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ABSTRACT. In this paper, we start a general study on relaxation hyperbolic
systems which violate the Shizuta—Kawashima coupling condition ([SK]). This
investigation is motivated by the fact that this condition is in general not sat-
isfied by various physical systems, and almost all the time in several space
dimensions. First, we explore the role of entropy functionals around equilib-
rium solutions, which may be not constant, proposing a stability condition
for such solutions. Then we find strictly dissipative entropy functions for one
dimensional 2 X 2 systems which violate [SK] condition. Finally, we prove the
existence of global smooth solutions for a class of systems such that condition
[SK] does not hold, but which are linearly degenerated in the non dissipative
directions.
Dissipative hyperbolic systems, stability conditions, entropy functional, global

existence of solutions

1. INTRODUCTION

Prologue. A hyperbolic system with relaxation is a particular type of hyper-
bolic system of balance laws, presenting a two scales dynamic determined by the
presence of a relaxation term with a characteristic time e: for short times, the be-
havior is mainly determined by the interactions between hyperbolic propagation
and relaxations effect, which drive the system toward a given equilibrium manifold;
for large times, a relaxed structure, which under suitable assumptions is described
by a reduced diffusive system of conservation laws, emerges determining the main
features of the asymptotic behavior of the solution. The main challenge in the math-
ematical analysis of this kind of systems is to understand the interaction between
hyperbolic convective/transport effects and zero order dissipative terms.

Many physical models fit into this framework, the prototype of them being the
compressible Euler system for isentropic flows with damping, see [31, 18, 35], where
the usual equations of gasdynamics are coupled with a frictional term describing
the presence of dissipation effects in the dynamics. Here we consider the Cauchy
problem for a general hyperbolic N-dimensional system of balance laws

1
(1) wy + div, F(w) = EG(w).
where F' = (F},...,Fy) and G are assumed to be smooth functions. This system
is supplemented by initial conditions
(2) w(z,0) = wo(x).

Besides the large amount of papers dealing with numerical aspects, the analytical
results in the literature on hyperbolic systems with relaxation can be divided in
1
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two main subsets, the two directions being related, but somewhat complementary:

— (Singular limits) For a fixed time interval, one studies the limiting behavior as
the temporal scale of the relaxation dynamics tends to zero, i.e. ¢ — 0%. The main
goal of this singular perturbation problem is to prove rigorously the continuity
with respect to the fast time scale in order to justify the reduction obtained by
considering istantaneous equilibrium. Along this direction, we refer the reader to
[30] for a review of results before 1998, and to [33, 2, 3] for some more recent
interesting results.

— (Stability /Large time behavior) For a fixed relaxation time scale ¢, one consid-
ers the solutions’ behavior as time goes on, paying particular attention to formation
of singularities/smoothness and the asymptotic behavior of solutions, i.e. t — +o00.
The presence of a dissipating source term can compensate the loss of regularity
due to the quasilinear hyperbolic structure of the system — which is usually able to
generate gradient catastrophies in finite time in the homogeneous case — and global
smooth solutions may exist. The easiest example of this competition is given by
a zero order term describing a kinetic mechanism with a single global attracting
state. This case is considered in the Appendix and it should be seen as a good first
approach for beginners. Nevertheless, in physical systems only partial dissipation
is present. The first evidence of this is the presence of an equilibrium manifold,
that is a manifold of equilibrium states with dimension n > 1. When the system
satisfies appropriate coupling conditions (details will be given later on), the partial
dissipation term may produce complete viscous effects. In this case, by means of
a Chapman—Enskog expansion, it is possibile to show that the hyperbolic system
with relaxation behaves in a way similar to some appropriate (reduced) systems of
viscous conservation laws [25, 10]. As a consequence, under appropriate assump-
tions, stability of constant states holds, in the sense that small perturbations to a
given state in the equilibrium manifold give raise to global smooth solutions, possi-
bly converging asymptotically to the unperturbed state as ¢ — 400 (among others,
see [13, 12, 11, 16, 32, 35, 4]).

In this second line of research, two main aspects are present:

— constant steady states are particular permanent (i.e. defined for any ¢t € R)
smooth solutions and their regularity is inherited by sufficiently small perturbations
around them. Let us remark that, if relaxation is absent, the same property does
not hold in general and shock may occur in finite time.;

— constant steady states are attracting solution and the rate of decay, usually
determined either by Green function estimates or by analysis of asymptotic profiles
(diffusion waves), is the same of the heat kernel.

Similar properties hold also in the case of relaxation shock profiles, see [28, 29]
and [27] for a recent review on the subject, and for rarefaction waves [24].

The main strategy in proving stability of constant states is based on energy es-
timates, i.e. in the Sobolev space H® with appropriate s. Following the analysis in
[26] for hyperbolic-parabolic systems, coupling energy estimates with pointwise esti-
mates of the Green function of the linearized problem permits to prove very detailed
and general results, under a very specific conditions called Shizuta—Kawashima con-
dition, see [34, 4] and references therein. Again, the link between the two classes of
nonlinear evolution equations (hyperbolic and parabolic) is the Chapman—Enskog
expansion (for details, see [38, 4]).
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The starting step in the energy estimates approach is to control the L? norm of
the perturbation, i.e. to determine an invariant set in L2. At this level, the basic
tool to work with is the entropy &, a convex function of the state variable w satisfy-
ing appropriate compatibility relations with the flux function F'. Convexity (in the
strict sense) guarantees that the entropy estimate is equivalent to the L? estimate.
In order to have invariance or, in other words, to guarantee that £ is a Lyapunov
functional for the system, the entropy has to be dissipative. Even if entropy does
not exist for general systems and, when it does, it could be not dissipative, many
physical systems possess such a functional. Hence, many contributions in the liter-
ature are based on the assumption of existence of a dissipative entropy and many
stability conditions based on entropy have been analyzed, [5, 10, 16, 22, 38, 32].

Once the L?-estimate has been obtained, the next step is to determine estimates
on higher order derivatives. Again using entropies (precisely, linearization of the
entropy at the constant state) it is possible to obtain estimates analogous to the
0-th order one, but with some additional term. Since the dissipation appears in the
systems only relatively to the relaxation mechanism, the estimates do not close.
At this point, the key assumption, namely Shizuta—Kawashima condition, enters in
the game, see Condition [SK] below for a precise statement of this condition. This
hypothesis can be read in many different ways. In term of stability, it guarantees
the necessary coupling between conserved /non conserved quantities in order to have
dissipation effects in both the state variables. Additional energy estimates, based
on condition [SK], permit to close the analysis and to prove (asymptotic) stability.

Aim of the present paper. Existence of dissipative entropies plus the Shizuta—
Kawashima condition guarantee stability. Some models satisfy the two requests
(among others, as already mentioned, the Euler equation for isentropic gases with
damping, and the relaxation and BGK systems proposed in [20, 1].) Neverthe-
less, there are many physical systems, especially in the multidimensional case, still
possessing dissipative entropies, for which assumption [SK] does not hold. An
interesting example is the model for gas dynamics in thermal non equilibrium con-
sidered in [39], where stability of constant states has been proved. Here, stability is
not asymptotical: small initial perturbations give raise to global smooth solutions
that do not decay, but they stay small uniformly with respect to the time variable
t € (0,00). Some other models share the same lack of dissipativity (translating in
the fact that [SK] does not hold): as for instance, the Kerr—Debye model for elec-
tromagnetic waves in nonlinear Kerr medium [15, 8, 9], the hierarchy of equations
coming from the kinetic formulation of multi-branch entropy solutions of scalar
conservation laws [6, 7], and the very simple example on traffic flow in [23].

Hence, an interesting direction of investigation is to determine weaker conditions,
in principle partial versions of [SK], guaranteeing stability, at least around steady
states. The present paper aims to give a contribution in this direction from a
general /structural point of view. We stress once more that all of the analysis
concerns with smooth solution. Weak formulation, needed to deal with possibly
discontinuos solutions is never taken in account in what follows.

