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Abstract. We present two uid dynamical models which arise in consideringdamage
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after their application on stonesor walls. For both models, numerical approximations are

introducedand discussed.
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1 Intro duction

There is an extensiwe chemical literature about the deterioration medanismsof natural
building stones,both in connectionwith problemsconcerningmodern and historical build-
ings. Acidity in the air is essetially causedby pollutants, sud as sulphur and nitrogen
oxides, which are emitted into the atmosphereby sourcesrelated to industry, transporta-
tion and heating. Thesespeciesare transformed, through complexreaction pathway, into
gaseousnitric and nitrous acidsand into acidic sulphatesas susendedparticles, see[9].
Although in recen yearswe have assistedto a decgy of the levelsof pollution in the urban
areasin Europe, we have still consisten levels of HNO3; and other aggressie speciesas
sulphur dioxide and ozone.

As an example,two photographsof a sandstonestatue can be seenin Figure 1. The
picture on the left hasbeentakenin 1908. Slon chemical procedurehasrotten the bonds
betweenthe calcite grains of the material and producedan irreversiblemodi cation of the
material chemicalstructure. The secondpicture shonvsthe deterioration of the statue after
chemical aggression.Between1906and 1969the statue was not moved, no macroscopic
medanical action was applied and no restoration procedure has beendone. The only
actions have beenpollution and black rains.

In fact, sandstones|imestones,marble are particularly sensibleto the e ects of sulfur
dioxide; they reactforming gypsum(calcium sulfate). The gypsumlayer is solublein water
and easily undergaes erosion. Areas protected from acid rain are not free from damage:
in fact, gypsumcan form a bladk crust which losescohesionand cradks with medanical
stressesE ectiv e simulation toolsseento be crucial in consideringthe ne scaleewlution
of reaction pathways, possiblyin complexgeometriesasrequestedby an improved policy
of prevertion and monitoring of chemicaldamageon historical monumerts. For instance,
it should be important to assiststakeholdersto assigna degreeof priority for an optimal
stheduling of cleaning operations, also taking into accour the local geometry and the
exposure of the concernedstones. Another important issueconcernsthe monitoring of
consenation procedures,as consolidationof rocks by injection of suitable polymers.

In this paper, we presen some uid dynamicalmodels,which ariseto assistthe restora-
tion and the consenration of natural stonesusedin anciet monumerts and artifacts. A
basicmodel describesthe growth of the gypsumcrust on the surfaceof marble stones,un-
der the aggressiorof pollution (sulphur dioxide). We have completely studied this model
from an analytical and numerical side, obtaining a precisedescription of the qualitative
behavior of solutionsand an e cien t multidimensional appraximation. Moreover a clear
agreemehwith experimertal data hasbeenshown in specially designedab tests[7]. This
model can be extendedto cover permeablerocks, see[1, 2]. Finally, a preliminary model
for the penetration of consolidans (ethyl silicate) is proposedand somenumerical tests
will be discussed.

2 Part I: a mathematical model of marble sulphation

The rst mathematical description of the time ewlution of sulphation processhas been
proposedby K.L. Gauri, see[9] and referencegherein, to give somemeasuremets of the



Figure 1: German sandstonesculpture (1702). In the 1908(left) and in the 1969(right).
Photo: WestfalichesAmt fur Denkmalp edge.

main physico-dhiemical parameters. Seeral regionsand time regimeswere descriked by
many parametersand models, and then matchedto t the experimertal behavior of the
reaction. Here, we considera single mathematical model deweloped recerily in [3] which
in principle is able to takeinto accourt for the full behavior of the solutions. The model is
derived by using somebasic physical relations, as balancelaws of the chemical reactions
and the Fick's law, and by neglectingthe permeability of the medium.

2.1 A simplied chemical reaction

The path of reaction of SO, with the calcite is assumedto be governed by a simpli ed
one-stepreaction:

1
CaCOs; + SO, + 502 + 2H,0! CaSO, 2H,0+ CO,: (1)

This meansthat for onemoleculesof calcium carbonate and oneof sulphur dioxide, adding
oxygen and water, the reaction producesone moleculeof calcium sulphate (gypsum) and
carbon dioxide. Here, we neglectall heat e ects, and assumethe air cortains enough
water to give rise to the reaction. Moreover, we assumethat changesin concertration of
oxygen, water, and carbon dioxide do not a ect the reaction.

