Conservation laws with discontinuous flux
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Abstract

We consider an hyperbolic conservation law with discontinuous
flux. Such partial differential equation arises in different applicative
problems, in particular we are motivated by a model of traffic flow. We
provide a new formulation in terms of Riemann Solvers. Moreover, we
determine the class of Riemann Solvers which provide existence and
uniqueness of the corresponding weak entropic solutions.

Key-words: Conservation laws — discontinuous flux — Riemann Solvers—
front tracking—traffic low

1 Introduction

There are different applicative models that lead to consider hyperbolic con-
servation laws with flux function discontinuous in the state space. Therefore,
it is of great interest to provide a complete theory for the problem

{ ur + h(z,u), =0,

u(0, ) = ug(x), (1.1)

where h(z,u) is discontinuous in a finite number of points x. We restrict
to the case h(z,u) = H(x)f(u) + (1 — H(x))g(u), where H is the Heaviside
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function, thus there is a single point of discontinuity at « = 0. This because
on one side it is interesting for our model, while, on the other side, the general
situation can be deduced by this analysis.

Since we consider an hyperbolic conservation law it is necessary to give an
entropy formulation. Moreover a natural condition to impose is f(u(t,0+)) =
g(u(t,0—)) for almost every ¢, which is the Rankine-Hugoniot condition at
x = 0. Also it provides the conservation of the quantity u through the
discontinuity points. We shall see that such conditions are not sufficient in
general to ensure uniqueness. Our approach to provide a good formulation is
to define an appropriate Riemann Solver at the discontinuity point. In turn,
this allows to determinate uniquely a solution, under suitable assumptions.
More precisely a Riemann Solver is a function R : RxR — RxR, R(u;,u,) =
(Ry(wy, up), Ro(uy,uy)) = (u™,u") such that given the problem (1.1) with

initial data
ur, x <0,
uo() = U z >0
Ty bl

the couple (u~,u™) gives compatible values of the solution at the boundary
x = 0. As an immediate consequence the solution is characterized by the
values u~, u™, uw; and wu,. Clearly, if we can exhibit at least two different
Riemann Solvers, then we have not uniqueness. On the other side, we will
show that there exists a class of Riemann Solvers, which determine a unique
compatible solution to the Cauchy problem depending in a Lipschitz fashion
from initial data. In particular, this generalizes various previous works.

Let us first illustrate, in a brief summary, the main results available in
literature. One of the first paper concerning problem (1.1) is [6]. The au-
thors consider a model for two phase flows through a one-dimensional porous
medium. In this case, using Darcy’s law and conservation of mass, they ob-
tain the equation

u +{f(u)(v = k(z)g(u)) o = 0,

where k(x) represents the gravitational term and takes in account density
differences between the phases. In particular, the function k& can be discon-
tinuous for some values of x. The equation can be written as a triangular
2 x 2 non-strictly hyperbolic system. Using a front tracking method, which
is based on solutions to Riemann problems of the triangular system, it is
proved existence of weak solutions.

In [4] (see also [5]) Diehl studied the case h(x,u) = H(z)f(u) + (1 —



H(z))g(u). In [4], the following functions are introduced

I[nin ]f(v), u < UR,
Y - vE|U, UR
flu;ur) = max f(v), u> ug,
vE[upr,ul
max ¢g(v), u < ug,
g =
min g(v),  u > up.
vE[ur,ul

Notice that the functions f , g are respectively monotone non-decreasing and
monotone non-increasing. When the graphs of such functions do not intersect
each other, there is no solution to the Riemann problem. Otherwise, setting
v = f((ug, ur)iur), with I(ug,ug) = {u € R : glu;ur) = f(ujur)}, a
solution to the Riemann problem is uniquely determined by assuming that
f(ut) = g(u™) = ~. This is called condition I". Observe that this cor-
responds to a particular choice of the Riemann Solver at the discontinuity
point. Using this approach, Gimse proved existence and uniqueness for small
time assuming regularity and monotonicity hypotheses for the solutions along
the boundary =z = 0.

The particular case h(z,u) = k(z)f(u), with f strictly concave, was
studied in [20, 21, 22]. In [21], it is given an entropy formulation taking in
account the discontinuity points of k. Some approximations are given using
the schemes of Godunov and Engquist—-Osher. The main technical tool is
the use of the singular map method. Since it is not possible to obtain BV
estimates for the approximate solutions u,, the idea is to obtain estimates

for the functions z, = ¥(u,, k), where ¥ (u, k) = fﬁ* S (w)| dw s called
singular map. This allows to pass to the limit. Also, it is proved that, when
k is piecewise C' with a finite number of discontinuity in & (i = 1,---n),

this limit function satifies an entropy formulation

/0 / = el + ksgn(u — &) (F() — F(0))ba + FQF ()] dedir (1.2)
1) [ 3Dk ~ K> 0,

for every ¢ € R and ¢ € CJ(R x (0,T)), ¢ > 0. Under this formulation, there
is contractivity of the semigroup for piecewise regular solutions. In [20] the
particular case h(z,u) = k(z)u(l — ), with k(x) = H(z)k, + (1 — H(z))k
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and k;, k, € RT, is studied. A regularization k. € C' converging to k
is considered. The existence of an entropy solution in the sense of [21] is
proved together with contractivity in L! for initial data in L°°.

An hyperbolic relaxation approach is given in [13]: using compensated
compactness the authors show convergence of the scheme to a weak solution.

The general case (1.1) is considered in [3, 14, 15, 16]. In particular in [16]
it is considered a flux h(k(x,t),u). Under approriate conditions on f, g, it is
proved, using compensated compactness, that a Lax—Friedrichs scheme con-
veges to a weak solution to the problem (1.1). Moreover, assuming k piece-
wise constant and discontinuous along a finite number of Lipschitz curves
(7i(t), 1), solutions satisfy the entropy formulation

/0 /R [lu — c|ps + sgn(u — c)(h(k,u) — h(k, c))p,] dedt+ (1.3)
+/R lup — ¢l dx +/0 Z |f(E(i(t), )+, ¢)) = f(k(vi(t), t)—, c)|¢dt > 0,

for every ¢ € R and ¢ € C§(R x [0,T)), ¢ > 0. This is a generalization of
(1.2). Moreover, in [16] (see also [15]), it is proved that under a “crossing
condition” there is L' contractivity with respect to initial data for entropy
solutions (1.3). The crossing condition prescribes that the graphs of f(k;, ")
and f(k;,-) must intersect in exactly one point.