Our point of view is based on the following question:

how far is it possible to go in the stability analysis without assuming
the Shizuta—Kawashima condition?
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Two main new features appear when going in this direction:

— (possible) existence of non constant equilibrium solutions. The set of equilib-
rium solutions, i.e. solutions with values in the equilibrium manifold, can be much
richer than in the case when condition [SK] is satisfied. This phenomenon, cor-
responding to the presence of persistent propagating signals, prevents asymptotic
stability of constant states and it forces to look for stability results alone;

— necessity of linear degeneration to prevent shock formation. Because of weaker
dissipation, existence of global smooth solutions is related to the presence of some
linear degeneracy of the reduced equation in the non-dissipated direction. The
most trivial example in this sense is given by a system composed by two decoupled
subsystems, the first of the two being linear and the second totally dissipative.

We are interested in determining minimal conditions assuring stability of such
equilibrium solutions and in making clear the role of linear degeneration in pre-
venting shock formation phenomenon.

First of all, we introduce the notion of equilibrium solution, or maxwellian, for the
system of balance laws (1). This is simply a solution with range in the equilibrium
manifold. When the Shizuta—Kawashima condition is satisfied, any equilibrium
solution is constant; while, in the general case, nonconstant equilibrium solutions
may exist. In Section 3, we propose some stability conditions extending the known
ones for the case of constant solutions. Since such conditions are based on the
existence of a dissipative entropy, they are in L? if and only if the entropy is strictly
convex (in the sense that its hessian matrix is positive definite). In the constant
case, the dissipativity is related only with the coupling between the Jacobian of the
entropy and the source term. In the non-constant case, also the second derivatives
of the flux function are taken into account, see Condition [St] in Section 3. In
practice our condition can be seen as a linear degeneracy condition of the flux
functions in the directions where condition [SK] is not verified.

Convexity in the strict sense for the entropy is related with coupling between con-
servative/non conservative variables and the Shizuta—Kawashima condition. This
is investigated in details in Section 4 in the 2 x 2 case. There, we show that a
strictly convex dissipative exists even in the case where [SK] does not hold if and
only if the coupling between conserved /non conserved quantity is sufficiently weak.
The other way round, if the coupling is strong, then convex entropies exists if and
only if the condition [SK] is satisfied.

Based on the analysis of the previous Sections, in Section 5, we build up a
somewhat artificial class of models for which H*® estimates (actually H?, since we
restrict to the one-dimensional case for the space variable x) can be completed. The
key point is the presence of linear degeneration in the non-dissipative directions.
Even if these systems are not physical, we regard them as toy models useful in
making a step forward in understanding the whole picture. For instance all the
characteristic fields for the Kerr-Debye model are linearly degenerate, see [8, 9],
but the problem of the global existence of stable solutions is still open.

Actually, physical models usually satisfies a weak form of assumption [SK] and,
in our opinion, general results should be obtained by weaker estimates coming from
the Shizuta—Kawashima condition appropriately combined with the point of view
of the present paper, maybe using in an appropriate way better decay properties in
several space dimensions. This is left for future research. Here, let us just point out
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a quite different point of view followed in some recent works by Kawashima and his
group, see [19, 21, 17]. Also in these investigations, some systems violating [SK]
condition where considered, as for instance the dissipative Timoshenko system.
However the degeneracy of the [SK] condition is of a different type with respect to
the examples considered here. In particular, at the linear level, a slower decay of
the Fourier transform was always taken into account, while in our examples there
are directions where there is no decay at all.

2. EQUILIBRIUM SOLUTIONS AND SHIZUTA-KAWASHIMA CONDITION

Let us consider a system of balance laws for the unknown w(z, t) = (u(z,t),v(z,t)) €
R™ x RN=", with (z,t) € R+,

(3 uy + divy, f(ua U) =0,
) vy + div, g(u,v) = q(u,v)

where f = (f1,..., f4), 9= (91,-..,94) and g are assumed to be smooth functions.
The set V := {(u,v) € RN : g(u,v) = 0} is the equilibrium manifold of (3). Following
[10, 16], we consider the case of an equilibrium manifold V given by a smooth
n—dimensional manifold. More precisely we assume:

[H] q(u,v) = 0 if and only if v = h(u) where h : U C R"™ — R¥~" is a smooth
function (U is an open subset of R™) and

(4) Reo(dyq(u, h(u))) C{A € C : ReX < 0},

where o(+) is for the spectrum of an operator.
In the following, we can also use the shorter form

(5) wy + div, F(w) = G(w),

where F' = (f,g) and G=(0,, q).

Assumption [H] changes radically the situation with respect to the totally dis-
sipative case, which will be described in the Appendix. Indeed, while in that case
there is a unique isolated equilibrium state globally attractive with respect to the
underlying kinetic, under [H] any equilibrium state is not isolated. For this rea-
son, considering the stability property of a given equilibrium, it is necessary to
take in account all of the solutions of (5) close to the equilibrium and lying in the
equilibrium manifold.

A function W = W(x,t) is an equilibrium solution (or a maxwellian) of (5) if it
lies in the equilibrium manifold V, i.e. G(W(x,t)) =0 for any (x,t).

Obviously, any constant U € V, i.e. satisfying G(U) = 0, is an equilibrium
solution.

Consider the Jin-Xin system introduced in [20]

(©) { Uy + vy = 0,

where u,v € R®, n > 1. A well-known stability condition is the so-called subchar-
acteristic stability condition, [37, 25, 33, 16], which reads: the matrix a?I — dh(u)?
is positive definite for any u under consideration. Looking for equilibrium solutions
W = (U,V), i.e. solutions such that V = h(U), we get

(7) U+ h(U), =0, [a®T — dh(U)?*] U, = 0.

vy + a®uy = h(u) —v.
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If a®I —dh(U)? is strictly positive, it is also invertible and any equilibrium solutions
is constant. If we have only a?—dh(U)? > 0, then nonconstant equilibrium solutions
may exist. An explicit example of the latter situation is for n = 1, a = 1, h(u) = u.
In this case, U = V = ¢(xz — t) are solutions of the systems for any choice of the
function ¢.

Existence/nonexistence of nonconstant maxwellian is strictly connected with Shi-
zuta—Kawashima condition. This condition is obtained from (5) after linearization
at a given equilibrium state W € V:

d
(8) wy + Z dF;(W)w,, = dG(W)w.

The Shizuta—Kawashima condition has many equivalent formulation (see [34]). We
use the following:

Shizuta—Kawashima condition [SK]. If z € kerdG(W), then there is no w =
d —
(w1, ... ,wq) € RI\{0} such that z is an eigenvector of the nxn-matrix > dF;(W) w;.
i=1

On the contrary, assume that the Shizuta-Kawashima condition is not satisfied,
i.e. assume that there exist w = (w1, ...,wq) € R4\ {0} and r € R™\ {0} such that

d
dG(W)r =0 and ZdF,i(W)wir:)\r
i=1

for some A € R. Then the linear system (8) has maxwellian of the form w(x,t) =
h(w -2 — At)r. Indeed wy = —ARh' 7, wy; = w; h'r and

d d
wy + ZdFi(W) Wy, —dG(W)w =1 (Z dF;(W) w; — AI) r =0,
i=1 i=1
where i : R — R is an arbitrary differentiable function.

In order to estabilish a converse of the previous property, we restrict our attention
to the one-dimensional case: d = 1. Assume that w is a maxwellian of (8):

wy +dF(W)w, =0 and dG(W)w = 0.

If r1,...,rn are linearly independent right eigenvectors of dF'(W), the solution w
can be written as
N
(9) w(z,t) = Z E'(z — Nit) 74,
i=1
where k* : R — R are the coordinates of w with respect to the basis {ry,...,r,}
and ); are the eigenvalues of dF(W). Hence
N
(10) Z E'(x — M\t)dG(W)r; =0 Y (x,t).
i=1

Let K1,...,Kn : R — RY be N differentiable functions and A,..., Ay € R be
N N
i=1 i=1

for any (z,t) and for any 3.
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Proof. Without loss of generality we can assume K;(0) = 0 for any ¢ and we prove
the Lemma by induction on N. The case N = 1 is trivial. Assume that the thesis
hold for N — 1. By assumption,

(11) Kn(s) ==Y Ki(s+ Ay = \)t) Y (s,t).