2.2 The hydro dynamical model

Let be the domain occupied by the calcite specimenunder considerationand set ¢
for the total concertration of SO,, c for the density of calcite and for the density of
gypsum. Following [1] we assumethat ¢ and c satisfy the balancelaws
(
@s+r (sVs)= mLcsC;

@c= mLS sC; @)



whereV s is the sulphur dioxide \ uid" velocity, k is the (constart) reactionrate, mg, mg
are the massesof single moleculesof calcite and SO.,.

Assumingthe consenation of the total density, it is possibleto obtain the following
relationship betweenthe gypsumand calcite densities

Mc Me |
c+ = =Gt = o] )
for somegiveninitial densitiescy and o, respectively, for calcite and gypsum,and setting
m for the massof a moleculeof gypsum.

Next, we introducethe porosity of the calcite specimen’ , which is not assumedo be
constart, sincethe transformation of calcite in gypsumalters the void volume (occupied
by air and sulphur dioxide). Therefore,it is reasonableto regardit asa function of the
amourt of gypsumor, equivalertly, asa function of the amourt of calcite,that is' ="' (¢).
As shown in [1], the porosity of the specimenduring the reaction can be expressedas a
linear combination of the porosity of the pure calcite specimen,' o, and the porosity of
the nal sulphateproduct, ' -, namelyforc= 0and~= (m /m¢)c+ o:

Q="+ (o u)éz 4)

We denote by s the porousconceitration of SO,, de ned asthe concelitration taken
with respect to volume of pores. The porousconcetration is related to the total concen-
tration by

s ="' (0s: ()

At the sametime, the seepagevelocity vs is related to the uid velocity V¢ by the
classicalDupuit-Forchheimerrelation

Vs =" (QVs: (6)

Following [3] we assumethat all the cortribution given by the pressuregradiert to the
seepagevelocity, usually driven by the Darcy law, will be neglected. Therefore, we shall
expressvs only for the in uence dueto the Fick's law

Vs ="' (OVs; (7)

whereD(c) = d' (o)r s, and d is the (scalar) e ctiv e moleculardi usiv e coe cien t. This
yields, for the unknowns (s; ¢)

‘@ ©9= L @se+dr ( (Or9):

@= ' (c)sc: (8)
In the following, we assumethat the initial calcite density ¢, is a positive constart. Then,
setting = %(' o ' )and ="' ,wecanrewrite the porosity function in the following

form:

' (9= c+ €)



Moreover, accordingto [3], we assumethat ' ¢ > ' ,with ; > 0and0< ' (¢
G+ <1

Model (8) givesthe possibility of an accurate numerical appraximation of the equa-
tions by nite elemerts or nite di erences methods (see[3]). Other advantagesof this
formulation are: a better understandingof the involved physical processesthe possibility
to adapt the model to more complexsituations, whereother damagefactors are involved,
and an e ectiv e calibration againstexperimertal data, see[7]for somepreliminary results.
One main factor is the possibility of a determination of the time asymptotic regimein
one spacedimension,which hasbeenexperimertally exploredin [3].

Recerly, in [11] a rst proof of existence,uniquenessand regularity of global solutions
hasbeengiven, evenif system(8) is not parabolic in the senseof Petrovskii. Seealso[10]
for results on domainswith boundary and asymptotic behavior of solutions.

3 Numerical appro ximation for the model of sulpha-
tion

The discretescdhemefor the numerical solution of system(8) is the onereported in [3]. In
particular, we usea Crank-Nicolsonsdheme(with = 0:5) to discretizethe rst equation
of system (8) in time. On the other hand, an exact solution for ¢ can be obtain from
the exactintegration of the ODE onces is xed. Moreover, an adaptive meshre nement
strategy has beenadoptedin order to improve the numerical accuracyand e ciency .

