 -
:Aé/2(1+0(5))[ (AO,lé) /& (Ao,n)D_z;lo,uD ]A(l)/Z
B -1
:%Aé/2| Ao 8]A5/2+0<1).

We thus obtain that

a2 At 0| L
Qo = Al | WOl

Note that due to the assumptions 4g, this projector is symmetric. In particular
we can choose left and right projectdrg € R, Ry € R"*", so that

(2.17) Qo =RoLy,  LoRog=IeR™™, [4=R..
Note that by the last condition algty, Ly are unique: in fact they are given by

Aga1)" M/ -
(2.18) Ro =A})/2[ ( 0'1(1)) ] Lo =[ (Ap11) Y2 0 ]A}/Z.

We define the complementary projection to be
(2.19) Q-=1-Qy=R_L_, L.R_.=TeR™?", [_=R

The last condition follows because al§o is symmetric, and the matricds. €
R™*" [ € R™" are the unique left and right projectors which satisfy (2.19
one can check that these projectors are given by

(2.20) R_ :A51/2| « Aal)zz)‘m ] Lo=[0 ((A5hn) V2 |A;">

Set noww; = Lov, w, = L_v. We have
v=(Qp+Q-)v =RpLov+R_L_v

= Rowq + R_w;
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and by (2.16):

m
(Loo) + ) LoAa(Rowy + R-wp)s, = LoB(Row; + R_w),

a=1

m
(L_v); + Z L_Aq(Row; + R_wy)y, = L_B(Row + R_wy).
a=1
Now notice that
LoB =0, BRy = 0.
Thereforew = (w;, w,) are Conservative-Dissipative variables and system (2.16)
is equivalent to the C-D form system (2.13), whéreare the symmetric matrices

+ [ LoAsRy LoAuR-
(2.21) Aa—( L_A,Rq L_AaR_)
and
~ 0 0
(2.22) B_(O D)'
with
(2.23) D =L_BR_ = (Ay))2)*D((A; "))

is negative definite.
Proposition 2.7. If u is a solution to syster2.9), then, under assumption (H1),

(Ag11)~ 12 0

u
(AgH22) (A2 ((Aol)zz)l/zl
is a solution to the C-D form systefa.13)with (2.21) (2.22)and (2.23)

Remark2.8. If system (1.1) is non degenerate and entropy-dissipatixe,can
apply Proposition 2.7 to the linearized system (2.9). Thoees in the following,
we are always going to assume that the unknawis chosen in such a way that
(2.9) is in conservative-dissipative form. In this case,sag that also system (1.1)
is in conservative-dissipative form and we shallset (i, 1;) € R™ x R,

Remark2.9. More generally, we can look to the set of linear transforovaiv =
Mu, such that, starting from system (2.9), under assumptid),(the new system
is in C-D form. To obtain the symmetry of the differential pave have to také/
such thaiMT M)~ is a symmetrizer of the system. Hence, we can chadseich
that

(2.25) M™™ = Al
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Now, to verify condition (2.15), we obtain the relations
M[ My = (Ag11) 7,
My, =0,

(2.26)
Moy = (M2, (Ag M),

M3,Ma = (Ag")2.

In particular, a special choice is to také;; and My, symmetric and we obtain
(2.24) withD given by (2.23).

Example 2.10. Thep-system with relaxation. Let us consider system

du+dv=0,
(2.27)
010 + dyo(u) = h(u) — v,

with ¢’ (1) > 0. Its linear counterpart is given by

Ju+d,v=0,
(2.28)
A0+ A20u =au -,

whereA = 4/0’(0) anda = 1’ (0). Therefore
0 1 0 0

, B= .
A2 0 a -1
We can use the symmetrizdp given by

1 a
Ag = ,
a A?

which is positive definite if it holds the subcharacteristanditionA > |a|. Itis
easy to verify that assumption (H1) is verified, since

a A2 0 0
, BAg = )
0 a%2- A2

To recover the C-D form, we first compute the inverse maﬂﬂr@l, which is given

by
2 _
4l 1 A a
0 - T=An .
A2 — g2 1

—a

A=

AAO:[

A2 gA?
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This yields
1 0
M =
—a(A2—a?)": (A% —a?)2

and so we obtain the matrices of the C-D form

a (A2 = a%)2 0 0
A= , B= .

(A2 — a2)2 -a

[0 )=

and reporting in (2.27), we obtain its conservative-diasyg form

Ue aue + (A2 — a?)2uy
8t +8x
(A

Ud —%)72(0(uc) — a’uc) — auy

Setting

N—=

(2.29)
0

(A2 — a2 (h(ue) — aue) — ug

3 The Green kernel for linear dissipative systems in one spac
dimension

Aim of this section is to compute the Green kerfi) for a linear dissipative
hyperbolic system. The fact that we are in dimension oneheilp us in inverting
the Fourier transforms, hence giving explicit form to thepipal parts off'(¢).

We can consider directly a system in C-D form, according ® tbsults of
Subsection 2.3. So we write our system as

3.1 w; + Aw, = Bw,

wherew = (w., wy) € R™ xIR"2, We assume that the differential part is symmetric,
and there exists a negative definite mafdix R"2*"2, such that

0 0
(3.2) B:(O D),

so we have (H1). We assume also that (3.1) verifies condis&i), then we have
also (H2). We notice that, by contrast with [39], we are nduasing that the
matrix B is symmetric. This is necessary to deal with some specifimekes, as
for instance the Jin-Xin relaxation system, see [17, 13].
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We want to study the Green kerré, x) of (3.1), which satisfies

I't+ AI'y = BT
(3.3)
I'0,x) =06(x)I

Taking the Fourier transform

I, &) = f T(t, x)e~ " dx
R

of (3.3) we obtain

dr/dt (B —iEA)T

(3.4)

10,8 = I
To study the large time behavior of the Green kelhelie use the approach already
proposed in [21], [39].

3.1 Perturbation analysis
Consider the entire function

(3.5) E(z) = B —zZA.
It is clear that the solution to (3.4) is given by
) +00 tn
(3.6) Bt &) =0 = ) (B~ icA),
n=0

so that

1 EG)t icx 1N EGE)t icx
(3.7) I'(t,x) =pv— | e "dE = lim — e"ierelrdE

21 Jr N—+oo 210 J_N

andl'(t, z) = @ is an entire function of. The next analysis follows using some
ideas in [18].

The functionE(z) given by (3.5), as a matrix valued function, has a constant
numbers of distinct eigenvalues\(z) iff z is not one of the exceptional points,
which are of finite number in the plane. In fact these poinésthe solutions to

(3.8) det(B — zA — Al),

which is a polynomial equation with holomorphic coefficigntt follows that its
roots A(z) are branches of one or more analytic functions with algetsaigular-

ities of at most order.. As a consequence the number of eigenvalues is constant,
with the exception of a finite number of points, callexteptional pointsin each
compact set of the complex plane. Since we can write

E(z) = z(-A + B/z2),
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then the same occurs in a neighborhood ef o, so that in our case the number
of exceptional points is bounded in the whole complex plaieen if z is not an
exceptional point, differently from [39], the matriX(z) is in general not diagonal-
izable, due to the fact thd is negative definite but not symmetric: we say that
E(z) is permanently degenerate

In any region where there are no exceptional point, the fansti;(z), j =
1,...,s, are holomorphic, with constant multiplicities]-, j=1,...,s. Ingeneral
theseA; are branches of one or more algebraic functions, denoteth @gal ;,
j=1,...,s. The exceptional points can be either regular points fasdtagebraic
functions, or a branch point for somg(z). In the first case the eigenprojectors
remain bounded, while in a branch point the projectors hgvele

In general, the functio(z), if z is not exceptional, is represented as

(3.9) EG) = Z Aj(@)Pj(z) + Z Di(z),
j j

where A; are the eigenvalues d(z), P;(z) the corresponding eigenprojections,
given by the formula

1
(3.10) Pj(z) = —5— 5|6 o 1(E(Z) - &nlde,
—Aj(2)IK

andD; are the nilpotent matrices, due to the fact that in geneialnot diagonal-
izable, defined by

(3.11) Dj(z) = (E(z) = Aj(z)D)Pj(2).
Note that by construction the eigenvaluedfare0, so that
(3.12) D’]?” (z) =0,

wherem; is the multiplicity ofA;.

We now study which consequences have the assumptions (H4)),06 E(z)
and['(t, z) near the point = 0 andz = c. Both points are in general exceptional
points: forz — 0, n1 eigenvalues different frorfi converges td. When|z| —
oo, the matrixA is diagonalizable, but it can have common eigenvalues: tifen
perturbationB/z will in general remove part of this degeneracy.

We are going to show that, near= 0, semisimple eigenvalue &, the matrix
E(z) has a decomposition

(3.13) E@2) = ) (Ax@Pi(2) + Di(2)) + Ex(2),

ik
where theA j are diagonah x n matrices composed by the eigenvalues, which
converge to O, th& ;. are spectral projectors, tlie;. are nilpotent operators com-
muting with P . From assumption (H1), we can control the behavior of theimat
El(Z).
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In a similar way, neatz = oo, since the eigenvalues df are semisimpleE(z)
has a canonical decomposition as

(3.14) E@) = ) (Yi@Pi(@ + Di(@).

jk
The entries in the matriX j have an expansion in the form
(3.15) Az) = —zA} - Zcj + O),
where th@\} are the eigenvalues of the symmetric blotk .
On the other hand, the entries in the mafﬂ);( have an expansion in the form
(3.16) v(z) = —zAj + b + O(1/2),

where thel; are the eigenvalues af. As a consequence of the assumption (H2),
which is equivalent to the conditior5K), the coefficients ; andbj, have strictly
negative real part.

Casez =0
The total projectoi” corresponding to all the eigenvalues n@as

(3.17) P(z) = —% Slgg | 1(E(z) —&Nlde.

The pointz = 0 is in general an exceptional point, and the projectionsezorr
sponding to the eigenvalues with negative real part (i.eimany of thejk families
defined in (3.15)) can have poleszr= 0. Nevertheless, the projection

(3.18) P_(z) = - P(z)

corresponding to the whole family of eigenvalues with #yioegative real part is
holomorphic neat = 0, see [18] or the analysis below.

To simplify computations, we introduce the projectors
(3.19) Lo=Ry=[1, 0] L. =RI=[0 I,]
and
B | Iy O _ 10 0
(320) QO_ROLO—| 0 O]/ Q—_I_QO_[O I, ]
For ¢ close to0, we have

(321 (B-&Nl= —éQo +R.(D-&D7'L. = [
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We recall also the expansion of the resolvent

RE2) = (B-zA-&)' = B-en(1-2AB-én)

(B-<&D +2(B-&ENTAB - &N

(3.22)
+22(B - ENTHA(B - ED 71 + O(2%)
= Ro(&) + Lyz12"Ra(8).
The total projecto® becomes here
(3.23) P(z) = Py + 2 Z'P,,
n>1

whereP,, is given by the integral

1
(3.24) Py =—— ) R (&)dE.

By using (3.21) we have the zero order coefficient,

1

(3.25) Pp=——
2Tt &1

(B—él)‘ldE:Qoz[é 8]

while the coefficient for is given by

1
P = — — (B-ENTTAB - EN7HdE = QuAR_DIL_ + R_.D'L_AQq
27t |&]<1

(3.26)

_ 0 AlzD_l
- D_1A21 0 )

For completeness we will also compute the coefficientfointegrating as before
R»(&), we have
P> = Qo(AR_D™'L_)?> + R.D'L_AQuAR_D'L_ + (R_LD'L_A)*Qy
- (QoA)*R_D™2L_ — R_D™2L_(AQo)* - QuAR_D>L_AQy
(3.27)
—A1pD2An A1pD 'ApD™! — A1 A1, D2

D 'ApD 1Ay — D2AnAn D 1Ay A;D7!