N
Differentiating the equality > K;(z — \;t) = 0 with respect to z and ¢, we get
i=1

N N
S Kjw—XNt)=0 and Y NK[(z—\t) =
From these relations it follows
Ky(s) == 2L K!(s+ (An — M)t).

Integrating

Subtracting this relation to (11), we get

+ (An — X)) =0.
Z S Kl O = A1)
By the inductive assumption, iz:il K; are constant for any i = 1,..., N —1, hence
all of the functions K,, are constant. This concludes the proof. O
Applying Lemma 2 to (10), we deduce
E'(z — \t)dG(W) r; = EY(0)dG(W) 14 Vi=1,...,N.

In particular, the vectors (k%(x) — k%(0))r; for i = 1,..., N belongs to ker dG(W)
and are eigenvectors of dF(W). Since, by assumption, the solution w, given in (9),
is nonconstant, k*(x) — k%(0) # 0 for some i and for some z, hence the Shizuta—
Kawashima condition is not satisfied.

In the one-dimensional strictly hyperbolic case, the linearized system (8) satisfies
the Shizuta-Kawashima condition if and only if all of its maxwellians are constant.

At the nonlinear level, the equivalence does not hold. As an example consider
the Jin—Xin system (6) with the additional assumption on h:

Jua e R"\ {0} suchthat dh(0)a=au,
(12)

a*I — dh(u)? >0 Yu #0.
Under these assumptions, the Shizuta—Kawashima condition is not satisfied, since
(@,dh(0)a) € kerdG(0, h(0)) is an eigenvector of dF'(0,h(0)). Nevertheless, there
exists no nonconstant maxwellian, since the relation
(13) [*T = dh(U)*] U, = 0

implies U, = 0 or U = 0, hence U constant.



8 CORRADO MASCIA AND ROBERTO NATALINI

Nevertheless a link beetween the Shizuta-Kawashima condition still holds also
in the nonlinear case. As an example, if W is a maxwellian for (5) and W has the
form W(x,t) = W(z — At) for some X\ € R, then

dG(W)W, = 0, dF (W)W, = AW,

Hence W, is in the kernel of dG(W) and is an eigenvector (with eigenvalue A) of
DF(W). Therefore the Shizuta-Kawashima condition is not satisfied at any W
such that W, # 0.

Similar conclusion hold if the maxwellian W is of the form W (z,t) = H(z/t) (as
in the rarefaction case) for some smooth function H. Then

(14) AF(W)H' = —% H, dGW)H =0,

hence the Shizuta—Kawashima condition is not satisfied.

As an example of a physical hyperbolic relaxation systems possessing equilibrium
solutions, let us consider the Kerr—Debye model, arising in the analysis of nonlinear
optical phenomena (see [15, 8, 9]):

dy+b, =0
(15) b+ (d(1+x)7), =0

Xe =d*(1+x)7 = x.
In this case u = (d,b) € R? and v = x € R. Let us introduce the variables (a, 3,)
d 1 d?
o= —", = ba =35 NN )
1+x 7 ! 2<X (1+x)2)
so that (d,b,x) = (a(1 + a? + 2v), 8,a® 4+ 2v). The system (15) takes the form
(1+3a%)ay + 20y + B, =0

2y
1—-— =0
6t+( 1_’_0[2_’_2’)/)069:

20 + 2y = 2y
Looking for solution such that v = 0, we get
(1+3a%)ay + B, =0, B +a, =0 ooy =0

Assuming « non constant, we get from the third equation o = a(z) and 5 = 5(¢).
Hence from the second equation, we deduce o/(z) = —F'(t) = A € R. Therefore,
equilibrium solutions for (15) have the form

o= Az + o, B =—=At+ Bo, v =0.
with ag, Bo, A € R. In term of the original variables, these solutions are

d(z,t) = Az +ag)(1+ Az + ap)?),
b(.’)%t) =-At+ /607
x(z,t) = Az + ag)?.

being constant if and only if A = 0. Notice that for this systems, condition [SK]
does not hold at b = 0, see [16].
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3. DISSIPATIVE ENTROPIES AND L2 ESTIMATES

Once an equilibrium solution W has been chosen, the main problem is to deter-
mine its stability (in particular on constant steady states) under suitable assump-
tions on the system (5). In this Section, we introduce the concept of dissipative
entropy and we show how the presence of such a functional permits to determine
some control on the L?-norm of perturbation of any maxwellian. This is by no
means sufficient for proving a complete stability result (see next Section for some
stability results and discussions on the argument).

A convex entropy for (5) is a real-valued function & = £(w) such that

d*€>0 and dEdF; =dF;,  Vi=1,...,d.

for some real-valued differentiable functions F;.

Locally, a convex function £ defines an entropy if and if d(d€dF;) is symmetric
for any 4. Since d€d*F; is always symmetric, € is an entropy if and only if d*€dF;
is symmetric for any 1.

If Fj(w) = dH;(w) for some H; € C*(RY,R), so that dF;(w) = d*H;(w) is a
symmetric N x N-matrix, an entropy of the system (5) is given by &(w) := £|w|[?.
Check of this assertion is immediate, since d*&(w) = I for any w.

An entropy for the one-dimensional Kerr—Debye system (15) is

1/ a2 1
€(d,b,x)—2<1+x+b2+2x2).

Indeed

b d db
dEdF = , - = dF
(1+x I+x (1+x)2>

where F(d, b, x) = db(1 + x) L.

When a system is endowed with an entropy, an additional equation for the en-
tropy evolution can be written: fixed w € V € RY, taking the scalar product of (5)
against d€(w) — d&(w):

0

57 (E(w) — (dE@), w)) + div, (F(w) - dE@) F(w))

= (d€(w) — dE(T), G(w) — G()).

The integral of £(w) — d€(w)w is decreasing if the term on the righthand side is
negative. This property is encoded in the following definition.

An entropy £ for the system (5) is dissipative at w € V if, for any w in a
neighborhood of w,

(16) (A€ (w) — d&(w), G(w) — G(w)) < 0.

An entropy & is dissipative if it is dissipative at w for any w € V.

According to [16], if the system has a dissipative entropy, then, possibly using
of a simple change of variables, we can choose the entropy, such that , for a single
equilibrium value w, d€(w) = 0, i.e.: it is a quadratic function, so that the dissi-
pation condition at tht point just reads as (d€(w), G(w)) < 0. In the following, all
the entropies will be chosen to be quadratic in one point.

If dF is symmetric, an entropy for (5) is £ = % |w|?. By definition this entropy
is dissipative if and only if (G(w),w —w) < 0 for any w in a neighborhood of w.
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Let w1, w2 € V, then the dissipation condition written for w = Wy and w =
W, + th for some h € RV t € R, becomes (w; — Wy + th, G(w; + th)) < 0 for any
t € R and h € RY. Hence we deduce that

(W, — W, dG (W) h) <0 VheRY.
Therefore (w; —wWs, dG(w;)) = 0, that is Wy — W, € ker(dG(w1)T). In other words,
Wy € Wy + ker(dG(wp)T). Hence we can conclude that, in the symmetric case,
1 |u|? is a dissipative entropy if and only if the equilibrium manifold V is a linear
manifold. This remark has been developed in [16], where it was shown that, taking
as a new unknown the entropy variable W = d€(w), the new system is symmetric
and the equilibrium set reduces to a linear manifold.