3.1 Adaptiv e mesh re nemen t

The accuracyof numerical solutions of partial di erential equationsobtained via discrete
sdhemedependsupon the meshwidth. This is re ected in a priori error estimatescom-
paring the exact solution u and the numerically computed nite elemen solution uy. For
the Laplaceequation, an a priori error estimatewould be [33]: ku upk  C(u)h? where
h is the maximum meshsize and C(u) is a constant that depends on the exact (and
obviously unknown) solution, the domain, and elemen shapes, but not upon the mesh
width. Thus, the accuracyof the nite elemen solution can be increasedby decreasing
the maximum meshsizeh. Similar estimatesmay be derived for the systemof Eq.s (8).
The drawbad of an a priori estimatesis that the exact solution, and thus the numerical
value of C(u), is unknown, sothat no quartitativ e bound on the error can be computed.
While the error showns that it can be guararteedthat global meshre nement reducesthe
error in the solution, this doesnot represem an e cien t practical strategy. A ne meshis
only necessarywherethe solution presens high gratient and wheresmall cellsare needed
to accurately capture this variation. In our problemthis regionis the moving front of the
black crust and the di usion zoneof s (see[3]). Sinceit isin generalunknown in advance
where theselocations are, a posteriori error estimateshave beenderived to provide cri-
teria for local meshre nement. Theseestimatesusethe discrete solution u,, not only to
provide a bound on the error ku  upk without requiring knowledgeof the exact solution
u, but alsoto indicate on which elemeits the cortribution to this error is biggest. Thus,
theseestimatesindicate the elemerts for which meshre nement will be most bene cial,



and conversely for which cells, meshre nement will not yield a signi cant cortribution

to the reduction of the error. Using this process,the meshon which u, was computed
can be appropriately re ned, and the solution is computed again on the re ned one;this
technique s iterated until either the error estimate indicatesthat the requestedaccuracy
is obtained, or computational resourcesare exhausted.

A posteriori error estimatesand adaptive meshre nement have beenextensiwely stud-
ied in the last two decades.See[14] and the referencegherein for an overview. In this
work, the meshis re ned using a variation of the re nement criterion rst derived by
Kelly et al. [13] for the Laplace equation:

<= hk@alkg  R=hk@sikg  «= g+ )& (10
where [@c,] and [@sh] are the jumps of the normal derivative of the nite elemen
solutions ¢, and s, acrossthe elemen boundary @K . The error ¢ resultsin a linear
combination of the error of the two unknowns having set so that the errors in the
two variables are roughly weighted equally We have consideredthe error of both the
unknowns becausehey presert di erent behavior in the spaceoccupiedby a single nite
elemen. Moreover, in our implemertation, we re ne those 50% times of elemens with
highest error indicator x and coarsenthose 15% of elemens with lowest errorsin eath
cycle. Someother elemerts are alsore ned to maintain numerical stability of the solution.

This error estimator, although deweloped for Laplace's equation has proven to be a
suitabletool to generatelocally re ned meshedor awide rangeof equations,not restricted
to elliptic problems. Although it will create non-optimal meshesfor other equations, it
is often a good way to quickly produce meshesthat are well adapted to the features of
solutions, sudh asregionsof great variation or discortin uities.

Becausewe usean explicit time integration schemewe needto satisfy a CFL condition.
Moreover, in order to presene the accuracyof the solution and

sp(;t) O ; Ch( ;1) 2]0; co (11)

we changethe currert time step accordingto lower and upper bound condition similar to
the one (3.15) proposedin ([3]) for a mono-dimensionalproblem. As a consequencethe
spatial meshre nement automatically resultsin adaptive time stepping.

3.2 Software implemen tation

The algorithms outlined above areimplemerted in a program basedon the freely available
Open Sourcepadkagedeal.ll [4]. It provides advancedobject oriented designtechniques
and support for the complexdata structures neededfor adaptive nite elemen applica-
tions. It alsoprovides support for input and output in di erent formats, aswell asa zoo
of di erent nite elemens and support classedor linear algebra. It is written in C++
and is portable acrossa large number of operating systemsand macdhine designs.

3.3 Numerical simulations

A computational test was performedto verify the e ciency of the proposednumerical
technique. The domain is a simple marblecube 1 1 1cm? attacked by an air ow



(characterizedby 2).

Figure 2: Squarespecimenof marble investedby a o w of air with high SO, concertration.

The distribution of SO, over the external surfacein a genericpoint x has beenap-

proximated by the following weighting function

|

S(X) = spexp JX% (12)
wheresg is the maximum value of the SO, concertration, X. is the position of the certer
of one side of the cube and | is a scaleparameter. This expressionwell approximate an
air- ow beatinga xed obstacle;in fact the weighting function presens a nearly constart
valuein the regionjx X < [0;12] and vanishedrapidly outside it.

All data adoptedarereported in Table (1). The numerical solution hasbeenobtained
coupling the scheme reported in [3] and the adaptive technique previously described.
In particular, becauseof the particular nature of the solution the meshre nement has
revealedto be a fundamenal task in the numerical procedure. In Figure 3 are reported
the initial meshand the boundary decompsition at time t = 0:015 together with the

calcite density.