In [3] it is considered a model of continuous sedimentation in an ideal
clarified-thickner unit, again modelled with equation (1.1). It is shown that
entropy solutions (1.3) are physical relevant for this model. Moreover, the
convergence of a difference scheme of Engquist-Osher type to the entropy
solution is granted.

A different concept of entropy solution is given in [1]. It is considered
the case h(x,u) = H(z)f(u) + (1 — H(z))g(u), where f and g have a unique
minimum (maximum) point. Motivations for entropy solutions are given
starting from a model of two-phase flows in a porous medium. In this case,
undercompressive waves are not allowed, thus shocks can not enter simul-
taneously from both sides of the discontinuity point x = 0. This leads to
entropy solutions, which can be different from those considered in [16]. In [1],
using a Godunov-type approximation, which satifies the entropy condition
at = 0, it is proved convergence to an entropy solution u in the domains
(0,4+00,) x (0,7) and (—00,0) x (0,7). When u is regular, except for a



discrete set of Lipschitz curves, it verifies the entropy condition at x = 0.
Moreover, for this class of solutions, it is proved L' contractivity.

It is interesting to note that various models need different concept of so-

lution for the same equation (1.1). This depends on the different physics of
the underlying application. In particular, we are motivated by a model of
traffic flow for which there is no a priori preferable physical solution. Thus
we are interested in giving a unifying point of view for the possible entropy
formulations of the problem (1.1).
Our idea is to specify a particular entropy formulation by choosing a related
Riemann Solver at the discontinuity point. In other words, if we decide how
to solve the Riemann Problem for (1.1) at = 0, then we characterize com-
pletely a concept of solution. We restrict to the case h(z,u) = H(x)f(u) +
(1 — H(x))g(u), moreover we assume that the fluxes f : [u,uj] — R and
g [u’,ui] — R satisfy the following properties:

1. f and g are strictly concave functions;
2. there exists o, €]u’, uj[ such that g(o,) > g(u) for every u € [u’, uj];
3. there exists oy €|u?, uy| such that f(oy) > f(u) for every u € [ug, ug].

In Section 2 we give a fluidodynamic description for the problem of traffic
flow on a simple road network, composed by two roads connected together by
a junction (see [9, 12] for a more general network). As explained in [19], [25],
traffic flow can be described by a scalar conservation laws. Then, problem
(1.1) comes naturally by considering different flux functions for the two roads.
In Section 3 we analyze possible solutions to the Riemann problem at the
junction, which satisfies the Rankine-Hugoniot and other conditions. Then,
for a fixed, Riemann solver at the junction, we give a consistent definition of
admissible solution. More precisely:

Definition 1.1 Given a Riemann Solver R and ug € BV (R), we say that u
is an entropy solution to problem (1.1), related to the Riemann Solver R, if
and only if

i) u is an entropy solution in (0,T) x (—00,0) and in (0,T) x (0, +00);

i) f(u(t,04)) = g(u(t,0—)) for almost every t € (0,T);

iii) R(u(t,0—), u(t,0+)) = (u(t,0—),u(t,0+)) for almost every t € (0,T).

In this contest, the concepts of solutions given in [1] and [16] correspond to
particular choices of the Riemann Solver.



In Section 4 using a front tracking method (see also [9]), consistent with
a generic Riemann Solver, we obtain a solution to the problem introduced
in Definition 1.1. The main tool is a uniform BV estimate for the fluxes
h(-,un(t,-)) and h(0,u,(-,0)), where u, are the wave front tracking approx-
imations. It is not possible to obtain, in the general case, BV estimates
directly for u,,, since the interactions of waves with the junction can increase
the total variation.

In Section 5 we study the question of uniqueness, determining exactly the
class of Riemman Solvers ensuring uniqueness. More precisely, we prove that
there is uniqueness of solutions, in the sense of Definition 1.1, if and only if
the set

X = {s € [0,min{g(0,), f(o7)}] : (w,u,) € [og,u] X [ug, 0] :
R(ug,up) = (w,ur), g(w) = f(ur) = s},

characterized by the Riemann solver, is composed by a unique element. In
this case we prove uniqueness of solutions, using the doubling method of
Kruzkov.

2 Description of the problem

Let us consider a road network composed by two roads I; and I, connected
together by a junction J. [; is the incoming road, modeled by the interval
| — 00, 0], while I5 is the outgoing one, modeled by the interval [0, +oc[. In
this case the junction J is at the point z = 0.

In the incoming road Iy, the evolution of the traffic is described by the
conservation law

{ w(t, ) + g(u(t,x)), =0, if (t,z) € (0,T) x (—o0,0),

u(0, ) = uo, if 2 € (—00,0), (2:4)

where u(t,x) € [ul,ui] denotes the density of cars at time ¢ > 0 and at the
point z € I, g is the flux depending on the density u and ug represents the
initial density.

In the outgoing road I, the evolution of traffic is described by the con-
servation law

{ ur(t, ) + flu(t,z)), =0, if (t,x) € (0,T) x (0,00),

u(0, ) = ug, if z € (0, 00), (2:5)



Figure 1: Graphs of the fluxes f and g.

where u € [u?,uf] is the density and f is the flux.
Assume that the fluxes f : [u%, uf] — R and g : [u),u}] — R satisfy the
following properties:

1. f and g are strictly concave functions;

2. there exists o, €Ju’, uj[ such that g(o,) > g(u) for every u € [u’, uj];

3. there exists oy €|u?, up| such that f(oy) > f(u) for every u € [ug, ug].

Define 7 = g(ui), 7 = g(uf), 72 = F(uS), 4§ = f(uf); see Figure 1
For (2.4) and (2.5) we consider weak entropic solutions; see [7].

Definition 2.1 A function u : [0,+00[x] — 00,0] — R is called a weak
entropic solution to (2.4) if

1. for every functz’on ¢ 1 [0,400[xI; — R smooth with compact support
— o0 0[

/+°O /h [ t,x)—p(t, ) +g(u(t,x))%cp(t,x) dxzdt = 0;

2. for every k € [u’,u}] and for every function ¢ : [0,4+o00[x]; — R
smooth, positive with compact support on ]0, +oo[x] — 0o, 0]

400 a
/ (u(t, @) — k| = p(t, x)ddt
0 n ot

+oo
T / [ sentutt,n) = Bg(utt. ) - g(0) 5 o(t. 2)deds > 0

I



The definition of weak entropic solution to (2.5) is analogous.

The previous definition of weak entropic solutions is due to Volpert [24]
and it is a generalization of the classical entropy condition in the case of a
scalar equation.