Next we want to use dissipative entropy to get a priori L?—estimate for per-
turbations of some fixed maxwellian of the system (5). Let @ and W be smooth
solutions of the hyperbolic system (5). We aim to determine L? estimates for the
distance between the two solution (at the end W will be a maxwellian), i.e. we
want to estimate |w| , where the perturbation w :=w — W. solves

(17) wy + divy [F(W +w) — F(W)] = GW +w) — G(W)
Given a dissipative entropy £ = £(w) and a reference solution W, we call modulated
entropy J at state W
(18) Jw; W) :=EW +w) — E(W) — (dE(W), w).
Since J(w; W) ~ (w,d*E(W)w) as w — 0, J will be useful in determining the L2
estimates. If £(w) = 1 (Eoyw,w), then J(w; W) = £(w).

By direct computation, using the symmetry of d°£, the equation (17), and the

relations
% = —(dEW + w) — dE(W), div, (F(W +w) — F(W))>
HAEW +w) — dEW), GW +w) — G(W))
+(dEW + w) —dE(W) — PEW)w, W)
a% (]-'Z-(W +w) — Fi(W) — (AE(W), (W + w) — Fi(W)>)
= (dEW +w) — dEW),dF;(W + w).,)
—(APEWYW,,, F;(W + w) — Fy(W)),

we obtain
d

O v, K = - > @EWIWa B +0) ~ F(OV)
+H(dE(W + w) — dE(W), div, F(W))
HAEW +w) —dEW),G(W +w) — G(W))
HAEW +w) — dEW) — d2E(W)w, W)
where K = (K,...,Ky) and
K, =F(W+w)—F(W)—=(dEW), F;(W 4+ w) — F;(W))
Since W is a solution itself, the previous relation can be rewritten as

d

o div, K = = Y (W) Way, Fi(W +w) — (W)

i=1
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+HA2EW)w, div, F(W))
HAEW +w) — dEW) — d2E(W)w, G(W))
HAEW + w) — dEW), G(W + w) — G(W))
Finally, since d2£ and d?£dF; are symmetric,
(APEw, F;(W),,) = (A*Ew, dF;(W)W,,) = (A2E W,,, dF;(W)w)

we obtain
97 +div, K=-— Zd:<d25(W)W L E(W 4 w) — Fy(W) — dFy(W)w)
816 x P xiv L1 7 7
H(AE(W + w) — dEW) — A2E(W)w, G(W))
(19) H(AEW + w) — dEW), G(W + w) — G(W))

Under additional assumption on the system (5), the relation (19) simplifies:
— either for constant reference solutions W or in the semilinear case, i.e. F;(w) =
A; w for some constant matrices A;, the first term at the righthand side disappears;
— if the entropy € is a quadratic form, i.e. £(w) := §(w, Eqw) for some symmetric
Ey > 0, the second term is zero.

If W is an equilibrium solution, i.e. if G(W) = 0, relation (19) becomes

d
% +div, K=-— ;(dQE(W)Wzi Ey(W 4 w) — Fy(W) — dF;(W)w)
(20) HAEW + w) — dE(W), G(W + w) — G(W))

As soon as the perturbation w is small, the previous equation can be written in a
more significant form as

(21) aa—i +div, K = —B(w,w) + o(|w|?)
where B denotes the bilinear form
(22)  B(W;w,w):= zd:(dQE(W)Wxi, A2F,(W)ww) — (A2EW)w, dG(W)w)
i=1
and
d*F; ww-Za2F wj W i=1,...,d.

Therefore we propose the followmg stability condition.

Stability condition [St]. A necessary condition for the modulated entropy to
not increase is that B, defined in (22), is positive semidefinite.

If W is constant, this follows from the request of £ to be a dissipative entropy.
In the nonconstant case, the necessary condition is perturbed by the presence of
the first term in the definition of B.

If the entropy & is quadratic, i.e. £(w) := %(w, Epw) for some symmetric Ey > 0,
the above condition can be rewritten in a simpler way. Indeed, from symmetry of
FEydF; for any i, it follows

(APEWW,,, P E;(W)ww) = (d*E(W)w, 8, (dF;(W))w).



12 CORRADO MASCIA AND ROBERTO NATALINI

Hence, B becomes

B(W;w,w) = (w,d*E(W)(div, (AF(W)) — dG(W))w)
Since Fjy is positive definite, the necessary condition takes the form
(23) div, (dF(W)) —dG(W) >0

for any (x,t). Since a priori there is no control on the sign of components of VIV,
this condition should be intepreted as a request of degeneracy of d?F along the
kernel of dG. Poorly speaking, the flux F' has to be linear along the equilibrium
manifold defined by G.

Let = be one-dimensional, F' such that dF is symmetric and G of the form
described in [H] with g(u,v) = —bwv for some p X p positive definite matrix b. In
this case £(w) = 3|w|? is a dissipative entropy for (5). The stability condition (23)
for a maxwellian W = (U, 0) becomes

(&ﬁhﬂUﬁD 0, (d, (U,0)) )>0
05(dug(U,0))  05(dwg(U,0)) +b ) =

In particular, this is satisfied if

(by simmetry of dF, d,g = (d,f)!) and U, is assumed to be sufficiently small. A
specific choice for f is f(u,v) = Agu + f(v) where Ay is an n X n constant matrix
and f a smooth function.

If the entropy £ and the flux functions F; are quadratic, and the reaction term
G is linear the o(|w|?) term in (21) is zero, hence it is possible to prove a result on
L?—stability under structural additional assumptions. The hypotheses are strong
and the systems fitting in this framework should be considered only as toy models.
Nevertheless, we consider interesting to build up some oversimplified model, where
rigourous results can be proved.

For simplicity, we consider the one-dimensional case, i.e. x € R.

Assume [H]. Let F' be a quadratic function, G of the form

Gmm_&“_(82><ﬁ>

where b > 0 is a costant p x p matrix and let £(w) := 3 (w, Eqw) for some symmetric
constant N x N matrix Ey > 0 of the form

Ei Onx
Ey = L I
0 ( Opxn  Eoo
Let W = (U, 0) be an equilibrium solution of (3) such that

a2, fu,0U, =d,fU,0U, =d,U,0U, =0

for any (z,t).
Then if U, is small, any solution of (17) with initial data wy € L?*(R) is such
that

t
wl?, (1) + / [0f2, (7) dr < Juwol2,

for any t > 0.
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Proof. Since o(Jw|?) = 0, integrating in R x [0, ] equation (21), we get

/R<E0w,w>(x,t) dﬂc—|—2‘/0t/RB(w,w)(gc,T) dx dr = /(Eowo,wo)(a:,t) dx

R
where B is the quadratic with coefficient’s matrix given by

BP0+ BW) = Eo (0 g oasgany) )

Since b > 0, this matrix is positive definite if U, is small enough. Hence the
conclusion holds. ]

If F is such that dF is symmetric, then Ey = I. Moreover, assuming F' = (f, g)
such that:

(24) flu,v) = Agu+ f(v), g(u,v) = duf(v)u +3(v),

for a symmetric matrix Ay and some smooth functions f(v) and §(v), such that
dy f(v), dyof(v), and d,g(v) are symmetric, then the above assumptions are sat-
isfied. In Section 5, we start back from this kind of example and we show that a
complete stability result can be proved.

Next, we aim to determine necessary and sufficient conditions for the existence
of dissipative entropies for a given system of the form (5). In the 2 x 2 case, i.e.
n = p =1, a more detailed description of the problem can be given, see Section 4.
We consider the one-dimensional case, i.e. we deal with

Wi+ F(W)e = G(W).
where F' and G satsfies assumption [H]. Thus, the system can be rewritten as
ug + f(u,v) =0
25
(25) {1%+m%wmmmm
With h as in [H], the relaxed system of (25) is

(26) u + fu(u)e =0 fe(u) = f(u, h(u))
Moreover set g.(u) := g(u, h(u)).

Whenever the system (25) has an entropy &, it is natural to ask if the restriction
of this entropy, n(u) = €(u, h(u)) is an entropy for the reduced system (26). At the
same time it is interesting to understand when an entropy for the reduced system
can be extended to an entropy of the original system. Notice that interesting results
in this direction can be also found in [5]. Assume [H] and let £ be an entropy for
system (25). Then

(), 0(w)) := (E(u, h(w)), F(u, h(u)))
is an entropy/entropy flux for the relaxed system (26) if and only if on the equilib-
rium manifold ¥ there holds

(27) dvé‘(dh df, — dg*) —0.