As we will see later, the coefficient we are interested is2heoefficient: in fact
we see that we can write

(3.28) P@z) = | I+0(z%) zA1,D™' + O(z?) ]

ZD_1A21 + O(Zz) ZZD_1A21A12D_1 + 0(23)
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We introduce the right and left eigenprojectorsiit), R(z) € R™"™, L(z) €
R™*" which verify
P(z) = R(z)L(z), L(z)R(z) = L.
We can find the power series bfz) andR(z) by means of the relations
L(z)P(z) = L(z), P(2)R(z) = R(z).
We have in fact foll.(z) = Lo + zL1 + z°L; + O(z%), with Lo given by (3.19),

(Lo +zL1 + ZZLZ + 0(23))(P0 +zPq + ZZPZ + O(ZS))

LoPo +z(LoPy + L1Po) + 2(LoPy + LiPy + LoPy) + O(2°)
= Lo +zLo)AR_D7'L_ + z?Lo(AR_D7'L_)?> — 22LyAR_D™?L_AQ

—22LoAQoAR_D™?L_ + z?LiR_D™'L_AQq + z*L,Py + O(z%),
so that we see that
Ly =LeAR_DL_ = [ 0 ApD! ]

(3.29) .
Ri=R.-D'L_ARy=| - ,
1 0 [ D 1A21 ]
and
L, = Lo(AR_D™'L_Y2 — LoAQyAR_D™2IL._
:[ —A1pD2A1/2 A1uD'ApDT! — A1 ApD2 ],
(3.30)

R, = (R_D7'L_A)’Ry — R_D?L_AQuAR,

_ —A;pD2Ay /2
“| D'ApD'Ay — D2A5 A |

where we used a similar computation #®r, R,. Note that sincé>~! is not sym-
metric, these projectors do not satigffz) = R(z).
Next, we can decompog&z) according to the right and left operators:

(3.31) E(z) = R(z)F(z)L(z) + R_(2)F_(z)L_(z),

whereF(z) = L(z)E(z)R(z) € R"*™ andF_(z) = L_(z)E(z)R_(z) € R"™*"2,
We have

F(z) = (Lo +zL1 + O(z%))(B — zA)(Ro + zR; + O(z?))
= —zI0ARg — Z2LoAR_D7'L_AR( + O(z%)
(332) = - ZAl] - ZzAlzD_1A21 + O(ZS).
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The matrixAq; is symmetric, from assumption (H1), so that we can write tone
eigenvalues\}, with multiplicity m; j=1,...,m’, and left and right eigenprojec-

tions!; € R™>™M, rj € R™™ with lj= r].T,
ml

(3.33) An =) Mrl;.
j=1

Lemma 3.1. Under the assumption (H2), the matux,D~'A,; is negative de-
fined.

Proof. Let r be an eigenvector of; for the eigenvaluel!. Then, sinceD! is

strictly negative andi, = Agl, we have that
d= TTAlzD_lAzﬂ’ <0

if A>1r # 0. On the other hand, we have that

and )
r| Apr | | A'r
Ao f=alanr - A |

Therefore 6 is an eigenvalue ofi if Ay;r = 0, and assumption (H2) implies

thatA, 7 # 0. O

We can again reduce (3.32) by considering the right and tefeptionsr;(z),
1i(z), with 7;(0) = r;, 1;(0) = 1;, for each family of eigenvalues; = —ZA} +0(z%).
We can now expand the projectors as

pi(z) =rl; + zp} +0(z%), ri(z) =rj+ zr} +0(z%), li(z) =1; + zl} +0(z%),
wherer} = p}r]-, l} = p}l]-. Therefore

Fi(z) =1i(2)F(2)r(z)

=~z = 2 (hAD " Aary) - 2 (HAur; + LAur) ) + OG).
Now, using formula i -2.14) in [18], it is possible to prove that the third term
vanishes. So, we obtain
(3.34) Fi(2) = =zA{ = 22(Aor) D7 (Anirj) + O).
As previously, the matrixA,;7j)" D! (A rj) has eigenvalues with strictly negative
real part. Letj be its eigenvalues, with multiplicity:’, and letp € R"7™" be
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the corresponding eigenprojections, with € R the nilpotent matrices. We
obtain finally that

(3.35) Fiz) = Z Fi(z) = 2(—2A} — e — 2y + ).
k k

The eigenvalues tending  belong tojk families, whosez expansion can be
expressed by

(3.36) Ailz) = —zA} - Zcj + O@).
Note that since altj are different, then the total projection for each family is
holomorphic near = 0, and similarly the nilpotent part. They can be expressed as
(3.37) Pjx(z) = Rorjpjx(Ror)) +O(z),  Dilz) = Z*Roridx(Rorj)" + O(2).
Therefore, we obtain the projection B{z) on the null eigenvalue as
(3.38) R)F(2)L(z) = Z(—zA}I — 22cul + 0(z3))pjk(z) + Djr(2).

jk
Remark3.2 As we have noticed before, in general inside fhdamily there are
different eigenvalues whose projections have a pole ia 0. We just say that
the total projection” ;(z) of the wholejk family does not have poles 1 as we

showed, this follows becaud#z) can be decomposed as the sunf gfz), acting
on different subspaces.

We study now the ternk_(z) = L_(z)E(z)R-(z). As before, we expand the
left and right projections oP_(z) asL_(z) = L_ + zL! + O(z%) andR_(z) =
R_ +zR! + O(z%). We obtain

_ -1
(3.39) LL=[-D"'4y 0] Rl= [ A%D ]
This yields
(3.40) F_(z) = D — zA» + O(z).

We sum up the previous results in the following statement.

Proposition 3.3. We have the following decomposition neat 0
(3.42) E@) = ) (Ax@Pi(2) + Di(2)) + Ex(2),
ik
where theA . are diagonaln x n matrices composed by thg eigenvaluesl j
given by(3.36) the coefficients; having strictly negative real part, thanks to

assumption (H2). The spectral projectdPg and the nilpotent operatorB . are
given by(3.37)and verify

Py(2)Pjp(z) = 0jj 0k Pix(z), D (2)P(2) = P(z)Dj(z) = Djx(2),
Aj(2)Pj(z) = Pi(2)Ajr(z) = Aj(z),  Pp(z)E1(z) = E1(2)Pj(z) = 0.
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The termE+(z) is given byR_(z)F_(z)L_(z), whereF_(0) = D, which, by assump-
tion (H1), has eigenvalues with strictly negative real part

Casez = o
We do now the same analysis whgh— co. We have

E(z)=B-zA = z(—A + %B) =zE(1/z2),

where
(3.42) E(Q)=-A+(B.
SinceA is symmetric, we can write
— T
(3.43) A= Z ARRT,
j

where/; are the eigenvalues with multiplicity ;, R; € R™™i are the right eigen-
projections, normalized b&]TRj =1 € R™>"j. As before, by considering the total

projection for the family of eigenvalues convergingtpasC — 0, we obtain the
reduced equation for eaah,

(3.44) FiQ) =-Ail+ CR].TBRj +O(3).
If one decompose nO\H]TBRj as

R{BR; =) bypjx+die,  Pjedje € R"P",
k

we obtain that we can reduce further tﬁeby

(345) F]k((:) = (—/\] + Cb]k)ﬁ]k + Cd~]k + O(CZ)
As before, one obtains thi families of eigenvalues fde| — oo have thez series
(346) /\]k(Z) = —Z/\]‘ + b]k + O(l/Z),

and the projectors and nilpotent parts
(3.47) Pic = RipuR] +O0(1/2), Dy = RidyR +O(1/z).

Lemma 3.4. Under the assumption (H2), the eigenvalhgsofRTBRj have strictly
j
negative real part.

The proof follows by arguing as in Lemma 3.1.

Proposition 3.5. We have the following decomposition neat co
(3.48) E@) = ) (Yi@Pi(@) + Di(@),
jk
whereY . is the diagonal matrix whose entries are the eigenvaluelefktfamily
(3.46) the coefficients ;. having strictly negative real part, thanks to assumption



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 21

(H2). The spectral projector® ;. and the nilpotent operator®;, are given by
(3.47)and verify

Pix@Pir(2) = 0jiomPix(z), Di(@)Pjk(z) = Pi(2)Dj(z) = Djr(2),
Yix(@2)P i (z) = P(2)Y jk(z) = Y ji(2).

3.2 Green function estimates
In the general case, assuming that the matriss symmetric, we have that
I'(t,x) =0if x > At orx < At, where

(3.49) A= m]ax Aj, A= mjin Aj,

namely, the support df is contained in the wave cone af Therefore we have
(3.50) T(t,x) = T(t, 0)x{At < x < At),

where x is the characteristic function. In conclusion, in the faliog we shall
assume all the time

X

|?| <C
Now, we are ready to estimate the global behavior for Igrgé the Green ker-
nel I'(¢, x) using the local expansions contained in Propositions 3d3%b. We
associate a diffusive operator with Green functitf, x) to the expansion (3.41),
and a dissipative transport operator with Green func#a(s, x) to (3.48), and we
estimate the remainder term

R(t,x) =T(t,x) — K(t, x) — K(¢, x).

Estimates nearz = 0

In the following we shall consider the Green kernel as coragdasf 4 parts,
acting onw,, wy:
N e B G ol

Using the expansion df(z), R(z) given by (3.29), (3.30) it follows that

Pj(z) = Pj(2) + Rjx(2)
(3.52)
~ rjp]-kr]T zr]'p]-kr]TAuD‘l 0) 0

B zD‘1A21r]-pjkr]T ZZD‘1A21r]-pjkr]TA12D‘1 l [ 0(z%) 0% ]

We can associate to each termigf(i&) given by (3.35) the parabolic equation
(3.53) wy + )\}wx = —(C]'kI + d]‘k)wxx/ w e lij,
wherecj is in general complex valued, but its real part is strictlgaigve:

(354) C]'k = _fljk - iij, ij > 0.



22 S. BIANCHINI, B. HANOUZET AND R. NATALINI

Its kernel can be computed explicitly. ¥y = /—cjx = /ujx + ivj is the square
root with positive real part, so thatgy j € (-nt/4,t/4), then

. (x = ALp? (x = Ajp*
3.55 . t/ X) = ——eX VY M; L . :
( ) g]k( ) 2)/]'k N p 4([1jk + ij)t Z k, ((#]’k + ZV]‘k)f)L

L

The matrix valued coefficients!;,, are due to the fact that we have a nilpotent part
Dj: the maximal value of is m . — 1, wherem . is the multiplicity ofcj. Note
that we have in any case that for some 0

(3.56) gkt ) < OL\})e—u—A}t)Z/(cf) vk (6x) € R* X R
t

Similarly, one can see that the inverse Fourier transform of

_ oA =22, 21y 4=
F(t, Z) - Z e Z/\].t z C]kte—z D]ktpjk(z)

jk
is given by the function
(3.57)
dg ik
ri(gik(t, x)p jk)V]T —1; (d—;P jk) 7]T1‘11ZD_1
K(t/ x) = 2

agik asgix
s —D‘lAzlrf(d—;pjk)pjkrf D-lAzm[d_xz]mk riApD™!

The functionK(t, x), as we will see later, collects the principal parts of eaam-co
ponent (3.51) of the Green kerng(t, x).

By the Proposition 3.3, we can compufé)! nearz = 0:

(3.58) eF@t = Z e‘”}f‘zchkfe—zzthk+0<Z3t>pjk(z) +R_(2)e-O'L_(2).
jk
We associate to kernel of the parabolic equation (3.53)fuhetion
Six(2) = —(ZA} - zzcjk)l — zzd]-k.

In the same way, to the Green functiit, x) we associate the function
(3.59) )
K(z) =Y 8i(@)P(2)

ri8jk(z)p jkV]-T zrjgjk(z)pjkr].TAuD—l

:ij zD‘1A21rj§jk(z)pjkr]T zzD‘1A21rjgjk(z)pjkr]rAlzD‘l
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Consider the following integral:
_ 1 E(i&)t R@& ix
Rl(t,x)—Eﬁ(e —e )e dé

1 (11 2. c _
=Y .5 f TG (D OEN P i) — PPy (iE) )
jk

—€

(3.60)
1 )G (i)
+2nf:R_(ch)e L_(i&)e"*d¢E.