Consider the Riemann problem at J

u +g(u), =0, ifx<0,t>0,
w + f(u), =0, ifx>0,t>0,
u(0,x) = uy, if v <0,
u(0,x) = uy, if x>0,

(2.6)

where u; € [ul, u}] and u, € [u2, ug].

Definition 2.2 We say that v~ € [u},u}] and ut € [u,uf] determine a
weak solution to the Riemann problem (2.6) at J if

(R-1) the wave (u;,u™) on Iy has negative speed;
(R-2) the wave (u™,u,) on Iy has positive speed;
(R-3) g(u™) = f(u).

The weak solution to the Riemann problem (2.6) at J is given by the
waves (uy,u™) and (u™, u,) respectively on Iy and Iy.

We look for conditions on v, 74, 72, 7¢ in order that, for every u; € [u’, u}]
and for every u, € [u2,uf], the Riemann problem (2.6) admits at least a weak
solution satisfying (R-1), (R-2) and (R-3). The following lemmas hold.

Lemma 2.1 Assume ' < i, 72 = 2. The Riemann problem (2.6) admits
a weak solution satisfying (R-1), (R-2) and (R-3) for every initial condition

if and only if v, = 7, = 72 =
Proof. If v/ = vi =79 = 4¢, then

u- { uz, if uy # ul,

7 3 R
uy, ifw=ul,

a’

and
o ] o
+ { ug, if u, # uf,

up, if u, = ug,



Figure 2: The fluxes f and ¢ in the case of Lemma 2.1.

provide a weak solution to the Riemann problem satisfying (R-1), (R-2) and
(R-3).

Suppose now that the Riemann problem (2.6) admits a least one weak
solution satisfying (R-1), (R-2) and (R-3) for every initial condition.

Assume by contradiction that 7 < ~i. Fix u; such that g(u;) < ~;. By
(R-1), v~ = w; and so, by (R-3), f(u") = g(w). This implies that 72 < g(w;)
and 79 > g(u;), otherwise, if v > g(u;), then the Riemann problem with
initial condition (u;,w,) = (u;,u?) does not admit weak solutions, while,
if v¢ < g(u;), then the Riemann problem with initial condition (u;,u,) =
(uy,ug) does not admit weak solutions. Thus we have g(u;) = 7Y = ~¢, that
is a contradiction since the arbitrariness of u;. Therefore v} = ~i.

By contradiction assume that v¢ > ~7. Fixing u, such that f(u,) <
72 as in the previous case, we conclude that f(u,) = 7. = ~{, that is a
contradiction. So o = ;.

Taking now (uy, u,) = (u’,u?), we conclude that 7! = ~i = 72 = 1¢; see
Figure 2. 0

Lemma 2.2 Assume v. > ~i, v° > ~¢. The Riemann problem (2.6) admits
a weak solution satisfying (R-1), (R-2) and (R-3) for every initial condition
if and only if v, < 5 <75 < -

Proof. Consider first the case v < 7¢ < 72 < 7%. For every u; define the
set

A™(w) = {a € [ul,u;] : the wave (u;, @) has negative speed} .

9



Figure 3: The fluxes f and g in the case of Lemma 2.2.

We have that
[ val € 9(A™ ()

for every w;. If u, satisfies f(u,) < 72, then u™ = u; and there exists an
element in A~ () satisfying (R-3). If instead w, satisfies f(u,) > 72, then
there exists a weak solution such that u™ = u2. Thus the sufficient condition
is proved.

Assume now that the Riemann problem (2.6) admits a weak solution
satisfying (R-1), (R-2) and (R-3) for every initial condition.

Suppose first by contradiction that ~; > 9. Consider u, = uy. Then, by
(R-2), u™ = u; and so it is not possible to satisfy (R-3). Therefore vi < ~5.

Suppose now that v¢ > ~'. Consider (u;,u,) = (u’,u?). By (R-1), u™
satisfies g(u™) < 7.. By (R-2), u™ satisfies f(u') > 2. Then (R-3) is not
satisfied and so we get 72 < 7¢; see Figure 3.

This concludes the lemma. i

Lemma 2.3 Assume ! <75, 72 < ~¢. The Riemann problem (2.6) admits
a weak solution satisfying (R-1), (R-2) and (R-3) for every initial condition
if and only if vg < i, < v < -

Proof. The proof is given in the same way as in Lemma 2.2, since the situ-
ation is completely simmetric. O
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Lemma 2.4 Assume v. > ~i, 72 < 2. The Riemann problem (2.6) admits
a weak solution satisfying (R-1), (R-2) and (R-3) for every initial condition
if and only if v5 <~ and v, < 5.

Proof. Assume first that 72 < 7 and ~; < 7f. For every u; and u, define
the sets

A~ (w) = {a € [ul,u;] : the wave (u;, @) has negative speed }
and

At (u,) == {a € [u2,uy] : the wave (@, u,) has positive speed} .
We have that

e 78] € 9(A™(w)),  [ve 78] € (AT (un)),

for every u; and u,. By assumption

el N v £ 0

and so it is possible to find u~ € A~ (w) and u™ € AT (u,) such that f(ut) =
g(u™). Hence the sufficient condition is proved.

Assume now that the Riemann problem (2.6) admits a weak solution
satisfying (R-1), (R-2) and (R-3) for every initial condition.

Suppose by contradiction that ! < ~°. If w; = w’, then u~ by (R-1)
satisfies g(u™) < 7% and so (R-3) can not be satisfied. Therefore 7% > ~2.

Suppose now that vi > ~¢. If u, = uf, then u™ satisfies f(u™) < ¢ and
so (R-3) can not be satisfied. Thus i < 77 (see Figure 4) and the proof is
finished. 0

3 Construction of Riemann solvers

Consider the Riemann problem at J (2.6). For simplicity, let us assume that
wi=u?=0,u, =u)=1and 7. =7} =2 =~ = 0; see Figure 5.