Proof. By definition of entropy, the condition dndf, = df has to be satisfied.
Since

dn =d,€ + d, € dh, df. =duf +d,fdh, dn = dF + d,F dh,
hence the following condition has to hold
(28) d,&dhd,fdh+d,Edhdyf + [du€dyf — dpFldh +duEdyf —dyF =0.
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Condition d€ dF = dF can be rewritten as
d,F =d,Ed,f+d,Edug d,F =d,Edyf +dyEdyg

thus (28) becomes (27), since dg. = dyg + dyg dh. O

Without loss of generality, we may assume that (0,0) is an equilibrium point:
@ =0, h(0) = 0, and that we can choose the quadratic entropy such that d€(0,0) =
0. Assume [H] and let £ be a quadratic dissipative entropy with respect to the
point (0,0) for the system (25). Then, for any wu,

(29) d,E(u, h(u)) =0 and d2€(u, h(u)) > 0.
%n p))articular, (n(u), 0(w)) := (E(u, h(u)), F(u, h(u))), is an entropy/entropy flux for
26).

Proof. Since d€ = (d,£,d,€) and G = (0,q), the dissipation condition yields
d,€ q(u,v) <0 for any (u,v). Since q(u, h(u)) =0 and, from (4), dyq(u, h(u)) < 0,
then q(u, h(u)+¢) < 0 < q(u, h(u) —e) for € small enough. Therefore d,&(u, h(u)—
g) <0 < dy,&(u, h(u) + ) for e sufficiently small. For e — 0 we get the conclusion.

O

Since for a system of the form (25) dissipative of the entropy is equivalent to

[do&(u,v) — dp€(u, h(w))]q(u,v) <0
if there holds
dy&(u, h(u)) =0 VYu and d? E(u,v) >0 Yu,v,

then & is dissipative. In any case, it is often preferable to have conditions to be
checked only on the equilibrium manifold V. The following Proposition is obvious
since £ € C2.

Assume [H] and let £ € C? be a quadratic entropy for system (25). If, for some
fixed u,
(30) dy€(u, h(u)) =0 e d?,&(u, h(u)) > 0,

then the entropy & is dissipative at (u, h(u)).
Note that an entropy for (25) can be dissipative without being strictly conver.
The strict convexity is needed transversally to the equilibrium manifold V.

A function £ is an entropy if d€dF is (locally) a gradient. Hence necessary
and sufficient condition is that the matrix d(d€ dF) is symmetric. Since d€ d*F
is always symmetric if F € C2, the condition reduce to the request: d’£dF is
symmetric. Since

A, Ed,f+d2,Edyg A2, Ed,f+d2,Edyg
d’€dF =
A Edyf+d2 Edyg A2 Ed,f+d2,Edyg

symmetry holds if and only if the matrices d2,& d, f + d2,€ dug and d2,Ed, f +
d? & d,g are symmetric and

(2,Ed,f+d2,Edyg) = A2, Eduf + 2 Edyg.
Hence we get
(31) (dof)'d?,E = d2,E duf + (dvg)'d2,€ — d2,E dug = 0.
The “initial” condition &£ are

E(u, h(u)) =n(u),  du&(u, h(u)) =0,
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so that, on the equilibrium manifold V,

dy€ + dyEdh = dn A2 E+d: dh =0,

d2,€ + (dnr)td2 € + d2,Edh + (dh)td? £ dh + d,E42, h = d*n.

Using these relations to obtain an equality only in term dfwé' , we obtain (thanks
to the simmetry of d2 &),

dy f'd®n = (dvg — dhd, f)'d5,E AR + d2,€ (dug — d hd.f).

Let A* := A— AT be the antisymmetric part of the matrix A, this can be rewritten
as

(32) do f'd%n = [d2,E(dhd, f — dypg)] “dh — d2,E(dhd f — dg.).

This relation has to be satisfied together with
t
@2, Edyf + a2, Edug = (2,£duS + a2 Edug)
(33)
t
A2, Edyf +d2,Edyg = (dfwg dof +d2,€ dvg) .
Writing everything in term of d? &, we deduce from (33), that [dZ,&(dhd,f —
dy g)] “dh = 0. So, we can prove the following result. Let & a dissipative entropy for
system (25). Setting f. = f(u, h(u)), g« = g(u, h(u)), we have, on the equilibrium
manifold v = h(u), the relation

(34) dpfid*n = &, & (~dhdf. + dg.).

Moreover the matrices d2,& d,, f+d?,€ d,g and d2 € d, f+d2 € d, g are symmetric.
Applying d, f at the right-hand side of (34), we obtain the more symmetric form

(35) (dof,d®ndy f) = d7,€(—dhdf. +dg.) d f.

Formulas (34)—(35) give an interesting and non trivial connection between the sec-
ond derivative of the entropy 7 of the reduced system, with the second derivative
with respect to v of the entropy £ of the complete system.

Relation to the Chapman—FEnskog expansion. Let n = p and, for simplicity,
q(u,v) = h(u) —v. The Chapman—Enskog expansion consists in expanding v as
v = h(u) — ed(u) ugy + o(e) where d = d(u) is an n x n matrix to be determined.
Inserting in the second equation of (25) and collecting O(e)—terms, we obtain
d(u) = —dhdf, + dg..

Hence for e small, a (viscous) system formally approximating (25) is

us + fu(u)z = e(D(u) ug)z-

where D(u) = dd, f(u, h(u)) d(u). Since d2,€ is symmetric, the relation (35) can
be written as

<dvf7 d2"7 dvf> = d?)vg Q
showing that stability condition Q > 0 (suggested by the Chapman-Enskog expan-
sion) plus the convexity in the v direction of the entropy £ guarantee the convexity
of the reduced entropy 7.



16 CORRADO MASCIA AND ROBERTO NATALINI

4. DISSIPATIVE ENTROPIES IN THE 2 X 2 CASE

Next we turn to consider the 2 x 2 case under the assumption [H]

(36) { up + f(u,v)e =0

u,v € R.
vt + g(u,v)e = q(u,v)

We assume this system to be strictly hyperbolic, the eigenvalues of dF being
duf + dvg + \/(duf - dvg)2 + 4dug dvf

A=
2
The relaxed system is a scalar conservation law
(37) ue + fu(u)e =0 fe(u) = f(u, h(u))

In this case a simple stability condition can be introduced:
(38) subcharacteristic condition: det(dF (u, h(u)) — dfs(u) I) <0.

Condition (38) means that the relaxed equation (37) cannot propagate signals faster
than the original system (36), i.e.:

A (u, h(w)) < dfi(u) < AT (u, h(u)).
Moreover, the dispersion relation of the linearized system at (u, h(u)) is
A+ (Tr(dF)p — dpg) X + (det(dF) u — dygdfs) pu = 0.
As p — 0, the branch passing through (0,0) has the expansion
1
vq
Thus (recalling that d,qg < 0) (38) is a necessary condition for linearized stability
of the steady state (u,h(u)).
In the 2 x 2 case, there holds
(39) det(dF — df. D) = dy f(dhdfs — dg.).
Moreover, condition [SK] is equivalent to the request
dhdf, —dg. #0.

Thus, for a 2 x 2 system satisfying the subcharacteristic condition, the strict in-
equality in (38) is satisfied if and only if the Shizuta-—Kawashima condition [SK]
holds and d,, f # 0.

Since we are dealing with cases where condition [SK] is not satisfied, we are
forced to consider the case in which the equality holds in (38). In this case, condition
(35) implies

(40) (dyf)?d*n = —d?,€ det(dF — df, I) = 0.

In particular, if d,f # 0 and [SK] does not hold, then d277 = 0 and, as a conse-
quence, L? stability cannot hold. The other way round, whenever (38) holds and
[SK] does not, a necessary condition to have strictly convex entropies/L? stability
is do f = 0 on the equilibrium manifold.