The constant is sufficiently small. The meaning of the above integral iatth
for low frequenciest, the main parts of (¢, x) is given by the parabolic diffusion
process described by (3.53). Moreover, we are taking intm@at the principal
parts of each component Bft, x), as in (3.51).

Using (3.40), and sinc® has strictly negative eigenvalues, it is clear that for
some positive constat

1 e . e

(3.61) ‘— f R_(ig)eF<19>fL_(zg)eUd5‘ < CetC,
21 J_¢

We will consider separately each of the integrals

1 iE(r—ALH)+E2¢ 217, 3 . 240 = .
(3.62) Rjk(tr x) = 5 f:ezé(x jh+e c]kt(eé tDj+O(E t)ij(lé) — ¢ fD]kij(lé))dé"

The integrand is holomorphic, because we are consideriagvtivle eigenspace
Pj (see Remark 3.2), so we can change the path of integrationcim a way

that, when we take the real part of the exponent inside ttegjiat, we obtain a
strictly negative exponent (it is clear that such a thing dohappens for the path

considered in (3.67)). Lety = —uj—ivj, and denote as befoye, = ,/y]-k + v
its square root with positive real part. Note that for @lwe have

(3.63) argyjx € (-m/4+C,m/4-0), C>0.

By the change of coordinatgs= ¢~'"87/z, we can write the exponent as

(3.64) i&(x - A}t) - 52y]2.kt = je A8 Vikz(x — A}t) — lyul*2’t,

integrated along the path= ¢/ 287, & € [—¢, €]. Since all integrands (3.67) are
holomorphic, we can deform the path as in fig. 3.1: denotirty) wthe constant

(3.65) y = min{lx = A/ @ly 0, €/2},
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Jz

n
2 TargYjk
03

argyjk

Rz

FIGURE 3.1. The pathy in the complex plane in the case- /\}t > 0.

consider the path
o= {—eei &Yk + isgn(x — A}t)ne‘i a8k, n € [0, y]}
U{—nei A8V + isgn(x — /\}t)ye_i a8Vik;n e [—e, e]}
U{eeiargyfk —isgn(x — )\}t)r;e‘iargwk;r; e[y, O]}
(3.66) =01 UopUos.

We now estimate:
(3.67)

i 7iarg)’f"z(x—A1t)—|y~ [222¢
Ryt x) = Lsgeze iD=ty
Jk\Es 2
T( (2

21D 3 . 24D ., = . i .
X (e‘E DirOEND (ig) — e th"ij(lcf)) 'é:E—iarg)f]-kZ e A8 jkdz,
We begin with the following lemma.

Lemma 3.6. If D is a complex nilpotent matrix, then for @l> 0 anda € C, there
existsC = C(0) such that

(368) eaD+A _ eaD < Ce|a|6+C|A||A|
for every matrixA.

Proof. Let0 < w << 1. SinceD is nilpotent, there exists an invertible change of
baseR = R(w), with

IRl =O(1), IR7'| = O(@ ™),
such that the matrix

(3.69) Y := RDR™!
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verifies
Y] =
In fact, there exist§ € R, such that
0O 1 O
0
1
D' =SDS™ = 0
0
0
0

We introduce the diagonal matrix
T(w) = diag(a™ !, 0" 2, ..., w,1)

and its inverse
T(w)™! = diag(w™ ™, w™2,..., 071, 1),
and seR(w) = T(w)S, which yields (3.69) withY = wD’. We can now compute

o—aD paD+A _ I| _ I(Z+oo (—OLD)”)(Z+00 (aD+A)m) B II

n=0 n! m=0 m!

- 'R‘l (55 Tl s (—a )™ (aY+RAR‘1)”‘m)R'
— | . .
< CLy Yoo G Lt ﬂg_ﬁé)y|0fY|”‘Z|RAR‘1|l
i —i)!
< CLiSLh sl Y IRARTY Ly sl

= CLIS 2T (el IRAR

= CLi% Z((allYl + IRART)" = (allY])")

- c(32<|a||Y|+|RAR*1|) _ 32|a|m) < CeallvI+ClAl| 4],
Therefore, we obtain

(370) |eaD+A _ eaD < C63|a||Y|+C|A||A|

and the conclusion follows. O

We introduce now

Aj(z) = DO _ D
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Recall that we sef = ¢7*287iz. Using (3.68), we obtain the estimate
(3.71) |Aj(@)] < CeEFRHOEPDRE < Ce2eP ol 34,

with e = 6 andd <« 1. Note that we only assume here th@tis small, but it may
happens that’t is large. The importance of the above lemma is in the factwieat
do not require any assumption on the normAof

We have

oS D +O(E) Pj(i&) - et Dikp jk(i5)|

riA@pr] 2rjAj(2)pjr AnD ™!
ZD_lAerjAjk(Z)ijijrjr ZZD‘lAzlrjAjk(z)pjkr]TAlzD—l

+

LD HOE) (p]-k(ié) - P]-k(ié))'

Using (3.71), (3.68) and (3.69), we obtain
(3.72)

DO Py (iE) = PP (iE)| = (171t + [z [

o1 o)
oMzl O)lz?

What we are going to obtain is the following result: the pijrat terms ofl’(¢, x) are
the heat kernelg (¢, x) or their derivatives, and the error terms for each principal
part are of higher order. Using (3.67), we will thus integratong the patlr the
function

(373) |2l (2Pt + 1)exp {R (ie” 87k z(x — A1t) — Py ult) + 20124},

forp=1,2,3.
Ono1, observing thakz| = O(e), one has

%‘qgl(...)dz

(3.74) < Cep(EZf + 1) fy o cos(2arg )/jk)(nlx—)\}t|+|;/jk|252t—|y]z,k|qzt)+26(eZt)dn
0

1 2
< CeP*l(e2t + 1)e 21t < CeP+le=TH < Cet/C,

for some large constaid and if ¢ is sufficiently small. The same estimate can be
obtained orvs.
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Ono, we have
(3.75)

%‘qu(...)dz

_ L Ay 22 b 212 2
SCf@ cos(2argy i) (ylx Ajf|+|7 el t=ly gl fy~t)+20(1z| t)(t(lyl + |1,I|)2 + 1)(|y| + |T]|)pd17

—€

Recall now thaty = min{lx - )\}tl/(Zlyjklzt), 6/2}. If e <|x— )\}tl/lylzt, then we
can evaluate (3.75) as before,

1
—— a2t
(3.76) Cer (@t + 1)e 8" < cet/C.

Fore > |x — )\}tl/lylzt we have
(3.77)
142 1 )Z

iggz(...)dz

L (x-A1
—cos(2arg ka)(v.—]z +|)/]-k|2r]2t)+461]2t+ — ]4
<C f e it PR (#(lyl + I + 1)yl + Inl)ydn
—€

(x=A1p2

_ N
< Qe PGBV T fe_%“fk”zt(IT]IZt + Pt + 1)(|77| +y)Pdn

—€

(x=A1p2

1o\l
<C —cos(2argyjk)8‘v—‘]2t 1 Zp+2 Ix—Ath
sLe T ogmn | L=o | T

C

—(x=A11)?2/ct
< e ! .

Observe here that in (3.623,; is bounded fo < ¢ < 1. Then, using also (3.50),
we can write that the rest part neae 0 is of the order of

B —=Alrset| OMA+H7 O)(A + )32
(378)  Ritm=) " [ O()(1 +H32  O()(1 + 2
j
Estimates nearz = oo
In this case, we can associate to each termﬁgj(l/z) in (3.45), the Fourier
transform of the Green kernel of the transport equation

(3.79) wi + Ajwy = (0l +dj)w, w e R™,
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We can write it explicitly by

-

~ _ bt rog
(3.80) Fielt, X) = 5(x — A jtyet Z (@),
Note that by our assumptidR (b) < —c < 0, so that we have the estimate
(3.81) 13k (t, 0)| < Co(x — /\]-t)e_” Yk, (t,x) € R* x R.

We associate to the kernejs;, the hyperbolic Green function
(3.82) Kt %) = ) Rigiult, )pjR].
Jjk
Using (3.47) and Proposition 3.5, we obtain
(3.83) K(t,x) = Y | 5(x = Ajt)eli e PPy (c0).
jk

Observe thaf(t, x) is the Fourier transform iw of
(3.84) K, ) = ) MV DHOIP (00),
ik
From the Proposition 3.5, near= oo we have the expansion fél(z) as
1 1
(3:85)  E@) =) (-2 + by + BZ + O )1+ Du(2)Pica)
jk
so that we can compute its exponential as

(3.86) L@t Z e—z}tjt+b]-kt+(b}k§+0(1)Zl2)tetz)jk(z) Pi(2).
jk
For N sufficiently large, we define
1 . N .
(3.87) Rat) = o [ (¢t )
T JiE=N
We have
IRa| <
1 : L (i E 11 1 . ,
= f O (OO DNp (jg) - fPHIPy (o0))de |
ik [EI>N
We have

Pik(ic) = Pji(c0) + %P}k +0(1) (51_2)



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 29

We denote byleP the derivative of the application

D —éP.
So, it holds
P4 — P — deP A| < CIAP sup [d%eP4] < CelPHANIAP,
s€[0,1]

which in the case
DD, IDI<5, Am(g)4, Al <6,
becomes
JDH(H)A _ D _ gD (E)A' < CHDIH(E)4D (ﬁ) AP < C(ﬁ)ec&'
& B &2 - o\&
From the Lemma 3.6 and (3.69) we can suppose|fig(co)| < 6.
Therefore, forN large enough, we obtain

2 (GE 11 1
etD]k(19)+f(h]-k =+0(1) 2 )IP]k(lﬁf)

- |et2)jk(°°)ij(oo) 4 (etZ)jk(OO)) (5) (z)]l.k +0(1) (%)) +0(1) (é_zz) eCét]

x|Pi(e) + 1P+ 0 (£)|.

We conclude that
etz)jk(z‘g)ﬁ(h} 1 +0(1)él2

jk i€

1P (ic) — e PHOP (o0)
(3.88)
=1 [td (e 2(e) D Pj(0) + e@ﬂc(w)so}k] + HO0(1)e .

Finally, for 6 small enough, we obtain
(3.89)
f eié(x—Ajt)d
'3
=N €
Estimates in between

Ra(t, )] < ) Ce™
ik

To complete the study of the Fourier transformIgfwe have to study which
terms are left: these are the parabolic keriidbr |£] > € andt > 1, the transport
kernelX for |£] < N, and the kernek(z) for € < |£] < N. We thus have to consider
here3 cases.

First, one has immediately that K is the parabolic linearized Green kernel.
Set

+ Z Ce‘“tf ldé < Ce ™™,

= gl &

(3.90) Raft, ) = o L G0
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feia_ 11 g
f R
[El>e

and we obtain

(3.91)  |Rs(t,x)| < Z C
jk

o—t/C
<C , t>1.
Vi

Similarly, we introduce

(392) R4(t, x) = i 7’\<‘(t, g)eiéxdé—/
21t Jigen
N
(393) IRu(t,0)| < Ce™ )] f ¢ 0A0dg| < Cem™ min{N, 1/]x — A%},
]' -N ] ]
Finally, we set
(3.94) Rs(t, x) = 1 f CEOt i g
270 Je<j<N

and, thanks to Lemma 2.4, we can use the estimate (2.11)hvidiiows from the
Shizuta-Kawashima condition:

(3.95) IRs(t,x)| < C f e &1+ e < Cet/C
e<|éIKN

for some large constat.

Global estimates

Notice that, thanks to (3.50), we have to study only the ¢agé < C. By
means of (3.78), (3.89), (3.91), (3.93), (3.95), we have

R(t, x) = T'(t, x) — K(t, x) — K(t, x)

oA/ o) O()(1 + t)112 )
(396) = : 1+t [ 0(1)(1 +t)_1/2 0(1)(1 +t)_1 ]+ Ce t/C/

for some large constaid. Moreover, using agaifx/t| < C, we have that in (3.96)
the first term on the RHS dominates the second one, so thatnwerda

g AR [ o) o) + 1)™12 ]

@97 REY=) | oyt o2 o+

We have then proved the main result of this section.