Definition 3.1 A Riemann solver for the Riemann problem (2.6) is a func-
tion R : [0,1] x [0,1] — [0,1] x [0,1], R(uy,u,) = (Ry(uy,u,), Ro(uy,u,)) =
(u™,u'"), such that

11
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Figure 4: The fluxes f and g in the case of Lemma 2.4.

u

UO O’f 1

Figure 5: The fluxes f and g considered in Section 3.
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(H1). g(u™) = f(u™);

(H2). the wave (u;,u™) has negative speed, while the wave (u™, u,) has positive
speed;

(H3). the function (u;,u,) — (g(u™), f(uh)) is continuous;
(H4). R(R(uj,u,)) = R(ug,u,) for every u, € [0, 1] and u, € [0,1];

(H5). for every @ such that the wave (U, Ri(w;,u,)) has positive speed the
following holds:

g(Ri(@,u,)) € [min{g(w), g(@)}, max{g(w;), g(@)}]; (3.7)

(H6). for every @ such that the wave (Ro(uy,u,), @) has negative speed the
following holds:

f(Ba(w, ) € [min{f (ur), f (@)}, max{f(ur), f(@)}]. (3.8)
Definition 3.2 A couple (u;, u,) is said an equilibrium if R(u;, u,) = (u;, u,).

Remark 1 Observe that conditions (H1) and (H2) are motivated phisically
by the conservation of mass at the junction and by the fact waves originated
at =0 in Iy (resp. in Iy) must travel with negative (resp. positive) speed,
since I (resp. 1) is modeled by the interval (—oo,0) (resp. (0,+00)).

Condition (HS3) is a regularity property for the Riemann solver, while
(H4) is a stability condition, in the sense that the image of R is a fized point
of the same function.

Finally conditions (H5) and (H6) are the key assumptions for some im-
portant estimates for the existence of solutions to Cauchy problems, as we
see in Section 4.

The aim of this section is to describe all the possibile Riemann solvers for
(2.6). We treat only the case f(oy) > g(o,), the other one similar. We have
some different possibilities:

1. w; € [0y, 1] and u, € [0, o¢]; see Figure 6. Since the waves produced must
have negative speed in I; and positive speed in I, then u~ € [o,,1] and
ut € [0, 0¢]. By hypothesis (H3), there exists a continuous function

10, g(ag)] x [0, f(af)] = [0, g(0y)] (3.9)

13
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B

0 1

Figure 6: The region considered in case 1.

such that
gu™) = f(u’) =T(g(w), f(u.)).

By (H4) we deduce that, if a € ImT, then I'(a,a) = a and so, every
element of the image of I' is the flux of an equilibrium for the Riemann
problem. Conversely, if (u;,u,) is an equilibrium for the Riemann problem,
then

L(g(w), f(ur) = fur) = g(u),
and so the image of I' coincides with the set X defined by
X :={s€[0,9(0y)] : (w,u,) € [o4,1]x [0, 0¢] equilibrium, g(u;)= f(u,)=s}.

(3.10)
We have the following characterization of the set X.

Lemma 3.1 X is a closed, non empty and connected set. Thus X = [¥1, Y2],
with 0 < 31 < 72 < g(0y).

Proof. X is a connected set since it is the image of a connected set through
a continuous function. Moreover X is clearly non empty. Finally we take
x € X and a sequence a,, — z such that a,, € X for every n € N. We have:

[z, z) = nlirilwf(an, a,) = nEIEoo ap =

and so r € X. O
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Figure 7: The region considered in case 2.

From now on with 4; and 7, we denote respectively the minimum and
maximum of the set X.

2.y € [0,04] and u, € [0, 0¢]; see Figure 7. Some different cases are possible.

a. g(w) < 1. By (H2), u™ either is u; or belongs to [0y, 1] with g(u™) <
g(u;). The second possibility can not happen since otherwise g(u™) <
71, a contradiction with (H4); so the solution is given by (u;, ut) with

ut € (0,04, f(uT) = g(w).

b. g(w) > 72. We claim that v~ € [o,,1] and g(u~) € X. Indeed, consider

the function

hu, +[0,04] — [0,9(0y)]

u = g(u”)

giving the flux in I; of the solution to the Riemann problem with (u;, w,.)
initial states. It is continuous by (H3). Therefore

lim A, (T) = N, (Ug) < Y2,

rﬂogf
by the analysis of possibility 1. Moreover there exists a left neigh-
borhood V' of o, such that h,, (s) < 7, for every s € V, otherwise,
by (H2) on the speed of waves, there exists a sequence s, — o, SO
that g(s1) > 2 and hy, (s,) = g(sn) = g(s1) > 72 contradicting the
continuity of h,, . Consider the set

Y :={re|0,04: g(r) > Y2, hy, (1) > Y2}

15



and suppose by contradiction that Y # (. Define n := supY. The
previous analysis implies that

0<n <oy, Y2 < g(n)

and by continuity of h,,,

hu, (n) = g(n) > 7o

Moreover
hm hur(r) < /727

r—nt

a contradiction. Thus Y = () and the claim is proved.

c. 71 < g(uy) < ¥a. In this case hy, (u;) € [1,Y2). If by, (w) = g(w;), then
the solution is given by (u;, u™), where ut € [0, 0] with f(ut) = g(w).
Otherwise, if h,, (u;) < g(u;), then u~ € [0y, 1].

Remark 2 If ¥ €|y, %[ satisfies hy, (w) = 7 for w, € 0,04 and
u, € [0,0¢] with g(w;) = f(u,) = 7, then conditions (H2) and (H5)
imply that

ha, (r) = g(r)

for every r € [0, o4 such that 3, < g(r) < 7.

3. u; € [04,1] and u, €]oy, 1]; see Figure 8. This case is completely symmetric
with respect to the previous one.

4. w € [0,0,4] and u, €loy, 1]; see Figure 9. We have some different cases.

a. min{g(w), f(u,)} < 4. Without loss of generalities we suppose that
g(w) < f(u,). By (H2), u™ either is u; or u~ €lo,, 1] with g(u™) <
g(u;). Analogsly u™ either is u, or u™ € [0,04] with f(ut) < f(u,). If
u~ €loy, 1], then, by (H1), u™ € [0, 0¢[, but this is not an equilibrium.
Thus v~ = w. If f(u,) = g(w), then u™ = w, and the solution is
(w, uy). Otherwise if f(u,) > g(w), then ut € [0,0¢[, f(u™) = g(w)
and the solution is (u;, u™).
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b. ¥1 < min{g(w), f(u,)} < J2. Without loss of generalities we suppose
g(u) < fluy). If g(w) < f(u,), then ut € [0,0¢] and the case is
completely identical to 2.c.

If g(w;) = f(u,), then, by the continuity assumption (H3), the solution
is uniquely determined as a limiting procedure by the case g(u;) <

f(u).

c. min{g(w), f(u,)} > J2. Without loss of generalities we suppose that
g(w) < f(u). If g(w) < f(u,), then u™ € [0,0¢ by (H2) and also
u~ €]o,, 1] by 2.b.

If g(w;) = f(u,), then, by the continuity assumption (H3), the solution
is uniquely determined as a limiting procedure by the case g(u;) <

fuy).