We want to show a converse result: namely, we want to show that condition
(38), together with an additional assumption related to the coupling of the system,
implies existence of dissipative entropies.

det(dF — df, I) u* + o(p?).

A=) = —dfep+ -
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Given a 2 x 2 system (36) such that [H] holds, let
A :={u : det(dF(u,h(u)) — df.(u)I) =0}

and assume that the boundary 0A of A is finite.
If the subcharacteristic condition (38) is satisfied and

(dof)?
1m —
u—u,u¢A det(dF — df* I)

then there exists an entropy £ such that d,£ = 0 and dfwé’ > 0 at the equilibrium
(hence & is a dissipative entropy).
Thanks to (39), condition (41) can be rewritten as

lim o df
u—u,u¢A dh df* — dg*
showing that the functions d, f (related to the coupling of the system) and dh d f, —

dg. (related to condition [SK]) must have the same order of zero on the equilibrium
manifold whenever equality in (38) holds.

(41) <0 Vi € 0A,

<0 Va e dA,

Proof of Theorem 4. The entropy &£, in the 2 X 2 case, solves
LE:=dyfd2,E+ (dpg —dyf) d2,€ —dygd? & =
together with the conditions at equilibirum
5|7:17(u), dvc‘f|7 =0 V.

where v : R — RxR, v(u) := (u, h(u)). Here 7 is an arbitrary strictly convex func-
tion; the second condition being necessary in order to build a dissipative entropy.
Setting

E(u,v) = E(u,v) — n(u),
then
LE=—Ln(u) = —dyf(u,v) d*n(u), g|,=0, d,&| =0.
Next we change variables:
E(u,v) = E(z,y) where { ;C: ;((Z”;})):
where z and y are chosen so that (d,z,d,z) # (0,0) and (d,y,dvy) # (0,0) for any

(u,v) under consideration and

{ dvf(dux)Q + (dvg - duf) dyx dyx — dug(dvx)Q =0,
dvf(duy)2 + (dvg - duf) duy dvy - dug(dvy)2 =0.

From (42) it follows that (d,z,d,z) and (d,y,d,y) are proportional to (f, —
A d, f). Indeed, setting (d,z,d,z) o< (dyf — A, dy f) in (42) we get

0= (duf - )‘)2 + (dvg - duf) (duf - )‘) - duf dug
= )‘2 - (duf + dvg)>\ + duf dvg - dvf dug'
Denoting by I' = {((u, h(u)),y(u, h(u)))}, the function E solves

d,fd?n
(At =)’

(42)

LE:= d,E+b1d,E+bydyE=F :=
(43)

El,=0, dadE+dyd,El.=0



18 CORRADO MASCIA AND ROBERTO NATALINI

where b; and by are appropriately defined. Differentiating the first of the two
conditions at I' and considering it together with the second initial condition in
problem (43), we get a linear system for dF

dyx dyy

Since the determinant of the coefficients matrix is AT — A~ # 0, at the equilibrium,
there holds dE’ r = 0. Thus the problem (43) can be rewritten as

LE:= d},Eyy +b1d,E+byd,E=F,
(44)

El,=0, d,El,=0
The curve I in the (z,y)-plane is parametrized by u

(45) D(u) = (f7 (w), £ (w))
where

£ (u) o= w(u, b)), £ (u) = y(u, h(u))
From definitions of fZ, it follows

df*_(u) = duf+dvfdh -\ = df* - )‘_a

dfif(u) =duf +dofdh — AT =df. — AT,
If condition (38) is satisfied with strict inequlity, functions fZ are strictly monotone,
hence invertible. In this case, it is possible to solve (44) by constructing a so-
called Riemann function (see [14]). Since we are assuming only the subcharacteristic
condition (38), functions fI are (weakly) monotone and thus have pseudoinverses:
(f£)~'. The construction of the Riemann function can be extended to this wider

framework with special care to the points where either (f7)~(x) or (f)~(y) is
not a singleton.

Assume z > f7((f) 71 (y)) andy > £F((f7) 7 (x)) The case z < £ ((£5) 7 ()
and y < fF((f7)~'(x)) can be treated similarly (mixed situations are prohibited by
the subcharacteristic condition (38)). Then, for any P = (z,y) such that (f;)~*(z),
(f)~(y) are a singletons, the following set is well-defined

Qo) =160 € L) W), 2], C€ ()€ vl
={(&,¢) : Ce [FH () H@))wl, € € [F7 (L)), 2]}

If either (f7)~*(z) or (f)~1(y) is multivalued (hence they are nontrivial intervals)
Q(zy) is similarly defined with [f((f}) " (y)), ] defined by

FoUD = U 17 ()]
I @)=y
Denoting by R = R(x,y;£,n) the Riemann function of the problem, the solution is
given by
Bwy) = [[ Ree. OF € agc

Qa,y)
(46)

- / S(a,y: €, 0) duf P(ule, O)) de d¢

Qz.y)
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where

M
6.0 = 26,0

Going back to variables (u,v), we get the following expression

(47) E(u,v) = n(u) + / ﬁ R(z,y;0,7)dy f(o,7)d*n(0) do dr

E(u,'u)

where z = z(u,v) and y = y(u,v). The function E in (46) is well-defined for P

such that (f7)~(z), () (y) are singleton and for P such that one of the two

(or both) is an interval. Indeed, the presence of a multivalued function modifies the

integral by a zero-measure set, hence the function is continuous at any such point.
If (x,y) is such that (f7)~1(x), (fF)~1(y) are singletons:

or // d,f d®n(u d€d<+/ S(a,ys 2, ) duf d2q(u(z, ) dC.

g—f _ / ! %dvfdzn(@d& dc + /f S(a,y: €. y) duf P(ule, y) de

where f* = fF((f7) ' (x)) and f; = f7((fF) ' (y)). Continuity of the double
integrals follows from considerations similar to the ones of the continuity analysis.
To prove that £ € C it is enough to show that also the line integrals are continuous
at any point where either (f)~!(z) or (f;7)~!(y) is not a singleton. Let us consider
the first one (the second can be dealt with similarly). Let o be such that f (u) =
xo for any u € [ug, us] with u; < ug. Let x and y be such that

dyf — A7
(dux,dvx) = (J;f’ 1) ) (duy,dvy) = (duf - >‘+vdvf)~

for any u € (u; —€,u1] U [ug,us + €) for some € > 0. Hence, there holds

[gﬂ (20.4) = / Sdyf dp(u)d¢ — / §duf dn(w) d¢

f (ur) f (uz2)
f(u2)
_ / Sd, f d%n(u) dc,

S ()
where [-](xo,y) denotes the jump with respect to the variable = at (zg,y). Condi-
tion (41) implies d, f d*n(u) = 0 whenever det(dF —df. I) = 0, that is at any point
where (f; )7 (z) or (f)~1(y) is not a singleton. Thus [%—f] (x0,y) = 0. Similar

E
considerations hold for 88— Thus E € CL.

Y
Next we consider the second order derivativeS'

2
e // 7 duf & )d£d<+2/ 5 @932 Q) duf n(u(z, €)) d¢

Y [0S 0
+ / {35 (e, 932,0) duf dn(u(w, €)) + S y5,0) %dudeT)(U(%C))}dC
~S(a,y, 1) duf nlul, £))(FH),
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where f is calculated at (f;)~!(z). The first four terms can be treated as before.
Concerning the last one, by definition of fF, it follows

dff  duy+dyyh/ dfe — AT
(Fry =S = PAEOYE g p P2
fe dyz +dyzh dfy — A
(here everything is calculated at (f;)~!(x)). Hence, there holds
do f)?
iy
T = @r - an

Assumption (41) implies the existence of the limit, and, as a consequence, the
existence of a continuous E,,. Similar calculations hold for E,, and FE,,. Hence
the function E is C? and it is the requested solution. O

(df* - )‘+)2'

5. STABILITY OF EQUILIBRIUM SOLUTIONS

In Section 4, we have shown that it is possible to build up strictly convex dis-
sipative entropies even in cases where the Shizuta—Kawashima condition does not
hold. In principle, such entropies permit to deduce L? estimates for perturbation of
equilibrium solutions under suitable additional stability conditions (see Section 3).
In this final Section, we are interested in finding some classes of system where the
stability analysis of equilibrium solution can be completed. The analysis in Section
3 shows that, in order to complete this program, it is necessary to compensate the
loss of dissipation with the presence of some linear degeneracy. This is encoded
in the structure assumption on the (artificial) relaxation system we consider the
present Section. As usual, we consider an N x N relaxation system for the uknown
W € RN:

(48) iy + F (), = G(i).