Theorem 3.7. LetI'(t, x) be the Green function of systéfl), under the assump-
tions (H1) and (H2). LeK(t,x) be the Green function of the diffusive operator
given by(3.57)and K (t, x) the Green function of the dissipative transport opera-
tor given by(3.82) Then, we have the decomposition

(3.98) T(t,x) = K(t, )x{At < x < A, t > 1) + K(t,x) + R(t, x)x{At < x < 1),



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 31

whereR(t, x) can be written as
e—(x—)\} 0?2 /ct

Z —t<RO(O(1))L0 + RO(O(l)(l + t)—l/z)L_

R, =) =

(3.99)
+R(OM)A + 5Ly + R-(OA)(1 + ) L),

for some constant. Here O(1) denotes a generic bounded matria(} are the

eigenvalues of the symmetric blodk; of A, used in expansiof3.15) and the
projectors are given by3.19)and (3.20)

4 The multi dimensional Green function

In this section we prove an analogous theorem for multi dsi@ral systems.
Since, in general, the form of the Green function is not eXplive have to relay
directly on the Fourier coordinates. Thus the separatioth®fGreen kernel into
various part is done at the level of solution operdi(#) acting onL?(R", R"), or
L' N L2(R™,R™). In the following we will consider the last space, even if @a
study the equation for initial data only i?. Our aim is in fact to obtain decay
estimates.

4.1 General setting and first estimates

We consider the Cauchy problem for the linear relaxationesysin the Con-
servative-Dissipative form

m
4.1 wy + Z Aywy, = Bw, w e RM*"2,
a=1

(4.2) w(0,-) = w'.

We assume thad,, a = 1,...,m, are symmetric matrices and that we have, as in
(3.2),

0 0

0 D |

whereD is a negative definite matrix IR"2*"2, So we have (H1).
Set, foré € R™,

B =

m

(4.3) A©) =) e, EE) = BiA().

a=1
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We assume also that we have (H2), and we recall that, from Laer2mh, there
exists ac > 0 such that ifA(i&) is an eigenvalue dE(i&), with & € IR, then

(5

(4.4) R(A()) < —e— &

Let us introduce the polar coordinatesliR

E=pC p=1&, Ces™!
and set
E(ip, C) = E(ipQ).
More generally, inC ® S"1,
(4.5) E(z,C) = E(zC) = B — zA(Q).

Moreover, sinceS” ! is compact, then wheB(z, C) is considered i€ ® 8”1,
the pointsz = 0, z = oo are uniformly isolated exceptional point for &ll while in
general there are a finite number of exceptional curve$ far|z| < co. Thus we
can expand(z, C) nearz = 0 andz = oo as in the one dimensional case.

As before, we want to study the Green kerhi¢l, x) of (4.1). We recall that the
support ofl" is contained in the wave cone of (4.1), so that, ffer 0, I'(¢,-) has
compact support. The solution of the Cauchy problem (4412)(is given by

(4.6) w(t,) =T(t,)*w’

and, using the Fourier transform, we have

(4.7) a(t, €) = [(t, () = X920 c).

We now use (4.4) to obtain our first decay estimates.aFol0, we have:

a2

. —c——t
(4.8) ¥l > ayef@| < ce 1+a*,

¢ 2
(4.9) |x (1€l < @) eFi] < co Trat
We have the following natural decomposition
w(t,) = Ma(tyw’ + Ma()w”,
with

(4.10) Mo = x(&| > a) E@a0(&),

(4.12) Mo (Hw® = x(&] < a) eEOR0(&),
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For the high frequencies we obtain
IMa(D)@ ;2 = Cllx(I€] > a) E R0(E)|2
—C i t
<Ce 1+a* |l

and, more generally, for any derivati#® in the space variables:

a2

—c——t
(4.12) IDP M, (a2 < Ce 1+ a2 ||DPw||,2.

On the other hand, for the low frequencies, we have
_L|5|2t
IDPM, ()|l < C f 1 f e 1+a2 " |Efl°&)IE" " d|E|dT
sm=1.Jo

m Bl
< C(a,|B)) min (1, t-r?)nw(’nu

and

c

- |2t :
DB M, (8?2 SC[ f e 1+a® |£|2ﬂ|w°<5>|2|5|m—1d|5|dc]
Sm—l 0

m ‘ |
< C(a,Ip) min 1,675 ) Jul
More generally, fo3 € IN™ andp € [2, +o0], we obtain the decay estimates:
g 0 (1 Ea=H-8Y, 0
413) DM’y < CG, Iﬁl)mm(l,t 303 2)|Iw I

To obtain a more refined estimate, we have to use the Conserlissipative
form in (4.13), by expanding(i&) for the low frequencies.

4.2 Low frequencies estimates

We now study the expansion &fz, C) = B — zA(C) nearz = 0. We can use the
result of Section 3, noting that the matukin (3.5) is simply replaced byA(Q).
We introduce the total projectd(z, ) corresponding to all the eigenvalues near 0,
andP_(z,C) = I — P(z, C) is the projector corresponding to the whole family of the
eigenvalues with strictly negative real part (see (3.1 é118)). The principal
part of P(z, Q) is the projectorQy = RyLg, the principal part ofP_(z, () is the
projectorQ_ = R_L_, and the projectorfg, Lo, R_, L_ are given by

(4.14) Lo=Rl=[1L, 0] L.=R'=[0 I, |
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As in Section 3.1, we can write the expansion of the eigeeptojsL(z, (), R(z, C)
corresponding to the vanishing eigenvalues. By formula9Bwe obtain

L(z,0) =Lo+zLoA(QR_D7'L_+0O(z?)

(4.15) =Lo+2[ 0 Ap@D™ |+0()
=[ I, zA©D™ |+0@).
R(z,0) =Rg+zR_D'L_A(Q)Rg + O(z?)

=R+ z[ ] +0(z%)

0
(4.16) DA (C)

= [ ZD‘le‘llm(C) ] +0(z2).
Thus, as in (3.32), we obtain
F(z,C) = L(z, O)E(z, OR(z, C)
= —zA11(0) — 2A(OD ™' Az (0) + O
(4.17) =F(z,0) + O(Z%).
In the same way, using (3.39) and (3.40), we obtain

F_(z) =L_(z,0)E(z,OR-(z0)
(4.18)
=D - zAn(0) + O(z%).

Let us recall that near = 0 we have
P(z,C) = R(z,0)L(z,0), L(z,O)R(z,C) =1,
P_(z,0) = R-(z,0L-(z,C), L-(z,0R-(z,C) =1,

and

E(z,C) = R(z, O)F(z, O)L(z, C) + R_(z, O)F_(z, O)L_(z, C).
This yields
(4.19) eFUOF = R(i&)F I L(1E) + R_(i&)eF MO L_(i&).

Take now a constamtsmall enough, such that we can use decomposition (4.19) in
(4.11):
Mo(B® = x(€] < DRGEEETENL(E) + x(€] < ))R_(iE)eF- N L_(i€)
(4.20)
= M1 (8w + Mo ().
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Lemma4.1. Assumer << 1. There exist two constantsC > 0, such that

(4.21) |x(1€l < a)ef 09| < e,

o 2
(4.22) (gl < apef | < cemelelt,

Proof. The matrixD is negative definite, thus (4.18) implies (4.21). To obtain
(4.22), we use again the polar coordinapes [<|, & = pC, to write

F(i&) = —ipAn(C) + p?A12(0)D 1A (0) + O(p®)

= F(i&) + O(p®).

The matrixA11(C) is real symmetric, and, the matrik;»(0)D 1A, (C) is negative
defined (uniformly inS"-1), thanks to Lemma 3.1. Ifi is an eigenvalue of the
matrix

—iA11(Q) + pA12(0)D ™ A1 (0),
there exists a constant> 0 such that

R(u) < —cp, 0<p<a.

Therefore, ifu(if) is an eigenvalue af(i&), we have

(4.23) R(u@E)) < —cé?,  (0<xl<a),
which yields (4.22). Let us underline that these inequeditare a direct conse-
quence of assumption (H2). O

Next, we fixa > 0, such that estimates (4.21) and (4.22) hold, and we make a
decomposition of the Green operator:

(4.24) I'(t) = K(t) + K(¢),
where
K(t) = Maa(t),  K(t) = Map(t) + Ma(t).

For every functiow’ € L'nL2(R™, R"), the solutiorw(t) = T'(H)w’ of (4.1), (4.2)
can be decomposed as

(4.25) w(t) = THOw® = K(t)w® + K ).

Using (4.12) and (4.21), we can estimate the second termeRMHS: there exist
two constants, C > 0, such that, for all space derivativ@?, it holds

(4.26) IDPKC ()Pl < Ce™HIDPw 2.

Now, using the Conservative-Dissipative form, we estabiige decay properties
of K(t). Actually, using (4.15), (4.16), (4.20), and (4.22), we é#vat there exist
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two constantg, C > 0, such that

[LoK(?| < CeméF(|Loa?] + IElIL-)
(4.27)
ILK@Bwd| < CemdP(&lLoa®) + |EPIL-a)).

Using (4.27) we obtain
Lok, <C [ [ eHEPLNR +EPIL-a @R IE dc
O 11—

< Cmin{1, £ ™/2}||Lo@°|[2., + Cmin{1, £ ™/21}||L_2°| ]2,

< Cmin{1, #"2}|Low|I?, + Cmin{1, "2 IL_w°|I7,,

IL-K(#y°lIF, < C fo fs HTEP Lo ©)F + €L DI L]

< Cmin(1, "2 Y ILowO|2, + Cmin{1, #722}|L_a°17,.

Similarly, it is easy to prove that for every multi indgxthe coefficientt?? appears
in the integrand, so that

ILoDPK(t)w®l;2 < Cminf1, /47 A2} | Low?| .
+C min{1, /4122 | L)) .
IL-DFK ()|l < Cmin{1, /412712 LouO)|

+Cmin{l, t_m/4_1_|ﬁ|/2}||L—wo||Ll .

We can estimate also the decay in every [2, +oo]. We have that

DPLK(B0"] < C [ e P ep(lILoalle + IENL-aO e
< Cmin{1, /272 || Loz
+Cmin{1, t~"/2- V22| L _gO),,
IDPL_K(tyw®| < Cmin{1, /2122 Loz

+Cmin(1, /22| 2O,
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so that, ifg is a multi index, forp € [2, +c0] we have also theK(t) estimates”:

_m=1y_
ILeDFK(ty®lly < C(BI) minf1, ¢ 2070720y,
(4.28)
_m_ly_1/0—
+C(|Bl) minf1, £~ 2220y

IL-DFK(H?llr < C(BD min{L, ¢~ #7220y
(4.29)
_m_ly_q1_
+C(l) min{1, ¢ 22Nz 0)

4.3 Decay estimates
We thus collect the results in the following theorem.

Theorem 4.2. Consider the linear PDE in the Conservative-Dissipativierfo
m
(4.30) wi+ Y Autoy, = Bu,
a=1

whereA,, B satisfy the assumptio(SK) of Definition 2.3, and leQQy = RyLo,

Q- =1-Qp = R_L_ be the eigenprojectors on the null space and the negative
definite part ofB. Then, for any function® € L' N L?(IR™,R"), the solution
w(t) = T(H)w’ of (4.1), (4.2) can be decomposed as

(4.31) w(t) = T(H)w’ = KO + K@),

where the following estimates hold: for any multi indéand for everyp €
[2, +o0],

K(t) ESTIMATES:
ILoDPK (B Il < C(BN) min{L, ¢ F4=D 2N Loz,

(4.32) +C(B min{1, ¢~ F0D V22 g0,

IL-DPK(tya®llpy < C(B) min{L, ¢~ ¥4~ 2N g 00,
(4.33) + C(B min{1, ¢ FD A2 _g0y),;
K (t) ESTIMATES:
(4.34) IDPK (£ |lp2 < Ce™CHIDPwO| .