Given a Riemann solver at the junction J, it is possible to define an
admissible weak solution to (2.4) and (2.5).

Definition 3.3 Fiz a Riemann solver R. A function u € L*((0,T) x R) is
an admissible weak solution to (2.4) and (2.5) if

1. uis a weak entropic solution to (2.4) in (0,T) x (—o0,0);
2. w is a weak entropic solution to (2.5) in (0,T) x (0, +00);

3. for almost every t € (0,T), the couple (u(t,0—),u(t,04)) is an equilib-
rium for the Riemann solver R.

Observe that the previous definition is well posed, since Vasseur [23]

proved existence of the trace for entropy solutions of conservation laws.

3.1 Case of X singleton

In this subsection let us consider the special case X = {¥}. The Riemann
solver is completely described by the following possibilities.

1. w € [0,4,1] and u, € [0,0f]. In this case the solution to the Riemann
problem satisfies u~ € [0, 1], u™ € [0,0¢] and g(u™) = f(u") = 7.
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2. w € 10,04 and u, € [0,0¢]. If g(w;) > 7, then the solution to the Rie-
mann problem satisfies u™ € [0,,1], uT € [0,0/] and g(u™) = f(u™) =
5.
If g(u;) < %, then the solution to the Riemann problem satisfies u~ =
w, ut € [0,04] and g(u™) = f(u™).

3. w € [o4,1] and u, €|oy,1]. The situation is completely symmetric to
the previous case.

4. u; € [0,04] and u, €|oy,1]. If min{g(w), f(u,)} > 7, then the solution
to the Riemann problem satisfies u~ € [o,, 1], ut € [0, 0] and g(u™) =
flu?)=7.

If min{g(w), f(u,)} < 7 and g(u;) = f(u,), then the solution to the
Riemann problem is (ug, u,).

If min{g(w), f(u,)} < 7 and g(w;) < f(u,), then the solution to the
Riemann problem satisfies v~ = w;, u™ € [0y, 1] and g(w) = f(u™).

If min{g(w), f(u,)} < 7 and g(w;) > f(u,), then the solution to the
Riemann problem satisfies v~ € [0y, 1], u™ = u, and g(u™) = f(u,).

Remark 3 If f(os) = g(oy) and X = {g(o,)}, then the Riemann solver is
completely identical to that used in [1] and [9].

Remark 4 If there ezists a unique u* €)0, 1] such that f(u*) = g(u*) and if
X = {f(u*)}, then the Riemann solver is identical to that used in [4, 5, 16].

4 Existence of solutions

In this Section we consider Riemann solvers such that the related set Xp
defined by (3.10) is a singleton. Using a front tracking method, we prove the
existence of an admissible solution of problem (2.4) and (2.5) for any fixed
Riemann solver R of this kind. We denote with R, the Riemann solver such
that Xr = {7}. Observe that for every v € (0, g(0,)] we can define R,.

The wave front tracking algorithm is very useful for treating systems of con-
servation laws. In our case, the situation is simpler since we consider a scalar
conservation law: this allows to overcome difficulties due to the discontinuity
of the flux. For a detailed description of the algorithm, we refer the reader
to [7].
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Let us summarize the main points of this approach for our specific case. Fix
a sequence of piecewise constant approximations wg, of the initial datum
up, such that Tot.Var.ug, < Tot.Var.ug. We solve the Riemann problems at
any discontinuity point and in particular at x = 0, where we use the fixed
Riemann Solver I,. We split rarefaction waves into rarefaction fans formed
by rarefaction shocks (i.e. non entropic shocks.) When two waves interact or
a wave interact with the junction, we solve a new Riemann problem. Notice
that the number of waves can increase only for interactions with the junction.
However, in this case at most two waves are produced and any such wave
can interact with the junction again only after cancelling one wave inside the
roads (see also [12].)

Finally, there is a finite number of waves and we can define, for every v, a
function u, for every time, which provides a wave front tracking approximate
solution (in fact it is a weak solution violating the entropy condition by a
quantity going to zero with v — oo; see [7].)

Theorem 4.1 Given y € (0,0,] and up € BV (R), there exists an admissible
solution u to problem (2.4) and (2.5) in the sense of Definition 3.3 with the
Riemann solver R.,. Moreover such solution is obtained as almost everywhere
limit of approximate wave front tracking solutions.

We divide the proof of the previous theorem in some lemmas. First of all
we prove an equivalent formulation of admissible solution valid for the case
of singleton.

Lemma 4.1 Let v € (0,0,4]. A function uw € L*((0,T) x R) is an admisible
solution to (2.4) and (2.5) in the sense of Definition 3.3 for the Riemann
solver R, if and only if

1. wis a weak entropic solution to (2.4) in (0,T) x (—o0,0);
2. w is a weak entropic solution to (2.5) in (0,T) x (0, +00);

3. for almost every t = 0 the couple (u(t,0—),u(t,0+)) satifies the follow-
ing conditions

(a) g(u(t,0-)) = f(u(t,04)) <;
(b) if (u(t,0—),u(t,0+)) € [04,1) x (0,0y], then

(u(ta O_)7 u(t7 0+)) = (a“ﬂ b’Y)
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where a., (resp. b,) is the unique value in [o,,1) (resp. (0,0¢])
such that g(ay) = (resp. f(by) =1).

Proof. This result is an immediate consequence of the analysis done in Sec-
tion 3.1. Il

The following lemma shows that the total variation of the flux of a wave
front tracking approximate solution does not change when a wave interacts
with J. This is due in particular to the properties (H5) and (H6) of Defini-
tion 3.1.

Lemma 4.2 Fix an approximate wave front tracking solution w. If a wave
interacts with J at time t, then

Tot. Var. [f(u(t+,-)) + g(u(t+,-))] = Tot. Var. [f(u(t—,-)) + g(u(t—,"))].

Proof. Fix an equilibrium (u;, u,). First suppose that a wave (@, u;) with
positive speed interacts with J from the incoming road ;. We denote with
(u™,u") the solution to the Riemann problem at J with the initial datum

(@, u, ). We have

Tot. Var. [f(u(t+,-)) + g(u ( ;)] = |g(a) g(u*)\ + | Fut) = flur)]
= |g(@) — g(u™)| + |g(u™) — g(w)]
| (@) — g(u )|
= Tot.Var. [f(u(t—,-)) + g(u(t—,-))],

where we used (H1) and (H5).