S| | |G mc ms |d] k
110410/ 001] 011000964061 |10

Table 1: List of data adoptedin the numerical simulation.

The ewlution of calcite density on the external surfacefor di erent timesis represemted
in Figures4 and 5. It appearsclearly the degradationof the marble surface. eveniif the
external zoneinvolved by pollution is constart and preseits always the sameconcertration
of SO, (seeleft Figure 8). The valuesof calcite density and SO, concertration for a section
parallel to the horizortal planein the middle of the specimenare reported in Figures6,
7,8,9.

The behavior of the numerical solutions has a good agreemen with experimertal
data, seealso[7]. In future works, we are going to considermore realistic complicated
geometriesand the in uence of other factors, as for instance erosionand swelling of the
gypsumcrust, and the interaction with medanical damage.



4 Part Il: a mathematical model for consolidation of
building stones

Consolidation of monumerts is achieved by in-depth impregnation of rock with resins.
Among the adhesivescommonlyused,we areinterestedin asiliconecalled TEOS (T etraethyl
Orthosilicate often denotedsimply by Ethyl Silicate) which recerily hasbecomevery pop-
ular. In pristine state TEOS is made by monomers. They undergoto hydrolysis once
they comeinto cortact with moisture inside the stones,and subsequetty they start a
polymerization and solidi cation process.

Here we proposea rst mathematical model which describesthe processof consolidation
in terms of ltration and solidi cation. The main goal would be the prediction of the
ultimate depth of Itration of TEOS. The results are encouragingbut nowadays we are
still working to calibrate the model, see[8].

Our approad comesfrom the theory of uid ows in porous media. For a detailed
introduction on this subject we refer the readerto the comprehensie books [5] and [6].
In order to build the model, we point out somepreliminary obsenations.

O1 TEOS is usually dissohedin a solvernt called white spirit (with a TEOS conceltra-
tion that canbe up to 75%.)

02 The pores of the stonesare only partially occupied by the liquid phase. More
preciselyin our problema liquid (white spirit solution) and a gas(air) o w simulta-
neouslyinside the stone. Under sudh a conditions the processis called unsaturated
ow .

O3 Impregnation of the stonesis often achieved using a brush and thereforethe bound-
ary pressureof the liquid on the surfaceof the stonesis the atmosphericone.

04 A consequencef the previous obsenation is that the solution is absorked only by
meansof capillarity.

O5 The Water{TEOS reaction takes place inside the rocks and only at the air{liquid
interface. Hydrolysis of monomersis strongly heterogeneoust small scaledue to
the presenceof micro{drops of water, but homogeneoust a macro scale.

We make the following assumptions:
Al The uid density is constart throughout the process.

A2 We neglectfor simplicity that the reaction canvary the moisture cortent inside the
rocks assumingthat new water is cortin uously supplied.

A3 Dueto O5, we canassumehat the concettration of hydrolyzed monomersof TEOS
(which are the bricks of polymeric structure) is inhomogeneous. Polymerization
does not take place everywherebut only in somelocalizedregion accordingto the
water drops distribution. In sud placesmonomersimmediately react to form huge
polymeric structuresthat are catchedby the poreswalls a scon asthey aregenerated.



Thereforewe avoid all the complications coming from the study of polymeric ow
in porous media, and we neglect the e ects of the polymerization on the uids
properties, sud asviscosity and density.

As usualin porous mediatheory, the physical quartities at a point x shall be interpreted
as averagedwithin the represetativ e elemen of volume (REV) certered at that point.
We denote by n the porosity i.e.: the fraction of volume occupiedby voids. While the
fraction of volume occupiedby the uid within a REV is represeted by ¢, often called
uid cortent.
For the liquid we usethe subscriptl and for the gasthe subscriptg. The following relation
easily holds
n= |+ g

Since,assumingO1, we deal with unsaturated ow, for a liquid of density | the mass
balanceequation, taking into accoun the Darcy's Law, is (see[6])

" #

k(1=n)
|

Here G, 0 is a sink term represeting the amourt of liquid which in a unit of time
becomessolid; P, is the capillarity pressurd.e.: the pressuredrop on the interfacebetween
liquid and gas

@ )=r ! r (Pc 192) G (13)