Remark4.3. Let us notice the relation among the Green kernel for (4.1) the
parabolicr; X nq system irm dimensions

m m
(435) wr + Z Aaluwxa = - Z Aa,lZD_lAﬁ,lexaxﬁ/ w e R™M,
a=1 a,p=1



38 S. BIANCHINI, B. HANOUZET AND R. NATALINI

This relation will be exploited better in the Sections 5.4.5Here we want to
prove that the above system satisfies the following assomgti

(1) there exists a unitary matric€¥(), C € S,,_1, such that

(4.36) CT(C)( Z CaCﬁAa,lzD_lAﬁ,Zl)C(C) = [ 8 D(()C) ]/

a,p=1

with D(C) negative definite (also its dimension depend<.gin general);
(2) any eigenvector oY, C,A, 11 is not in the null eigenspace of

m
Z CalpAaiaD ™ Agor.
a,p=1

It is easy to verify that the above assumptions correspor8hinuta-Kawashima
condition along any directioq for the parabolic system (4.35). To prove (1), let
C(0) € R"*™m pe the change of coordinates so that

(Zm: Cadan)C@ =[ 0 K@ ]
a=1

with Ker(K(C)) = {0}. SinceA,1» = AT |, we thus obtain

c%)(f: caAa,ﬂ)TD—l(}:m:caAa,n)ao:[ ’ ]D—l[ 0 K@ |
a=1 a=1 K (C)

|0 0

“ 1 0 K'QODK(Q©) |
The matrixKT (Q)D~'K(C) is negative definite, sincB~! is negative definite and
Ker(K(C)) = {0}.

Assume now that(C), eigenvector of}’, (A 11, IS in the null space of the
viscosity matrix of (4.35). The it follows that is in K@r,, (A1), SO that the
vector Ryv is an eigenvector o}, ,A,. But this contradicts our assumptions,
because is in the null space Bf For a related discussion about this remark, in a
slightly different framework, see [38].

Remark4.4. We note here that we cannot expect any estimate of the form
lw(®lp < Cllwllps,

because for largethe functionLyw behaves like the solution to

m
Wet + Z LOAaRowc,xa =0,
a=1
and it is knows from [4] that this estimate is not true in getheTheL*® estimate
depends strongly on the presence of a uniform parabolicab@eiso that it is lost
in the hyperbolic limit.
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Remark4.5. We note here that by means of the explicit form of the kernghan
one dimensional case it follows that the decay estimatedshfol p € [1, +o0],
with the same decay rate.

Remark4.6. Since in general we are not able to give the explicit form efkbrnel
part K(t), one may suspect that even if the kerkéh)R_L_ has the same decay
estimates of a derivative of the heat kernel, it is not a @¢ixe of a heat like
kernel. This is striking different from the one dimensionake.

However, a simple observation shows that the funcfighi(t, x)R~ is actually
a derivative. Note that in one space dimension we only prakedits principal
partLoK(t, x)R_ is anx-derivative. Thus we are obtaining a new result also in one
space dimension.

By replacingw, with @; + eP'w,(t = 0), we obtain that the equations for
(w,, Wy) are
(4.37)

We t + Za Aa,llwc,xa + Za Aa,lde,xa - Za Aa,lZEthd,xa(t = O)

2 7 _ . Dt _
Wyt + Za Aa,21wc,xa + Aa,22wd,xa = Doy - Za Aa,22€ wd,xa(t = O)

with initial data(w.(t = 0),0). The solution can be written by Duhamel formula as
We \ _pep o[ wet=0) ) _ e . App2eP*wy, (t=0)
( Wy )_ I ( 0 Za: 0 I -9 AnmePwy . (t=0) as

(4.38)
t Ds _
Z () « wc(f : Ag12e " wy(t = 0)
=T() ( ) zaxa fo T(t s)*( et = 0) |5
In particular, one sees that the

(4.39) I'(t,x)R Z()xw ( f Ir'(t- )AaR_eDsds) +( eng(x) )

This remark is useful to deal with the cage= 2 in Section 5.4.

Example 4.7. Rotationally invariant systems.If we assume that system (4.30)
is invariant for rotations, it is possible to give a more psecexpansion of the par-
abolic partK(t) of the kernell'(t). Consider for example the linearized isentropic
Euler equations with damping, which can be written as

pr + divo =0
(4.40)
(o V‘O = -

To fix the ideas, taken = 3, n = 4 = n; + ny = 1 + 3. Clearly the system is
already in the Conservative-Dissipative form and the cioonl{SK) is satisfied. In
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this case one can decompdég, x) as
G(t,x)  (VG(t,x)"
VG(x) VG |TRb)

whereG(t, x) is the heat kernel fon; = Au, and the rest ternR; (¢, x) satisfies the
bound

(4.41) K(t,x) = [

@42)  Rity)= ‘”""2”[ o) 0<1><1+t>-1/2]

(L+12 | O+ oM+
In particular the principal part df(¢) is given by the heat kernél(t, x).
A more interesting example is the system

pt + divo =0,
(4.43) v+ Vp +divk =0,
R; + Vo = —R,

wherep € R, v € R3, andR € R°. In this case, thanks to the invariance for
rotations of the Green kernel, we can use the one dimensiesalmposition (3.57)
to find that the main smooth pdaty(t) of the Green kerndl(¢) is given by

Jo 0 (Woo * G)(E,2)  (Woy * G)(E, )
(.44 K00“)‘|0 G(t,x)P] [(w(fg*cz)(t,x) (Wi + G)(t. )

Here® : (L?(R%))3 — (L%(R%))? is the orthogonal projection d@f vector fields on
the subspace of divergence free vector fiefés.is characterized by

Pv e (L2(R%)?, divPv = 0, curl(v — Pv) =0,
and so we have that

+R1(t, x).

v—Pv =V, with Ay = divo.
This yields
(4.45) Pv = v - V(A divo).
In fact, in Fourier coordinates, we have
(4.46) Po(E) = 0(E) — |E72(E - B(E)E = 0(8) — €]72£ET - ().
The matrix valued function

(447) W(t,2) = Wat,) + Walt, ) = | 00 060 ]+[8 5(;?)50]

is the matrix valued Green function of the system
pr+divo = 0,

u+Vp = 0,
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and it can be written by means of the fundamental solutioméoviave equation
uy = Au. In fact, Wyq is the solution ofi; = Au with initial datau = 6(x), uy = 0,
and

B Woo V9 (—=A) " Woo
| VO(-A)TTWoy  —VAH=A)TTWyo |

In particular one can check th#t, corresponds to incompressible vector fields,
while W7 corresponds to curl free vector fields. Finally the Rgtt, x) satisfies

IRy(t, )] < (1+H7V2|G(t, ) + (1 + )W+ G)(t, ).

From (4.44), one sees that the asymptotic behavidX©fis a function(0, vg), with

vo divergence free vector field, which remains close to theirignd a function
(p, v1), with v, curl free, which diffuses around the sound cdn¢ = t}. Due to
the finite speed of propagation of (4.43), we can resKigf(¢) to the light cone
{Ix] < V2t}. Finally, let us notice that the main part of the kerkgj is the Green
function of the fully parabolic system

(4.48) Wi

pt +divo = Ap,
(4.49)
v+ Vp = Ao.

5 Decay estimates in the nonlinear case and more accurate asgtotic
behavior

In this section we study the time decay properties of the ajlsmooth solu-
tions to a nonlinear entropy strictly dissipative relagatisystem in conservative-
dissipative form. We shall prove that the conservativealdésu,. = Lou decays
as the heat kernel and derivatives, while the dissipativebte u; = L_u decays
faster. Following (3.51), we set

[ LoK(HRo  LoK(HR-
| LLK()Ry L_K(H)R-

K()

Koo(t) Ko-(t)
Koo(t) K—-(t) |

Moreover we shall prove that.(t) approaches the conservative pkgt(t)Lou(0)

of the linear solutio’(¢)u(0) faster that the decay of the heat kernel fior> 2.

In one dimension we shall show that(t) converges to the solution of a parabolic
equation with quadratic nonlinearity, in the spirit of Chagn-Enskog expansion.

5.1 Decay estimates ii”

We now prove the decay estimatedif{IR"; R"), p € [2, +o0], for the solution
u with initial data inL' N H?, with s sufficiently large, for the non linear equation

(5.1) i+ Y (faln)s, = gu),
a=1
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with f,(0) = g(0) = 0 and initial condition
(5.2) u(x, 0) = up(x).

We shall assume that the system (5.1) is strictly entropsiplsive and condition
(SK) is satisfied. Under the assumptions of Theorem 2.5, we centlié global
solutionu of (5.1)-(5.2), with

(5.3) u € C°([0, +o0); H*(R™)) N C" ([0, +o0); H* 7 (R™)),
and we can assume that there exigts- 0 such that, folt, x) € [0, +o0) X IR,
(5.4) u(t, x)| < do.

Consider now the associated linearized problem
m

(5.5) w+ Y Dfa(O)us, = Dg(O)u.
a=1

Thanks to Proposition 2.7 and Remark 2.8, we can assumequwtilihss of gener-
ality, that this system is in the Conservative-Dissipafiven (C-D form) of Defi-
nition 2.6. Therefore, thanks to Theorem 4.2, the assati@reen function can be
decomposed as

(5.6) T(t) = K(t) + K(b),

and the estimates (4.32), (4.33), and (4.34) hold true.
We can write the solution to (5.1) by Duhamel’s formula as

m t
u(t) =T(Hu(©) + Y| fo Dy T(t = 5)(Df2(0)u(s) — fa(u(s)))ds
a=1

t
5.7) + fo Tt - 5)(8(u(s)) — Dg(O)us))ds.

Remark5.1 We now observe that the only terms actinggn) — Dg(0)u are the
exponential decaying term&(t), and the terms,_(t) and K__(¢t). Thus when
projecting on the conservative variables, the term withslogvest decay i%y_(t),
while when projected on the dissipative variables the legderm iskK__(¢). A
similar observation can be made for the prodlgl(t — s)(D f,(0)u(s) — fa(u(s)),
where the principal part fau, is Kgo(t) while for u;(t) is K_o(t).

We first prove that the solution decays as the heat kernelslahtives, with
no distinction among the conservative payt= Lou and the dissipative one; =
L_u. We next prove that the dissipative part decays faster, agiaative of the
conservative one. Finally we shall study the decay of the ti@rivative.
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For thep derivative, we shall use the formula
DPu(t) = DPK(#)u(0) + K (t)DPu(0)

m £/2
+ Z fo‘ DﬁDxaK(t - S)(Dfa(())u(s) — fa(u(s)))ds
a=1
mo
+ ; LZ DxaK(t - S)Dﬁ(Dfa(O)u(s) — fa(u(s)))ds

£/2
+ fo DFK(t — s)R_L_(g(u(s)) — Dg(0)u(s))ds

t
+ ft/ i K(t - s)R_DPL_(g(u(s)) — Dg(0)u(s))ds

mo
+ ; ‘fo‘ K(t - S)Dﬁ(Dxa (Dfa(O)u(s) — fa(M(S))))ds

m t
(5.8) +Y fo K (t — $)DP((3(1(5)) — Dg(O)u(s)))ds,
a=1

observing that fop = 0 we do not need to split the integral in time.

Now we recall some well-known inequalities in the SoboleacgsH*®(IR™).
The basic remark is the fact that for> %, H?(IR™) is a Banach algebra, i.e., for
anyu, vin H*(R™), we have:

(5.9) luvllgs < Cllullgs |0l

More generally, we need some Moser-type calculus inedgeslisee for instance
[23, 35].
For everyu, v in H*(R™) N L*(R™) (s > 0), and|p| < s

(5.10) IDP o)z < C(llulli=lIDPollz2 + [l 1DPuly2),
so that, ifu, v € H**FI(R™),
(5.11) IDP o)l < C(llullesIDPolles + ol |DPul s )-

For every smooth functioh : R — R, everyu € H*(R") N L*(R™) (s > 1),
which verifies inequality (5.4), angl# 0, || < s, we have

(5.12) IDPRG)ll2 < Coll llgrquyesy liellls  IDPull,2.
Moreover, ifh(0) = 0, we have
(5.13) @)l < C (0, Whllcsquiseny) (L + lllz).