We assume @ = (u,v) € R™ x RP and
[A1] the function G : RY — RY has the form

0 0 u
G(w) = —Bw := nxmn. Tmxp
(w) <Opxn bpxp)(“)
with b+ b7 > 0;
[A2] the system (48) has a quadratic entropy &(w) := % (Eyw,w) for some sym-
metric Eg > 0 of the form
E11 o Onx
Ey = P,
0 ( Opxn E22 )

Let F' = (f,g), then equilbrium solutions W = (U, 0) satisfy
Uz + duf(”a 0) Uy = dug(u» 0) u, = 0.

We assume the following assumption

(49) fu,v) = Agu + f(u,v) dug(u,0) =0 V.
where f is such that, for any M > 0, there exists C', depending on M, such that
(50) [ (w0)| + |du f (w, 0)] + [, f(u, )] + |d5,0 f (u,0)] < C o],

for any (u,v) with |(u,v)] < M. Since EodF is symmetric, E11d,f = d,g'Fas,
hence
dy, f(u,0) = Efi*dug’(u,0)Fay = 0 Y u.
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Assumption (49) and (50) implies that, for any M > 0, there exists C, depending
on M, such that

(51)  |duf (u,v)] + [ f (u, v)| + [ f(u,0)] < C o] V|(u,v)| < M.
(52)  |dug(u,v)] + [d5,g(u, )| + |diu,g(u )] < Clo] V|(u,v)] < M.

Hence the equilibrium solution are determined by the solution of the reduced linear
system u; + Ag u; = 0.
The modulated entropy is

Jw,W)=EW +w) —EW) —dEW)w = é (EBow,w) = E(w).

Let @ = W +w where W is a fixed reference stationary solution, hence F'(W), = 0.
The perturbation equation for w is

w + F(w), + Bw =0,
or, equivalently
(53) wy + dF (W) wy, + dF(w)W, + Bw = 0.

Let W = (U, 0) be an equilibrium solution of the relaxation system (48) satisfiy-
ing assumptions [A1]1-[A2], (49), (50), (51), (52).

If |Us|,, ... and the initial perturbation wy are sufficiently small in H?, then the
following estimate holds for any ¢

t
wl+ [ () dr < Cluol,

for some C independent on wy. In particular, the equilibrium solution W = (U, 0)
is stable in H?.
A simple example fitting in this class is

1 2
(54) “t+<2“>w‘°’

v + (uv), = —v.

The characteristic speeds of the system are Ay (u,v) := 3 u + \/v? + u2/4 and the
reduced flux f, is identically zero. Hence, for any v # 0 the strict subcharacteristic
condition is satisfied, while at v = 0, i.e. along the equilibrium manifold, only the
weak subcharacteristic condition holds. Indeed, any couple (U,0), where U is an
arbitrary function of z only, is an equilibrium solution. Note also, that dF of the
system (54) is symmetric and a dissipative entropy £ is given by £ (u,v) = %(u2+v2).
If r4 = r4 (u,v) denote right eigenvectors of dF of (54) relative to the eigenvalues

A4, straightforward calculation leads to

VA_ -r_=0 = A (u,v) =0

VA -rp =0 = vy (u,v) =0
at any (u,v) with v > 0. As a consequence, we see that the two characteristic
fields of (54) are genuinely nonlinear in small neighborhood of (u,v) with v # 0
and linearly degenerate at v = 0. It is the presence of such a linear behavior at the
equilibrium manifold that compensate the loss of the Shizuta—Kawashima condition
and permits to prove existence of global smooth solution. The general result stated
in Theorem 5 is based on the same kind of relation between loss of dissipation and
linear behavior of the reduced system.
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Proof of Theorem 5. The proof is based on energy estimates.

Zero-th order estimate. The zero-th order estimates is encoded in the following
equality obtained by taking the scalar product (Egw,-) against the perturbation
equation

Let F be such that dF = dédF. Then, since F(W), = dEW)F (W), = 0,
there holds

%(%(Eom w)) + % (F(@) ~ F(W) = (EW, F (i) = F(W))) + (w, BoBu)

= _<E0w7dF(ﬁ)) u~)z> + <E011~J7dF(ﬁ))7I)m> - <EOWI7F(U~)) - F(W)>
—(BW, dF(),) = —(EoWa, F (i) — F(W)).
Since Fy and EydF are symmetric,
(BEgWy, dF(W)w) = (W, EodF(W)w) = (EgdF(W) W,,w) =0,

the previous relation can be written as

g /1 oK
§(§<E0w,w>> + % + <'LU,E(]B'IU>

= —(Wa, Bo(F(@) — F(W) — dF(W)uw)).

(55)

where
K = F(w) — F(W) — (EoW, F(w) — F(W)).
There holds
(W, Eo(F(w) — F(W) — dF(W)w))

= (U, Enn(f (@) = f(W) = duf (W)u — do f(W)v))

= (Uz, Era (f(w) — do f(W)v)),
thus
[(Wa, Eo(F (@) = F(W) — dF(W)w))| < C |Us| .o [0]*.
Hence, integrating (55) in R x (0,¢) and using assumption (50), we get, for |Uy|, .
sufficiently small,

t
(56) w|?, + C/O v]?, (1) dr < Cluwol?,.

where the (positive) constants C' depends on the L*>°-norm of w.

First order estimate. Setting z = w,, and differentiating (53), we obtain

(57) 2zt + (F(0)z)y + dF(0), Wy + dF (0)Wyy + Bz = 0.
Taking the scalar product against Ej z, we get
0

(5 (Boz,2)) + (Boz, (F(@)2)a) + (Boz, dF (), W)
+(Eoz, dF(0)Wyy) + (2, EgBz) = 0.
Thanks to (50), (51) and (52), there holds
[(Eoz, dF (), Wa)| = [(uz, Er1du f(0)2Uz) + (v, E22dug(0)2Us)|
< ClUsl e ([0 + [0a]?)
[(Boz, dF (@) Wez)| = [(Use, By (duf (@)t + o f(0)02)] < C Usal oo ([0 + vz [?)

at
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for some constant C' depending on the W*°-norm of w.
Hence, after integration and using (56), for [U,| ,, .., sufficiently small,

t
wf?, + c/ o2, () dr
0

t
<Cluol, +C [ [ 1(a(BaF(@)2),)| dwdr,
0 R

(58)

Since
(2, Bo F'(0)22) = (ug, E11 du f(0)zte) + (g, B11 dy f(0)02)
+(Vz, B dug(0)2tz) + (ve, Eag dpg (W), v),
using the identity

(o (B F(0)2)2) = 5 (3B F(0)2)) + 5

§<Z Eo F(0)2),

we get
/|<z,(E0F( 2)a >|dx<C/\ z, By F(W),2)| dx
R
< CUalpoe + wal )02,

Therefore, the following estimate holds

/ / (2, (Bo F(@)2))| de dr < C / (Ul + ], )I0f2, () dr.
0 R 0

Inserting in (58), we obtain, for |Uy| sufficiently small,

wl,o0
59 i+ C [ ol (e < Clunf?, +C [, bl () dr
Second order estimate. Setting ¢ = z, = w,, and differentiating (57),

(60) ¢ + (F(0)2) gy + AF (W) g Wy + 2dF(10) 3 Wy + AF (0)Wyes + Bé = 0.