Suppose now that a wave (u,,u) with negative speed interacts with J
from the outgoing road I,. We denote with (u~,u") the solution to the
Riemann problem at J with the initial datum (u;, %). We have

Tot.Var. [g(a(t+,-)) + f(a(t+,-))] = |g(w) — g(u™)| + [ f(uh) = f(@)]
= | fur) = fu®)| + [f(u™) = f(@)]
= |f(@) — f(u,)]
= Tot.Var. [f(a(t—,")) + g(a(t—,-))],

where we used (H1) and (H6).
This completes the proof. Il
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Lemma 4.3 Fix an approximate wave front tracking solution u. For every
t >0, it holds

Tot. Var.(h(-,u(t,-))) < Tot. Var.(h(-,u(0+,-))). (4.11)

Proof. By Lemma 4.2, we know that the total variation of the flux does not
change when a wave approaches the junction J.

If, instead, two waves interact in a road, then the total variation of the
flux either remains constant or strictly decreases. 0

In order to pass to the limit in the sequence of approximate wave front

tracking solutions u, we study in depth interactions of waves at the junc-
tion. Given an approximate wave front tracking solution u, we denote with
u~(t) and u™(t) respectively the values u(t,0—) and @(¢,0+). Sometimes to
simplify the notation we shall write only ©~ and u™.
From now on, we fix a Riemann Solver R,. Given a generic equilibrium
(u™,u") for an approximate wave front tracking solution we classify it in
four classes. More precisely we say that u~ is “good” if u~ € [a,, 1] instead
we say that vt is “good” if ut € [0,b,]. If u~ or u™ are not good, then we
say that they are “bad”. Using this property we introduce four classes of
equilibrium,

[. u and u' are “good”: we denote it by G|G. In this case v~ and u™
are equal to a, and b.;

IT. w™ is “good” and ut is “bad”: we denote it by G|B;

1. ™ is “bad” and u™ is “good”: we denote it by B|G;

IV. wu and u* are “bad”: we denote it by B|B.

We analyze the interaction of a wave (@, u~) that reaches the junction
from the left at time t* in the four cases. Since the wave reaches the boundary
we have that @ is “bad”.

In the case G|G necessarily g() < g(u™) = g(a,) = . In this situation
for the results proved in Section 3.1 we have that after time ¢* the new
equilibrium is in the class B|G given by (4, f; *(g(@))). Where f; ' is the
inverse of the funcion f restricted in the interval [0, o].

In the case G|B we have that g(i) < g(u™). After time t* we are in the class
B|G and the new equilibrium is (@, f; ' (g(@))).

Suppose now to stay in the case B|G; we have to distinguish two cases. If
g(@) < 7, then the new equilibrium after time ¢* is given by (@, f; *(g(%)))
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and we remain in the same class B|G. Otherwise if g(@) > v, then the new
equilibrium is given by (a4, b,) and we are in the class G|G.
In the last case B|B there are the same two possibilities of case III, then
after the interaction we arrive to the situation B|G or G|G.
Simmetric situations happen if we consider a wave (u™t, @) that reaches the
junction from the right. In view of these results we give the following remarks.

Remark 5 Equilibrium IV is extremely unstable. In fact it can happen only
at initial time. If a wave reaches the junction, then this kind of equilibrium
1s lost and it is impossible to obtain it again.

Remark 6 Suppose that until time T waves reach the junction only on one
side, for example from the left. Then u*(-) can change only one time from
“bad” to “good” and it remains “good” at least until time T'. It changes type
at the moment in which a wave reaches the junction from the right.

Now we are able to prove the following result.

Lemma 4.4 For every initial datum ug with finite total variation, there ex-
ists an entropy solution u(t,x) that satifies points 1 and 2 of Definition 3.3.

Proof. Fix a sequence of initial data ug, such that
Tot.Var.(ug,) < Tot.Var.(uo)

for every v € N and

o,y — Uo
in L} as v — +o0. For each ug, we consider a wave-front tracking approx-
imate solution w, such that u,(0,z) = ug,(z) and rarefactions are split in
rarefaction shocks of size 1/v. If we are able to prove that there exists a
subsequence of {u, } converging in L' to a function u, then, following [7], we
conclude that u satifies conditions 1 and 2 of Definition 3.3.
By Lemma 4.3 we deduce, passing to a subsequence, that f(u,) converges in
L' to a function f. We follow the procedure of [9] to conclude the proof.
For every v we consider the curves Y and Y} such that Y”(0) = Y/ (0) =
0 and these follow the generalized characteristics (see [11]) defined for the
approximate front tracking solution u, letting Y*(¢) = 0 (resp. Y} (t) = 0)
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if Y”(t) (resp. Y¥(t)) reaches the boundary and ¢'(u(t,0—)) > 0 (resp.
f'(u(t,04)) < 0). We define the sets

Dy ={(t.a) € (0,T) xR : Y*(t) o < Y/(1)} .

and DY = ((0,7) x R) \ Dy. By definition we see that the set D is not
influenced by the junction; this gives a priori estimate for the total varia-
tion of w,(-,t) in the intervals (—oo,Y”(t)) and (Y(t),+o00) that depends
only on the total variation of uy. Using Remark 6 we can observe that for
every t in the intervals (Y”(¢),0] there is at most one point Z such that
sgn(u”(t,7—) — a,)sgn(u”(t,2+) — a,) < 0. An analogous result is true in
the interval [0, YV (¢)). In particular, for v < o, inverting g and f we deduce
for every t a priori estimate of the total variation of w,(t,-) that depends
only on initial data and the constants m and #bw) When v = o0, a pri-
ori estimate for the total variation of u, is not true in general. In this case
we can divide for every ¢ the intervals (Y(¢),Y}(t)) in a finite number of
intervals in which f and g are invertible. This assures that we can extract a
subsequence that we call again {u,} converging in L}, to a function u. This

loc

concludes the proof. O

Remark 7 Lemma 4.4 can be generalized to the case of a general roads net-
work, where junctions could have either one incoming and one outgoing road
or one incoming and two outgoing roads or two incoming and one oultgoing
roads or finally two incoming and two outgoing roads.

We conclude the proof of Theorem 4.1 if we prove that function u ob-
tained by Lemma 4.4 verifies condition 3 of Lemma 4.1. For this aim it is
necessary to obtain a priori estimate for the total variarion of the flux of a
generic approximate solution along the junction. More precisely we have the
following lemma.