As in [6], we use the following crude, but useful Lemma:
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Lemma5.2. Foranyy,6 >0,t > 2

(5.14) ¢ =min{y,5,y + 06 -1},
then it holds
¢ y,0#1
y<l,6=1
¢ 91 +Int) <or
(5.15) f min{1, (t—s)™”} min{1,s°}ds < C- y=1,0<1
0 y>1,6=1
1 or
y=16>1
, 1 6>1
(5.16) f min{l,s % =C-{Int 6=1
0 10 0<5<1
t
(5.17) f e~ min{1,57} < Cmin{1,s7}, y>0,
0

H? estimates
Let us set now

(5.18) Es = max{[lu(O)ll1, 101},

and

(5.19) Mof®) = sup fmax{1, 74}l |
<t<t

We are going to estimate th& norm ofu(t) in (5.7). For shortness we denote (the
products below should be intended as tensor products)

(65200 falw) = Dfa(Ou = Pho(u),  g(u) ~ Dg(O)u = u?h(u).

Using Theorem 4.2 and recalling Remark 5.1, we have the attim
(5.21)
lu®)llgs < Cmin{l, =4}{ju(0)||;1 + Ce_Ctllu(O)HHs

+C fyminfL, (¢ = 5742 ) (S o Gl + (sl s

t — m
+C [y e = (LI 1Dy, (3o )l + 1) Js:
It is obvious that
Cmin{1, "™ ju(0)l;1 + Ce~H|[u(0)llys < Cmin{1, #™/4)E,.
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For the third term, using (5.4), we have:
Yo P ha ()l + e hu(s)lI

(5.22) < C (L Wralliesquizeo) + Wl qui<on) ) 1)1,

< Cmin{1,s7/2} (My(s))*

Let us consider now the fourth term in (5.21). We have to estinihD? (12 (u))||g
for p = 0 and|g| = 1. More generally we have the following result.

Lemma 5.3. Fix s > & and € IN", and letu € H" which verifies inequality
(5.4), withr > s + |B|. Then we have

(5.23) IDP ()l < C(S0, lellre, Wall s oy Yiellos 1DPul .
Proof. First we consider the cage= 0. We have
Rl < NPh(O) e + 11 (a(ut) = B(0)) I -
Using (5.9) and (5.11) yields
luh()llgs < C(llello lealless + uellis () = FQO) oo |fuall s
Hlullpe lfullps 1A (e) — RO)Irs)-

So, by (5.13), we obtain (5.23) f@gr= 0. For|s| > 1, using twice (5.11) yields

IDP @)l < Cllulls (lalls IDPRG)ller + W)l 1Dl ).
Since|p| > 1, we can use (5.12) to obtain

||Dﬁh(u)||HS < C(60)||h/||c\ﬁl+sfl(|u|s(50)||Dﬁu||HS,

which implies (5.23) WithC = C (o, Il e+ i<y ) o
Now, inequality (5.23) gives
(5.24) Y Dy, (e (u)) s + IRl < Cllales gz
a=1
Collecting inequalities (5.22) and (5.24) in (5.21), weaibt
(5.25)

t
lu@®llgs < Cmin{1, £/*}E; + CMo(t)Essq f e~ min{1,s7"*}ds
0

t
+C (Mo(1)? f min{1, (t — s)"™/*1/2) min{1,s"/?)ds.
0
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By means of Lemma 5.2, for = 1 the second integral decays ta$/#, while for
m = 2 decays as”!Int < /2, and form > 3 ast™"™/*1/2 < /4 So, we
obtain in (5.25)

(5.26) Mo(t) < C (Es + EciMo(t) + (Mo(1))?).
Then, ifEg,1 is small enough, we have the bound

(5.27) My(t) < CEs,

which implies

(5.28) llu®llgs < Cminfl, #/4}E;.

L estimates

We now estimate the* norm of the solution. Set as before

No(t) = sup {max{l, Tm/z}llu(’[)llpc}.

0<t<t

From (5.8) and Theorem 4.2, we have, using (5.22) and (5.27),

(@l < Cmin{1, /2 }|u(O)llp1 + Ce ™ (0l
t . _ _ X _
(5.29) +C15[2m/2]+1fO mm{l,(t—s) m/2 1/2}m1n{1,s m/Z}ds

+CNo(HEm 2141 fot e=C(t=9) min{l, s‘m/z}ds.
Using Lemma 5.2, fom > 2, we obtain
(5.30) No(t) < C(Epmja1+1 + Epmj21s1No(8) + EZ 1),
which implies
(5.31) (Bl < Coin{1, 2 E o1,

if Ey/2141 1S small enough.
Form = 1, using the decomposition of Theorem 3.7 and the estimagg)5.
we can estimate the first integral as

t

1
fo(lle(f)llL2 + IR (B)ll 21?2 < CNo(t)Eq ; min{1, (t - s)"¥} min{1,s7%}ds

< Cmin{1, £ Y2}Ny(HE;,

and forE; is uniformly small, the inequality (5.31) holds also far= 1.



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 47
DPu estimates

We set now fob € IN

(5.32) My)= Y sup {max{l,Tm/4+|ﬁ|/2}||D/3u(T)||Hs},
OSlﬁleOSTSt

and we assume that for< b < b the following estimates hold:
(5.33) My(t) < CEpys < 1.

Now we estimate th{8| = b derivative using Theorem 4.2 with the decomposi-
tion (5.8) and Remark 5.1. We have

(5.34)
IDPu(®)lgs < Conin(1, £+ B/2}u(0)]|,1 + Ce™CHIDPu(0)|:

t2
+Cf min{l,(t—S)‘m/4—1/2—ll3|/2}
0

Y lha ()l + Iquh(u(S))IILl] ds
a=1

+C f tmin{l, (t- s)—m/4—1/2}(2m_" 1D D ()l + IDPhGu(s)l s
t

12 a=1

¢ m
+C [ =Y IDPD Pl + NPl s
0 a=1

For the first integral we obtain, using (5.22), (5.27), andnbea 5.2:
(5.35)

/2
f t min(1, (t — s) A= V2H2} (S0 {12ho ((s) s + ()l ) ds
0

£/2
< CEE[ min{1, (t - S)_m/‘*‘”z_'ﬁ'/Z}min{l,s‘m/z}ds
0

< Cmin(1, t /4112y 2,

For the second integral we need to prove the following esBma
m
(X 10D el +IDPh G
a=1

(5.36) < Cmin(l, t-m/2-|ﬁ|/2}(E§+s_1 + ESM;]).
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We just consider the first term on the left. Using the chaie rule have

DF Dy, u?hy(ut) = DF ((Dx,u)uh(u))

= Zasﬁ Z)/Sﬁ—a 261+m+6k:a Cla, B,y 5i)(Dﬁ_a_nya”)x

X(D?u)(D%u) - - - (D%u)h® (11).
Following the proof of Lemma 3.10 in [35], we obtain for thengeic term
(DF=*~Y Dy, u)(DY u)(D%'u) - - - (D% )|

< (DF~*7 Dy, )2 - DY u)(D1u) - - - (D*u)| 2

< CIDF=* Y ullgp | DY+l 2.

Then, to obtain (5.36), we have to use (5.33) for the cases # 0 andy +a # f5.
For the third integral, the inequality (5.23) yields

(221:1 IDP Dy, tha (u(s)) s + IIDﬁuzh(u(S))lle) < Cliull=IDPull s

< Cllulle=IDFP ull vz,

where|p’| = b — 1. We use the F-estimate (5.31) and the induction hypothesis
(5.33) (replacing by s + 2), to obtain
(5.37)

m

(X 1DP D sl + NPl ) < Cenin(L, 41 E gt B

a=1
Substituting the above inequalities into (5.34) yields
(5.38)
IDPu(®)||= < Cmin{l, t=m/4-181/2) (E5+S + Eg)

t

+C(E2, | +EMy(®) f/ min(1, (t — s)™471/2} min(1, s/2 112} ds
t/2

t _
+CE[m/z]+1Ez,+s+1fe_c(t_s) min{1,s™"4=2)ds.
0

Using again Lemma 5.2 we finally obtain

IDPu(t)llps < Cmin{1, t="/4-1812)x

(5.39)
X (E5+s +ES+E2 |+ Epmy2a1 Epsin + Ele;(f)) :



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 49

If E is small enough, we have
M;(t) < CEg,,,
with C = C(Ep,,,)- So, we can conclude
(5.40) IDPu(t)llps < Cminl, ¢4 A2 E,

To obtain thel.™ estimates we use the following inequalities from [35], Rrop
sition 3.8:

IDPu(®)ll < CIDM™2HDPuh)|| 2D D u(e)l, 2,

with k = [m/2] — 1 if m is even and = [m/2] if m is odd. So, we just use (5.40)
with s = [m/2] + 1 to obtain

(5.41) IDPu(b)l < Conin{1, /> BI2)E g 0.

Actually, it is possible to show, by a direct calculationatlthe following estimate
holds:

(5.42) ||DﬁM||L°° <C min{l, t—m/2—|ﬁ|/2}E|ﬁ|+[m/2]+1.

Therefore, we easily obtain the decay estimate inthspaces
_me-ly_

(5.43) IDPu(Blly < Cmin{1, £ 20D 2 E G o,

with p € [2 + o0].
Let us state our global decay estimate dor

Theorem 5.4. Letu(t) be a smooth global solution to problg 1), (5.2). LetEs =
max{[(0)l|p1, l14(0)lx-}, and assume], 1. small enough. Let € [2, +c0]. The
following decay estimate holds

_me-ly_
(5.44) IDPu(t)llpr < Cmin{1, ¢ 3D P2V o,
with C = C(Ejg+,), for o large enough.

Remark5.5. Form = 1 we can estimate also tHé norm, since with the same
computation as above we have

IDPu(®)lls < CominfL, £92)u(O)ll1 + CeIDPu(O)l1s

+CE? min{l, t—ﬁ/H/Z} fo " min{l, sV 2}als

+CE2min(1,£1/276/2) ft/ ; min{1, (t - 5)1/2}ds

t
+CE5+1Eﬁf e_C(t_s) min{l,s_l/z_ﬁ/z}ds,
0
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which yields
(5.45) IDPut)lls < C(min{1, t#2}Eg. + e IDPu(O)11 ),

with the constanC = C(Eﬁ+z), so that, form = 1, Theorem 5.4 holds fop €
[1, +oo].

5.2 Decay estimates for the dissipative variables

We now study the faster decay of the dissipative variable$uS= Lou(t) for
the conservative variables, angd(t) = L_u(t) for the dissipative ones, where the
projectorsLy andL_ are given by (4.14). We have that

DPuy(t) = DPL_K(H)u(0) + L_K () DPu(0)

m t/2
+ Z ‘fo DPD, L_K(t - S)(Dfa(O)u(s) - fa(u(S)))ds
a=1
m t
+ ; Lz Dy, L_K(t — S)Dﬁ(Dfa(O)u(s) - fa(M(S)))ds

12
+f0 DﬁL_K(t—s)R_L_(g(u(s)) —Dg(O)u(s))ds

t
+ ff/z L_K(t - s)R_L_Dﬁ(g(u(s)) - Dg(O)u(s))ds

(5.46)

m t
+Y fo L-K(H)DP(Dx, (D f2(0)u(s) — fau(s))) + (3(u(s)) = DgO)u(s)))ds.
a=1

As we see form the above formula, in this case one g&ihg in the estimates
of the convolution with the smoothing kernels, because tireipal terms in the
initial data isK_y and in the convolutions areK_y and K__(t), respectively, but
no gain in the singular paft_K(t).
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We start with theL> norm of theg derivative: we have
(5.47)
IDPugBllz2 < Coninf1, #4212} (O)]|p1 + Ce™lu(0) s

£/2
+C [ minft, (1= 74 (o) s
0

+C L; min{1, (¢ - 5)™" 4_1}(;1 IDP e ()l + IDPuh(u(s)ll )ds

+ m
+C f et =Y DDy, 2o ()2 + IDP (a5l s
0

a=1

Using (5.36) and (5.33),we have

Y M0 (sl + IDP ()l

a=1

(5.48)

< Cmin{1, "2 W2H(ER o+ Ejmyayt Eieimsagsn )

Next, using (5.23) and then (5.44) and (5.40), yields

m
Z ||DﬁDxa“2ha(u(S))||L2 + ||D’3u2h(“(5))||L2 < C||M||L‘>°||D’3M||11nm/21+2
a=1

(5.49)
<C min{l, t_m/z}E[m/2]+1 min{l, t_m/4_|ﬁ|/2}E|‘3|+[m/2]+2.