Taking the scalar product against Fy¢, we obtain

O (30B06,0)) + {Eog, (F(0)2)ec) + (Bo, AF () Vo)
+2(Eo¢, dF (0)s W) + (Eo¢, dF (0)Waea) + (¢, EoB¢) = 0.
Similarly to analogous relations obtained in the first order estimates, we have
2[(Eo¢, AF(©)s Waa)| + [(Eod, dF (0)Wasa)|
< C|Usq| |U|2+ |Uw|2+|v$:v‘2)

for some constant C' depending on the W1*-norm of w. Hence, for |U|
small

o (

wil,eo?

2 c [ P, (r)dr < Cluol?,
0

(61)

t

+C {‘<E0¢7 (F(w)z)x:cﬂ + |<E0¢7 dF(ﬁ))x:chH dr

Moreover

<EO¢7dF(u~))zzW > <ursz11d f( ) > <v:cz,E22dug( ) :cUr>
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Since

(duf)zz uuuf ’LL + 2duu'ufqu’v£L’ + divvf“?g + diufufrw + divaww
with similar relation for (d,g)s., thanks to (50), (51) and (52), there holds

(62) / (Bot, dF(@)saWa)| < C ([Usaly + 02l )0,

Finally, since

0

(e, (BodF()0)) = (1 (ne BodF (i )wm>)

~ 3 -
+<wx;za EOdF(w)a:xwx> + §<wxx7 EOdF(w)xw:cx>
there holds

/|<¢, (EOdF(ﬁ))z)deng/ [{(¢, Eod F (W) 2)| dz
R R

e / (6, EodF(d).)| do.

Since
(¢, Eo AF (0)30) = (Ugg, E11 duf(0)ptigs) + (Uge, E11 do f(0) 4 Vp0)
+(Vaa, Bag dug(0)pUzz) 4 (Vaz, Baz dpg(0)2Vaa),
we get
[ 166 EadF (@), do < OV + s, Il
Finally :

<¢7 EOdF(@)me> - <Umxa Ellduf(ﬁ))xmuz + Elldvf(w)zzvz>

+<sza E22dug(w)wzua: + E22dvg(w)wwvw>-
hence (using once more estimates (50), (51) and (52)),

/ (6, BodF(@),02) | d < C(Us ] + w4, )02,
R

Therefore, the following estimate holds
t
)16 Eear@l drdr < 0 [ (Ul + sl ()
Inserting (62) e (63) in (61), we get, for |Uy| , . sufficiently small,
(64) |w|2 +C/ |U|2 dr<C|w0|2 +c/ [We !, \v| ,(1)dr

Closing the argument. Let n(t) := sup{E(s) : s € [0,¢]} where

t
E(t) == |w|i{2 —l—/o |U\i2 (7)dr.

Then for any s € [0, ]

¢
E(s) < C’\woﬁ[2 + C'sup w,],,, / |wel |v|i2 dr
s 0

Therefore
n(t) < Clwo|?, + CrP/2(8).
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As a consequence, if wy is sufficiently small, n(t) < C'|wq E;z for some C independent
on woq.

6. APPENDIX

Here, we present how the whole picture appears under the unrealistic assumption
of total dissipation. The aim is mainly didactical: we want to show in these easy
cases all of the main feature of the problem and the basic strategy that can be used
to approach it.

Let us start with the simplest example: the multidimensional scalar conservation
law with damping, i.e.

(65) wy + div, F(w) 4+ dw =0, 6 >0.

wher F' € C! with df Lipschitz continuous, and § > 0. In the case § = 0 and F not
affine, there exist small perturbations of constant states developing a shock in finite
time. What does it happen if § > 07 Shock formation is due to the intersection of
characteristics in finite time. Starting from the initial datum w(z,0) = wo(z), we
solve the characteristic system obtaining

+

.%‘(t; xz) =ux; + / df(IUo(xi)e—fsT) dr,

0
where z(+;x;) be the characteristic curve from (x;,0). Then, for z1 # xo,

r(t; 1) —x(t;w0) w1 — X0 n /t df (wo(x1)e™"7) — df (wo(wo)e™"7)

— dr.
|z1 — 2o |z1 =20l Jo |z1 — 20

Since

dr

/t df(wo(x;)e™®") — df(wo(z;)e™°7)

1
< — Lip (wg) Lip (d
0 \1‘1—950\ =35 p( 0) p( f)

if the initial datum wq is chosen so that Lip (wg) < d/Lip (df), then the charac-
teristics x(+; xo) and z(-; 1) do not intersect for any positive time. Hence, if wq is
such that
) 0
Lip (wo) < i)

then the solution to the Cauchy problem (65), w(x,0) = wo(x) is globally smooth.

Note that the stronger the dissipation is (that is the larger ¢ is)/the weaker the
nonlinearity of F' is (that is the smaller Lip (df) is) the weaker is the assumption
on the initial data. The case F' linear should be considered as a limit case: if
Lip (df) = 0, then any smooth initial datum gives raise to global smooth solution.

In the case of systems of balance laws, similar conclusion on shock forma-
tion can be obtained through energy estimates, thanks to the Sobolev embedding

H [%]H(Rd) C L>=(R%). For simplicity, let us consider the one-dimensional hyper-
bolic system:

w + F(w), = G(w),
assuming F € C3, G € C?, and, for some § > 0,
(66) G0)=0,  (dG(w)¢&,€) < —0l¢)>  Vw, &€ R™
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Additionally, to simplify the presentation, let us assume that F(w) = dH(w) for
some H € C?(RN,R), so that dF(w) = d*H(w) is a symmetric N x N-matrix.
Setting G = (Gq,...,GnN),
1
(w, Gw) — G(0)) = / (w, dG (tw)w) dt < —d|w]?.
0

Hence multiplying the equation by w and setting F(w) := (w, F(w)) — H(w), we
get

0 (1, o 0 9
(= - < 0.
5 (2 |w] ) + 83:]:(w) +olwl* <0
Integrating over R x [0, ], we get
t
(67 w2, (0425 [l (7)dr < o,

Similarly we can derive first and second order estimates. Differentiating the equa-
tion for w, setting z = w,, and taking the scalar product against z,

% (; |Z|2) N % (; (2, dF(w) z)) + % (2, 00 (AF(w))2) — (2, dG(w) 2) = 0.

Integrating over R x [0, ], we obtain

t t
(63)  |wal?,(t)+26 / w2, (7) dr < w2, +C / e [, (7) .
0 0

where C' denotes a constant (depending on the L —norm of w) bounding d*F.
Differentiating once more the equation for w and setting ¢ = 2z, = wy,,

% <;|¢>I2> n a% (; (6, dF(w) ¢>> + %(%&(dF(w))w)

+(, 0210:(dF (w)) — dG(w)]z) — (¢,dG(w) ¢) = 0.
Again, integrating over R x [0, ¢],

t t
09 (0 +20 [l 7 dr < g+ [ ol o, () dr
where the constant C' (depending on the L*°—norm of w) bounds d*F,d*F and

d*G.
Finally, putting together estimates (67)—(68)—(69), we get

wl?,( +25/ w]?, (7) dr < |wol?, +C/ (wWe oo w32, (7) d

By Morrey’s Theorem, there exists M > 0 such that |wy|, .. < M|w,|,, < M|w|
hence

(70) E(t) := |w| +25/ |w|2 T)dr < |w0|2 JrC/ |w| (r)dr

H2)

for some C' > 0. Setting n(t) = sup FE(s), there holds E(s) < |w0|i2 + Cn3/2(t);
s€0,t]
thus

n(t) < fwol?, + Cn*(2).
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Hence there exists C' > 0 such that, for |wo|? , small,

n(t) < Clwol?, Vt>0

that is

400
2 2 2
suplu, +25 [ Jul?, (7)dr < Cluo 2.

showing the global boundedness of derivatives of w. From (67), exponential decay
of the L? norm of w immediately follows. A similar property can be deduced for
the H2-norm using the derivatives estimates.
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