Lemma 4.5 Let {u,} be the approzimate wave front tracking sequence given
wn Lemma 4.4. Then for every v we have

Tot. Var.(g(u, (+), (0,T)) = Tot. Var.(f(u}(-),(0,T)) (4.12)
< 2 Tot. Var.(h(-,uo(+)), R).
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Proof. Let us simplify the notations writing v and v, instead of the generic
function u, and of the initial datum u,. Moreover we introduce the following
functions
M(t) = lim Tot.Var. (g(v™(+)), (0, +¢));
e—0

F(t,[x1,2s]) = 611151 Tot.Var.(h(-,v(t, ")), [x1 + sgn(z1)e, 2 + sgn(xq)e]);
S([z1, w2]) = F(0, [z1, 7).

More precisely M denotes the total variation of g(v™) in the time interval
(0,t] and F is the total variation of h(-,v(t,-)) in a spatial interval at a fixed
time t > 0.

If the initial datum is chosen in equilibrium (u~,u") near the junction
x = 0, then M(-) is zero until a wave reaches J. It is not restrictive to
assume that the first wave comes from the left. Let 7; be the time in which a
wave reaches the boundary and Y_(-) the backward minimal characteristic
starting from (0,71). We denote with z_; the point Y_;(0) and with u_;
the value vo(x_1—). Analogously we define ¢; the first time in which a wave
reaches the junction from the right; if it does not exist we put t; = +o0.
When ¢, exists finite we consider the maximal backward characteristic Y ()
starting from (0, ;). Moreover we introduce z; := Y3(0) and u; := vo(z1+).
Let us introduce the quantities

71 := max{t € [ry, t1):3 a wave reaching J from the left at time t},

Y_1(+) is the minimal backward characteristic that starts from point (0,7),
T_; = Y_1(0) and @_; = vo(Z_1—). Obviously 7; can coincide with 7.
Suppose that after time t; there exists a wave that reaches J from the left;
we denote with 7 the corresponding interaction time. As before we define
the values z_, and u_,. Moreover we introduce the time

t1 := max{t € [t1,72):3 a wave reaching J from the right at time t},

and the corresponding quantities z; and ;.

With this procedure we can define four sequences of times, that eventually
can become constantly equal to +oo, {7}, {7n}, {t.} and {¢,}, such that
Tn < Tn < tp < 1, < Tyy, if they are finite.

Moreover we can define four sequences on the x axis, that eventually can
become constant, {x_,}, {z_,}, {x,} and {z,}, such that

O=20>0 121> " >T_p 2T_p>Tpo1> """
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and
D=2 <21 <1 < - <Xp LT < Tpy1 <---.
Finally we have the sequences {u_,}, {u_,}, {u,} and {u,}, where we set
Ug = U .
Let us prove the following estimates

M) < S, o)+ 3 (1) — £(0) + 3 (900-0) — glu-i2)),
- - (4.13)
for every n > 2 and
M1)€ S Fal) + 3 (1)~ () (419
£ (g glui)) + (i) — Fu)

for every n > 1.

Let us prove (4.13) and (4.14) by induction. Consider the case n = 1. At time
71 the value u_; reaches the boundary; so we use the analysis made before.
Therefore necessarily u_; is a “bad” value and if g(u_1) < 7, then the new
equilibrium is given by (u_y, f; '(g(u_1))). Otherwise if g(u_1) > 7, the new
equilibrium is (a.,b,). In any case since f(ut) = g(u™) < 7, we have that
M(m) < |g(u_y) — g(u™)| = S([z_1,20]). In the interval (71,71 waves can
arrive only from the interval [Z_1,z_1); this implies that the total variation
of the flux at the junction depends only on the total variation of the flux
at initial time. More precisely we obtain the estimate M (7;) < S([z_1,0]).
Using the considerations made before for interactions of waves with J, we
know that after time 7 and at least until time ¢; the equilibrium is of the
type G|G or B|G. This means that the value u,, which reaches J at time t;,
is necessarily “bad” and f(u;) < g(u_1). In particular the new equilibrium
is (g5 (f(u1)),u1), where we denote with g, ' the inverse of the function g
restricted to the interval (0,4, 1). From this observation we have that

M(t) = M(7y) + g(t—1) — f(ur) < S([Z-1,0]) + g(tu—1) — f(u1)

that corresponds to (4.14) for n = 1 and with the choice o = 0. Reasoning
as before we see that M (t;) < S([T_1,Z1]) + g(a_1) — f(u1). Moreover in the
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interval (t1,72) the equilibrium can only be of the type G|G or G|B; thus
necessarily u_y is a “bad” value, g(u_s) < f(u1) and the new equilibrium
has u_o as left value. This implies that

M(my) = M(t1) + f(u1) — g(u_s)
< S([Z-1,21]) + g(u-1) — g(u_z) + f(u1) — fwr)

that give (4.13) for n = 2.
Let us assume that (4.13) is true for a generic n. We prove as before that

n—1 n—1

M () < S([Z-nt1, Zama]) + Y (F(@) = ) + ) (9(a—) = glu—ir)).

i=1 i=1

(4.15)

In the interval (7,,t,) the equilibrium is of the type B|G or G|G. Again this

implies that u, is a “bad” value and g(u_,) > f(u,). Therefore M(t,) =

M(7,) + g(tu—p) — f(u,). Using (4.15) and rearranging the terms we obtain
(4.14). Repeating the same arguments we prove that

Finally observing that in the in interval [,,7,.1) the equilibrium is of the
type G|B or G|G, we deduce that u_,_; is a “bad” value and f(u,) >
g(u_p_1); 80 M(Tps1) = M(t,) + f(@n) — g(u_p—_1), which gives (4.13) for
n + 1. This permits to concludes by an induction argument.

The proof of the lemma is an immediate consequence of (4.13) and (4.14). O

By Lemma 4.5, we deduce that f(u}(-)) = g(u, (-)) is bounded in BV
and converges in L' to a BV function. This permits to prove the following
result, which concludes the proof of Theorem 4.1.

Lemma 4.6 The function u obtained in Lemma 4.4 satisfies condition 3 of
Lemma 4.1.