Therefore, we use the above inequalities in (5.47), to give
(5.50)
m_1Bl_1

||Dﬁud(t)||L2 < Cmin{l, t_T_T_f}Ew

t
fz min{l, 52 }ds] E[Z%]Jrl

+Cmin{l, Fa _7}(
0

¢
. _m_Al . _m_
+Cm1n{1,t 2 z}(‘ﬁ mln{l,(t—s) 3 l}ds](EﬁgH%]+E[%]+1E|ﬁ|+[%]+1)

2

t
m _ Bl
+C (L €_C(t_s) mil’l{l,S_ST_T}dS) E[%]+1E|ﬁ|+[%]+2.
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Then, form > 2, we obtain

IDPug()llp2 < Cmin{l, #5372 2}(Ej + Ef%]ﬂ + E|2ﬁ|+[%] + Epzy1 Ejglaz42),
which implies
(5.51) IDPug(t)llp2 < Cmin{d, ¢4 B2V E L o6,

with C = C(Ejgj+{m/2}+2)-
About theL*™ norm, we can use (5.51) and, by arguing as in (5.41), we have

(5.52) IDPug(t)lle < Cmin{l, /> W22 B Ly,

for m > 2. Actually, it is also possible as before, to show by a diredtwalation,
that the following estimate holds:

(5.53) IDPug(t)llps < ConinfL, ¢72 W2 URE o,
We also obtain théP-decay estimate

. _m_1y_ _
(654)  [IDPu(tlly < Cmin{1, ¢ 0BG oy,

withp € [2 4+ oo, m > 2.
Form = 1, we recall that, thanks to (3.57), K()R_ = K__ = D?S__, where
S__is a heat like kernel. Therefore, we will consider the equrati

DPuy(t) = (DﬁL_K(t) + DﬁL_R(t))u(O) + K (HDPu(0)
t/2
DFFYL_K(t —s) + L_R(t — s))(Df(0 - d
o [ PP LK)+ LR = 9)(DFOE) - Flue))is

+ ft t (L-K(t = 5) + L_R(t - ))DF*'(DF(0)u(s) - f(u(s)))ds

/2

t/2
+ fo DF(D?S__(t = 5) + R__(t — 5))L(g(u(s)) — Dg(0)u(s))ds

t
+ ft/ i DS__(t = s)L_DF(g(u(s)) — Dg(0)u(s))ds

t
+ ft/ i R__(t - s)L_DP(g(u(s)) - D(0)u(s))ds
(5.55)
t
+ fo LK (t - s)DF(D(Df(O)u(s) - f(u(s))) + (g(u(s)) — Dg(O)u(s)))ds.
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Thanks to this decomposition we can prove testimate forn = 1. Using (5.48)
and, for the fifth integral, thé!-estimate ofR__ coupled with (5.23), we have

(5.56)
IDPuy(Hll;z < Cminfl,+/4F2712)E,

+Cmin{1, +1/4-1-F/2} ( f " min(1, 57"/ Z}ds) E?
0

t
+C min{l, t—l—ﬁ/z} ( f/ min{l, (t - s)—3/4}ds) Egi2Epi
t/2

t
+Cmin{1, t-3/4-F/2} ( f min(1, (t - s)—3/2}ds) EiEgi
t/2

t
+C (f e~ct=9) min{l,s_3/4_/3/2}ds) E1Egy2.
0

Therefore, we have (5.51) for = 1. On the other hand, we can estimate the

L*-norm as follows. First we have

IDPuy ()l < Coninf1, £ F2u(O) Il + Ce™HIDPuO)lIp»
£/2
+C f min{1, (t - s)‘3/2_5/2}||u(s)2||L1ds
0

t
+C [ minft ¢ -9 V2D huE) s
t/2

t
+C f min{l, (t—s)‘3/2}||Dﬁu2h(u(8))||L°°dS
t/2

t
+C [ =D+ 1D s
0
By using (5.42), we have

(5.57) ||Dﬁu2h(u(t))”L°° < Cmin{L t_l_ﬁ/z}EﬁHEsup(ﬁ,l)/
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which yields
IDPug(t)ll= < Cmin{1, 1 F2)|u(O)llx + Ce™Epay

+CE? min{l, t—3/2—ﬁ/2} fo " min{l, sV 2}als

t

+CE5+2E5+1 min{l, t_3/2_.3/2} f min{l, (t— S)—l/Z}ds
/2

t
+CE§Jrl min{l, t‘l‘ﬁ/z} ‘f/z min{l, = s)_3/2}ds
t
+CEp2Eg,q min(1, t717/2}.
Therefore, we conclude
(5.58) IDPug(t)ll < Cminfl, 712\ Eg,,
with C = C(Eﬁ_,_z).

Theorem 5.6. Under the assumptions of Theorem 5.4, we have the follovdogyd
estimates for the dissipative part of u:

(5.59) ||Dﬁud(f)||m < Cmin{l, t_%(1_ll“)_1/2_|ﬁ|/2}E|ﬁ|+[m/2]+1,
with C = C(Ejg4,), for o large enough, ang € [2, +o0].

Remark5.7. As previously, form = 1, we can estimate the' norm. By the
decomposition (5.55), and using (5.48), we have

IDPug(B)llps < Cmin{1, €22 Nju(0)]1 + Ce ! |DPu(0)]|y

+ CE% min{l,t_l_ﬁ/2}ft/2 min{l,s_l/z}ds
0

1
+ CE5+1E5+2 min{ll t—l—ﬁ/Z} f min{l, (t — S)—l/Z}dS
t/2

+ CEéJrl min{l,t_l/z_ﬁ/z} ft min{l, (t- s)_3/2}ds

t/2
t
+ CEﬁ+1E5+2f e_c(t —9) min{l,s_l/z_ﬁ/zds}
0
(5.60) < Cminf1, V2P Eg,
which yields
(5.61) IDPug(Bllps < C (minf1, 22 Eg  + e IDPu(O)Ipa),
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with the constanC = C(Egs2), so that, form = 1, Theorem 5.6 holds fop €
[1, +oo].

5.3 Decay estimates for the time derivative

We estimate now the decay of the time derivative of the sautDirectly from
eguations we obtain

IDPuy()llr < Z IDPDy, fo,a (@)l + ClIDPugliy + IDP((1) — DgO)u)llzr
a=1

(5.62)

_m_1y_ —
< Cmin{t, 2R o,
wherep € [2, +o0]. Form = 1, as previously,
(5.63) IDPuy(B)llpr < Cnin{1, 67224 Eg o + Ce™|IDP*1u(O)Ip.

About the dissipative variables, we write

() + Y Dfal0)(aur)s, = DOy
a=1

= Z((Dfa(o) — Dfa(u))up)x, + (Dg(u) — Dg(0))ut,
a=1

so that we obtain
DPug () = DPL_K(H)u;(0) + K (#)DFu4(0)

m t/2
g2 fo DFDy LK(t = 5)(Dfu(0)u(s) = D fula)u(s))ds

+ Z f Dy, L_K(t = 5)DP((Df2(0) = Dfu(t))11s(s))ds
a=1

t
= Ji2
£/2
+ f DPL_K(t - s)R_L_((Dg(ut) — Dg(0))us(s))ds
0

t
+ ft/ i L_K(t—s)R_DﬁL_((Dg(u)—Dg(O))ut(s))ds

(5.64)
mo A
+ Y, [ KO (D1 (DF0) - DA + (D) - DO (9
a=1

It holds
L-DPK()RoLous(0) = = ) DDy, L-K()RoLofu(u(0)),
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and
L_DPK(t)R_L_u;(0)
=— Z DPD, L_K(t)R_L_ fo(u(0)) + DPL_K(t)R_L_g(1(0)).
Since f,(0) = g(0) = 0, we havel|f,(u)llz1, Ig)ll;r = O)lull;1, which can be
used, form > 2, to yield

IDPug(t)ll;2 < Cminf1, 47271 3(0)|1 + Ce_CtE|ﬁ|+[m/2]+2

t/2
+ CEpj2142 min{l, t—m/4—1—|ﬁ|/2} f min{l, S—m/2—1/2}ds
0

t
 CEpapapaminL, 7 0202) [ minf1, ¢ 970
t/2

+ CElghe{myats3 min{1, t-m/4-I/2-1/2}
(5.65)
< Cmin{l, f_m/4_|ﬁ|/2_l}E|ﬁ|+[m/2]+3.
It follows by using the same analysis of (5.58) that forzadl [2, +o0]
_m-1y_ —
(5.66) IDPug(Blly < Coinf1, £ 202 E oo s

Repeating the computations we did above for= 1, it follows that the above
estimate holds also fon = 1.

Theorem 5.8. Under the assumptions of Theorem 5.4, we have the follovdogyd
estimates for;

_m_Ly_1/2—
(567  IDPur(®lly < Cmin{1, £ ¥R B,

(5.68) IDPug (t)llr < Cmin{l, t_%(1_%)_1_|ﬁl/2}E|ﬁ|+[m/2]+3,
whereC = C(Eg+,) for o large enough ang € [2, co].

Form =1, as previously,
(5.69) IDP 1y ()]l < Cmin{1, t—l—ﬁ/Z}Eﬁ+3 + Ce~IDP 1 u(0)|;1 .

5.4 Decay to linear solution

We consider here the difference among the solution of thdimear equation
(5.1) and the linearized one

m 0
(5.70) i+ ; Dfa(Q)ux, = ( Dy, g(0)ug )



PARTIALLY DISSIPATIVE HYPERBOLIC SYSTEMS 57

where we have already considered the conservative-disgpeariable pair. The
idea is that if the dimensiom is sufficiently large, then the decay of the non linear
parts is faster than the linear part. Since it is easy to shaivthe following results
do not hold in the case: = 1, we will consider in the followingn > 2, thus
estimating only thé” norm,p € [2, +c0].

By using the representation (5.7), it follows that

m f
ut) - u® =y fo D, T(t = )(Dfa(O)u(s) = fa(u(s)))ds
a=1

t
(5.71) + fo I'(t = s)(g(u(s)) — Dg(0)u(s))ds.
Repeating the estimates leading to (5.38) and (5.51) lavisl that form > 3
(5.72) IDF () = w2 < min{1, ¢ 5 W22 ER

By arguing as previously, it follows also that

. —m-Ly_ig/2-1/2
(5.73) IDP(u(t) = w(E)llr < minf1, ¢ 20T ER
for m > 3. If one tries to repeat the above computationsrioe 2, one finds that
there is a critical integral of the form

I = ft L_K(t = s)R-L_(g(u(s)) — Dg(0)u(s))ds,
0

which we can only estimate at ordirt/¢t, since, directly using Theorem 4.2, we
obtain that

1702 < C f t min(1, (¢ - )~} min{1, s~ }ds.
0

However, using Remark 4.6, we can actually write
t t—s
I= 0<1>Zf (f L K(t-s- r)AaR—eTD“”(O’dT) Dy, (8(u(s)) = Dg(0)u(s))ds.
~Jo \Jo

Therefore, estimating the Kernel it and the termD, (g(u(s)) — Dg(0)u(s)) in
L2, we obtain

t
. — )12 =3/2 i -1
172 < C‘fo mm{l,(t s) }mm{l,s } < Cmm{l,s }

We thus conclude with the following result.