As usual in literature [5, 6], we x the capillary pressureto be a function of the uid

saturation ( ;=n) alone

Let us denote by ¢ the molar concertration of TEOS (i.e. massof silicate per unit of
volume of white spirit solution). Then, following [6], the massbalanceequation for the
TEOS within the liquid phaseis given by
k(1=n)

#
r(Pe. 9z2) D'rg G (14)

@c)=r ¢

Herek, ;andDT arerespectively the permeability of the rock, the viscosity of the uid,
and the dispersion-di usion coe cien t. We assumethat all of them are known constarts.
Observing that the rate of growth of the volume of solid is exactly the opposite of the
rate of increaseof the volume of uid, we get

n= G=, (15)
Finally, assuminga constart molar concenration of moisture c, in the air yields
G = Kagca i((n ): (16)

whereK is the massexcangedbetweenliquid and solid per unit of massof the reagens
and unit of time.

Our mathematical model is the collection of (13)-(14)-(15)-(16), which constitute a closed
systemof equations, provided we know the dependenceof P on the ratio .



5 Numerical tests for the consolidation model

We provide heresomenumerical experimerts that simulate a horizontal ow in a prismatic
stone. For simplicity we restrict our simulations to one spacedimension, neglectingthe
e ects of gravity. The systembecomes

% @ =@ [B(1=n] Kuc (n )
h i
§ @ u)=@ u@B( =N+ D'@Qu Kuc, (n ) 17)

n= Kuc (n ):

Here u = ¢g=, is a \dimensionless concerttration" and B is chosensud that B? =
@Pé’() and B(0) = 0. The initial conditions for this systemare ji=o 0, Ujtz¢ O
and nji-g = Ng; tg and ng being respectively the initial time and the initial porosity of
the stones. The systemhave beenstudied on the half line x 0 and the boundary con-
ditions are provided by O3 to be jx-o = n and m Co is the initial concenration
of TEOS in the white spirit solution.
The constart involved in the equationshave beenchosenin a reasonablerange, even if
they cannot still be consideredfully realistic. We hope in the near future to get them
from laboratory tests.
Somespecial attention should be given to the function B. In the literature, seweral dif-
ferert forms of B have beenproposed. After se\eral tests performedon di erent kinds of
building stonesand di erent uids (water, TEOS, white spirit), we decidedto choose

B(s) = maxfO;c(a x)(x Dbag:

This function was easily tuned choosing the constarts a, b and c in order to t the
experimental capillary rise curves,see[8].

The simulation ran fromt = Oto t = 70. In Figure 10 we represen |, n and u

att = 1,2;4;,10,20 and 70. We obsene in the beginning of the simulation that the
advancingfronts of TEOS and white spirit coincide. Oncet 10 howewer the white spirit
propagatesmuch fasterthan TEOS whoseconcertration is decreasedy the reactionwith
water. Due to the decreaseof the porosity, TEOS is not supplied fast enoughto avoid
guending.
At t = 70 TEOS is almost extinguished and the porosity on the surface of the stone
(x = 0) getssosmall that also ltration of incomingwhite spirit becomesegligible. This
turn out to be a realistic prediction. The solidi cation of TEOS occurs rst and mainly
on the surfacewhereit rapidly occludesthe pores. No further absorption of white spirit
solution is then possibleevenif the porosity insidethe stoneis still sensiblydi erent from
zero.
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Figure 5: Exterior calcite density; left: time t = 0:18, right: Time t = 0:24.

Figure 6: Calcite density on a sectionin the middle of the marble specimen;left: time
t = 0:.06, right: Time t = 0:12.

Figure 7: Calcite density on a sectionin the middle of the marble specimen;left: time
t = 0:18,right: Time t = 0:24.



Figure 8: Left: exterior SO, concelttration for ewery t, right: SO, conceittration density
on a sectionin the middle of the marble specimenfor time t = 0:06.

Figure 9: SO, concertration density on a sectionin the middle of the marble specimen;
left: time t = 0:18, right: time t = 0:24.
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Figure 10: The liquid content ( ), the porosity (n) and the fraction of volume occupied
by TEOS ( u), represeted at t = 1;2;4;10,20 and 70. We seta = :5,b= :8,c = 1,

Kc, = 100and DT = 10 #. Regardlessthe systemof units, a and b are dimensionless,
[t]=[T], [Ke] = [T U, [c]= [DT]= [T *L?.