Proof. By Lemma 4.1 every equilibria of a generic wave front tracking ap-
proximate solution verify condition 3. In particular, letting v to +oo, the
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limit « obtained in Lemma 4.1 satisfies f(u™(:)) = g(u™(+)) < v almost ev-
erywhere, which gives the first part of condition 3. We finish the proof if we
show that, for almost every ¢ such that (v (¢),u*(t)) € [og4,1) x (0,0¢], we
have (u~(t),u"(t)) = (a,b,). Let us prove this fact by contradiction. We
know that f(u™(:)) and g(u=(-)) are BV functions. Let ¢ be a point of conti-
nuity for g(u~(+)) such that (u=(¢),u*(t)) €[y, 1) x (0, 0] and g(u(f)) < 7.
Then there exists a neighborhood of (¢,0) where g(u) < 7. This means that
in such set, the equilibria are of type G|B or B|G for every v. Thus it is
not restrictive to assume that there exists a subsequence, which we call again
{u,}, such that u, is of “bad” type. Moreover, since near the point (Z,0)
the characteristics point outside the domain (0,7") x R~ we find a two di-
mensional neighborhood C' of (£,0) such that u, takes values in [0, g; (7)),
where g; ' denotes the inverse of g restricted to (0,0,). By Lemma 4.4, u,
converges to v in L} and so we conclude that v~ is of the “bad” type almost

loc
everywhere in C'N{z = 0}. This is a contradiction. O

5 Uniqueness

In this section we investigate the problem of uniqueness for admissible solu-
tions to problem (2.4)—(2.5). In particular we prove that there is uniqueness
if and only if Xg, the set defined in (3.10), is a singleton.

Suppose that the set Xy is not a singleton. Let 77 < 75 € Xy and take
uy,uy € [og, 1], uf,ug € [0,0/] such that

glur) = fu) =m,  gluy) = f(ud) = ..

Clearly (uy,u;) and (u;,uj) are equilibria. Then for every initial data

o(z) = 4 & if z <0,
07 T, if x>0,

where u € [0,,1] and @ € [0, 0], we can find two admissible solutions u; and
uy to problem (2.4)—(2.5) such that the equilibria are respectively (uj,u;)
and (us ,u3). This shows that for general initial data there is not uniqueness.

In the following we assume that Xr = {7} and denote by R, the corre-
sponding Riemann Solver. Let us prove the following result that is crucial
to prove uniqueness.
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Proposition 5.1 Consider a Riemann Solver R.. For every two equilibria
(uy,ui) and (uy,us) of R, it holds

sgn(u; —uy) [g(uy) — g(uy)] > sen(uf —uf) [f(uf) = fluz)].  (5.16)

Proof. Using that f(ui) = g(uy) and f(ud) = g(uy), inequality (5.16) is
equivalent to

[sgn(uy — uy) — sgn(uy” — ug)][g(ur) — g(uy)] > 0. (5.17)

Since inequality (5.17) is symmetric in u; and usg, it is not restrictive to
assume u; < uy . If uf < uj, then the conclusion is obvious. Let us consider
all the remaining cases assuming that u] > uj.

1. uy, uy €0,04. Then g(u;) < g(uy) and this implies (5.17).

2. uy € [0,04), uy € [04,1], uy € [0,04]. Using Lemma 4.1 we deduce
that f(uy) = g(uy) = and g(u;) <. This gives the result.

3. uy €10,0,, uy € [oy,1], uj € [o4,1]. Then uf € [oy,1] and g(uy) =
ful) < f(u3) = g(uy); so we obtain again the inequality.

4. uy, uy € [o4,1], ug € [0,04]. Then we obtain the same conclusion of
case 2.

5. uy, uy € log, 1], usg € [04,1]. Then we proceed as in the case 3.

The proof is finished. U

Now we are able to prove uniqueness and continuous dependence in L!
respect to initial data for admissible solutions.

Theorem 5.1 Fiz v € (0,9(0,)] and ug, vo € BV(R). Let u and v be
admissible solutions to problem (2.4) and (2.5) in the sense of Definition
3.3, for the Riemann Solver R, and initial data respectively ug and vy. Then
for every C > 0 and for almost every t € (0,T)

C C+Mt
/ lu(t,z) —v(t,z)|dx < / |up(z) — vo(z)| dx, (5.18)

-C —C—-Mt

where M = max{ max } |/ (u)], max |g’(u)|} and a = max{||u|| e, |v] L=}

u€l—a,a u€[—a,a)
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Proof. Let u and v be entropy solutions in 1 := (0,7") x (—o00,0). Using
the doubling method by Kruzkov, we obtain

[ [ lusloct smtu =)o - stoposdaai z0 G19)

for any ¢ € Cj(I17), ¢ = 0.

We now choose a particular set of test functions. Consider ¢, § € Rt and
')t € Rsuch that 0 <t <t" <T,t"+60 <T,t —60 > 0. Define &
(resp. &) the corresponding cut-off function, i.e. a smooth function, which
approximates the characteristic function of the interval [0, 0] (resp. [—e, €]).
Set:

Yy(x) = / " ly) dy.

Letting I((t—¢)ym—c,—2¢)) be the characteristic function of the interval ((t —
t"YM — C, —2¢), we can finally define the following test function:

G, t) = (Yot — ") = Yo(t — ")) (L((t—rryp1—0.—2¢)) * &) ().

It is easily seen that ¢ > 0, ¢ € C§°(Il;). Putting ¢ in the inequality (5.19)
and using definition of constant M we obtain

// |U — ’U|(€9(t — t/) — gg(t — t,/))I(((tft”)Mfc,72e)) % gg)(l’) dl‘dt (520)
> [ [ Ht - o) - o)l + 20 dedr
Iy
Passing to limit as € — 0T and using existence of the trace we obtain
T 0
/ / = o|(Ealt — ) — Eolt — ¢)) dudt >
o Ju—tym-c
T
| st (10 = o 0 o) ~ g0 )Yt~ #) = Yolt ~ )
0
Suppose that t”, ¢ are Lebesgue point for the function

s(t) = / lu(t,z) —v(t,z)| dz,

—-C-TM
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for the arbitrariness of & and letting ¢’ to 0, we obtain

/0 lu(t”, z) — v(t", 2)| da < /0 luo(z) — vo(z)| dw

-C —t"M—C
—/0 sgn(u (¢,0) — v (£,0))(g(u"(¢,0)) — g(v™(¢,0))) dt.

Proceeding in the same way in the domain (0,7") x (0, 00), for almost every
t it holds

c tM+C
/ lu(t,z) —v(t,z)| dx < / luo(x) — vo(z)| dz

-C —tM—-C
" / sgn(ut (s,0) — v (s, 0))(f(u (5,0)) — (v (5,0)))
—sgn(u~(s,0) = v~ (5,0))(g(u(5,0)) — g(v™(s,0))) ds.

Since, by Definition 3.3, (v (0,-),u*(0,-)) and (v=(0,-),v*(0,-)) are al-
most everywhere equilibria for the Riemann solver R, the conclusion follows
from Proposition 5.1. Il
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