Theorem 5.9. Let i; be the solution of probler(b.70), (5.2), under the assump-
tions of Theorem 5.4, fom > 2 andp € [2, 0], we have the following decay
estimate

_m_1y_ _
(5.74)  IDP(u() — ()l < Cmin{1, £ 202 2E, o,
with C = C(Ejg+,), for o large enough.
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We notice now that for the conservative part we have that
Low(t) = Lol'(t) (RoLou(0) + R-L-u(0))
= Koo(f)LQM(O) + LoK(f)R_L_M(O) + L(ﬂ((t)u(O).

So, using Theorem 4.2, and by arguing as for Theorem 5.9, vi@robnother
interesting approximation.

Theorem 5.10. Under the assumptions of Theorem 5.9, the following dectky es
mate holds

_m_1y_ _
(5.75) IDP(ue(t) — Koo(H)Lott(O)lly < Cminf1, £ 2D W20, o,

Let us notice that, by definition, the pseudo-differentipe@atorKy, is always
fully parabolic.

5.5 Chapman-Enskog expansion

We show now how the solutions to the parabolic Chapman-Enskpansion
approximate the conservative part of the solutions to tmdimear hyperbolic prob-
lem:

m
0
(5.76) Uur + ZAa(u)uxa = ( Q(M) )/
a=1
whereA, (1) = Df,(u). We use the conservative-dissipative decompositiom of
m m
Ut + Z Ag 1101 x, + Z Aa,lZ(O)ud,xa
a=1 a=1
m
(5.77) = Lo ) (AaOu - fu),, ;
a=1

m m
gt ) A1 Oie, + Y A2 (Ot

a=1 a=1

(5.78) =D,,q(0)uy + L_ Z (Ax(O)u — fa(”))xa + (q(u) - Dudq(O)ud) .

a=1
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We can compute, using (5.78), which yields, inserting in (5.77):

m m m
e+ Z; Aa1(0)ttg e, + ; Z; Aa12(0)(Diy 9(0)) ™ Ap 21 ()it
a= =1 a=

=Lo ) (AaO = fu(w),, + Y Au12(0)Dis 9O (90) = D),
a=1 a=1

m m
=) A0 2 ODu ) azm, + Y Agz2 Ot
a=1 p=1
(5.79)

m

_ Z L_ (Aﬁ(o)u - fﬁ(u))xaxﬁ )
p=1

We consider the linear parabolic equation

m m m
(5.80) @i+ ) AaniO)wy, + ) Y A12(0)(Di,(0) " Ap 21 0wy, ; =0,
a=1 B=1 a=1

and we denote by, (t) the solution of the weakly parabolic equation (5.80) with
(5.81) up(0) = Lou(0).

Using Remark 4.3 and by arguing again as for Theorem 5.9pib$sible to prove
the following result.

Theorem 5.11.Letu, be the solution of probleifs.80), (5.81) under the assump-
tions of Theorem 5.4, fom > 2 andp € [2, 0], we have the following decay
estimate

_meq_1y_ _
(5.82) IDP (e (t) — up(D)llr < Cmin{llf 2 (1=)-1pl/2 1/2}E|,3|+[m/2]+1,
with C = C(Ejg+,), for o large enough.

Notice that the same faster decay holds for the differentedsn the solu-
tion u, to the weakly parabolic problem and the solutigLou(0) of the“fully”
parabolic pseudo-differential problem.

Example 5.12. Rotationally invariant systemsConsider the isentropic dissipa-
tive Euler equations

pt +div(pv) =0,
(5.83)
(pv)s + div(pv ® v) + %pr = -0.

We can linearize the system around the constant gatg = (1, 0), so obtaining
system (4.40) of Example 4.7. In that case we can immediaighyy Theorems
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5.4, 5.6, 5.9, and 5.11. In particular, by eliminatingn (4.40), we obtain the
estimate

DX (p(8) — pu(llr + IDF(p(t) = pp()llr < Cminf1, £ 20212

where p,, and p, are respectively the solutions of the-dimensional dissipative
wave equation equation

Pwt + Pw,tt — pr =0,
and them-dimensional heat equation

Ppt = App = 0.
These estimates improve on previous results about thidgrobontained in [34]
and [7].
Consider now the relaxation system

pt + div(pv) = 0,
(5.84) (pv)¢ + div(pR) + Vp =0,

(pR): + V(pv) = pv®v — pR.

Its local relaxation limit is given by the (non dissipativegntropic Euler equations.
However, its linearized version around the stgied, R) = (1,0,0), is just given
by system (4.43) of Example 4.7. Again, we can explicitlyntiy the asymptotic
limits, with analogous decay rates, in terms of the linegrdnipolic system (4.43)
and, thanks to the analysis in Example 4.7, of the fully peliatsystem (4.49),
which corresponds to the kernk}y given by (4.44). Finally, thanks to Theorem
5.11, the same behavior is shown by its Chapman-Enskog siganwhich is
given in this case by the weakly parabolic system

pt +divo =0,

v+ Vp = Av.

The Chapman-Enskog expansion in the case 1. Form = 1, we need to
consider together with the linear part the nonlinear terfe@order ofu?, because
the decay of/? convoluted with the linear kernel and integrated in timeegithe
same decay estimate of We will prove that for all0 < u < 1/2, the difference
among the conservative variables and the solution to aroajppated Chapman-
Enskog expansion decays as/20-1/P)=t in L7 if the initial data is sufficiently
small: their size goes toasu — 1/2.

Let us introduce the operators

(5.85) A = 2 (LoD2 £0) ~ An(0)(Duq(0) " D2 4(0)),

(5.86) B = A12(0)(Dy,4(0)) " A2 (0).
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We rewrite (5.79) as
(5.87) ttes + (A1 (O)tte + Aute, e)),_+ Bteyre = Sy,
with
S= Lo(AOu — f(u)+1D2 fO)(ue, uc))

+A12(0)(Dy,9(0)) ™ (9(1t) — D, q(O)eg — D2 9(0) (e, 1))

—A12(0)(Du, g(0)) ™" (1tat + Aa(0)ugx — L (A(O)u — f()), ).
In the same way, we replace (5.80) by the nonlinear parakgliation
(5.88) w; + (AnO)w + Aw, w))x + By, = 0.
We introducekFg, with F; = Eq and, ifg > 1,

Egi1, if p € [2,00],

Egi1 + [IDPu(0)ll,1, otherwise.

Theorem 5.13.Letu, be the solution of problerfs.88), (5.81) under the assump-
tions of Theorem 5.4, forr = 1 andp € [1, 0], for u € [0,1/2), if E; sufficiently
small with respect t¢1/2 — u), then we have the following decay estimate

1Ly -
(6.90)  [IDP(uc(t) = up(t)llr < Cmin1, 1200 FRYE,

whereC = C(u, Fg..), for o large enough.

Proof. We denote by',(t) the Green kernel of the linear parabolic equation
(5.91) w; + A11(0)wy + Bwy, = 0.

Using Remark 4.3[,(t) can be written as

(5.92) T(t) = Koo(t) + K(t) + R(t),

whereKq(t) is the00 component of the principal paki(t) of the relaxation kernel
I'(t), given by (3.57).
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We take the difference among(t) andu,(t):
DF (ue(t) = up(t))

t/2
= fo DFD(Koo(t = ) + R(t = ))(Aup(s), (6)) — Alue(s), ue(s)))ds
t/2
p —5) + R(t —5))S(s)d
+ fo DPD(Koot = 5) + R(t — 5))S(s)ds

t
. f/ DKot =)+ RO = DDA (Al6),1(9) = A9, 1:6) + 59
(5.93)
t
+ f K (t = $)DP D(A(y(5), 1y(5)) = A(uc(5), c(s)) + S(s) )ds.
0

By the previous estimates d»u, DPu,, DPu,,, we have that

(5.94) ||D’3$||Lp < Cmin{1, 120NV Fy .
Let us define, for a fixeg € [0,1/2),
(5.95) mo(t) = sup {max{1, T1/4+#}||uc(1) - u,,(f))an}.
0<t<t

Taking theL? norm of (5.93), for3 = 0 we have

t
l[uc(t) = up(Dllp2 < CEqmo(t) fo min(1, (t - 5)**| min{1,s71/27# }ds
t
+CF3f min{l,(t—s)_3/4}min{1,s_1}ds
0

t
+ C(E2E; + Fy) f ¢~ =9) min(1, 574 )ds
0

< Cmin{1,s 47 #W(E By + Ey + Fy + (1/2 = ) Exmo(®)).
It follows thus
(5.96) mo(f) < CFy,

for E; sufficiently small with respect t@l/2 — u).
Assume now that foy < g

(5.97) D (e = ) (B2 < Clp) minf1, 7 4787124E )
with u < 1/2, and set
(5.98) mp(t) = sup {max{1, T/ 2} DB(u(7) - (D)2}

0<t<t
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Using the induction assumption (5.97), we obtain

IDP(Auc(s), te(5)) = Alup(s), 1y (5))lIps
g-1

<C Y (IDFucllpz + 11D~ upllp2) 1D (ue = )l
a=0

+ Clllucllrz + llupllp2)IIDP (1t — 1)l
< Cmm{l, t_l/z_‘u_ﬁ/z}(C([J)Eﬁ+1pﬁ+3 + Elmlg(t))
Using this inequality, (5.94) and (5.96) in (5.93) yields

£/2
IDP(uc(t) — up(D)llp2 < CE3 f min{L, (¢ - )2/} minf1, s7/2# Jds
0
£/2
+ CF3 f min{l, (t - s)_3/4—l3/2} min{l,s_l}ds
0
t
+ C(C(u)Ep1Fp+s + E1mﬁ(t))f min{l, (t- s)_3/4} min{l,s‘l/z—#—ﬁ/Z}ds
t/2
t
+ CF‘,3+4 f min{l, (t - S)_3/4} min{l,s_l_lg/z}ds
t

/2

t
+ C(Egs2E1 + Fpaa) f ¢~ =) min(1, 574412 ds,
0

It follows thatmg(t) < C(u)Fg+4, and we have (5.97) fgg.
As for the estimate (5.41), we have th€-estimate

(5.99)  ID(ue(t) ~ up(lle < C(u)minf1, 2 P2 Fg, .

Finally, we estimate thé!-norm in (5.93):
t/2
IDP (ue(£) — (D) ll1 < CE? f min(1, (t - 5)/>#/2} min{1,s71/27#}ds
0
t/2
+ CF3 f min{l, (t- S)—1/2—,3/2} min{l, st }ds
0
t
+ C(C(1)Ep41Fp + Ermgas (b)) f min(1, (¢ - 5)”"/2} min{1, s71/2 74 F/2}ds
t2
t
+ CFp14 f min{l, (t- s)_l/z} min{l, s_l_ﬁ/Z}ds
t2

t
+ (C(H)(Eﬁ+2Fﬁ+4 + E1Fpgy5) + Fﬁ+4) L e—c(t —9) l’nin{l, s_l_ﬁ/z}ds.
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It follows that
(5.100) IDP (ue () = ()l < Cnin1, £+ 7F24Fg .
Therefore, we obtain the conclusion. m]

Example 5.14. Thep-system with relaxation. We can apply Theorem 5.13 to
the Example 2.10. In this case the Chapman-Enskog expaissigiven by the
semilinear parabolic equation

’ ]‘ 44
(5.101) ttp + 1 O)up + S 0)(up)x = (A* = @)tz = 0.

For previous results about this example see [6] and [22].idddbhat in [6], the
data are chosen in a special class, which allows to takel /2 in Theorem 5.13.
However, even for this special example, our C-D decompmmsigives a more pre-
cise description on the behavior of the solution, in termghef dissipative part

ug = (A2 = a2)"2 (v — au).
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