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Abstract. We study degenerate quasilinear parabolic systems in two differ-
ent domains, which are connected by a nonlinear transmission condition at
their interface. For a large class of models, including those modeling pollution
aggression on stones and chemotactic movements of bacteria, we prove global
existence, uniqueness and stability of the solutions.

1. Introduction

In this paper we study degenerate quasilinear parabolic systems in two adjoining
domains, with nonlinear transmission conditions at the interface. Let N ≤ 3;
let Ω1,Ω2 be bounded open C2 subsets of R

N , such that Ω1 ∩ Ω2 = ∅ and let
Γ := ∂Ω1 ∩ ∂Ω2 6= ∅ be a regular orientable manifold.

We consider the following system

(1.1)















































∂t(ϕ1(c)s) = div(ϕ1(c)∇s) + F1(s, c) ,

∂tc = G1(s, c) ,
(x, t) ∈ Ω1 × (0, T ) ,

∂t(ϕ2(b)r) = div(ϕ2(b)∇r) + F2(r, b) ,

∂tb = G2(r, b) ,
(x, t) ∈ Ω2 × (0, T ),

complemented with the boundary conditions

(1.2)

∂s
∂n1

= ψ1(s(x, t), r(x, t), c(x, t))

∂r
∂n2

= ψ2(r(x, t), s(x, t), b(x, t))
(x, t) ∈ Γ × (0, T ) ,

(1.3)

∂s
∂n1

= 0, (x, t) ∈ ∂Ω1 \ Γ × (0, T ) ,

∂r
∂n2

= 0, (x, t) ∈ ∂Ω2 \ Γ × (0, T ).

Here n1, n2 are the outer normal vectors respectively to ∂Ω1 and ∂Ω2, so n2 =
−n1 on Γ; ϕi, Fi, Gi, ψi, i = 1, 2, are given smooth functions, which verify some
assumptions which will be specified later on.

1991 Mathematics Subject Classification. Primary 65M06; Secondary 76M20, 76R, 82C40.
Key words and phrases. nonlinear parabolic equations, transmission conditions, global exis-

tence of solutions, porous media, sulphation phenomena, chemotaxis.
† Dipartimento di Matematica Pura e Applicata, Universitá degli Studi di L’Aquila, Via
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Nonlinear systems of the form (1.1) arise in models of biological and chemical
phenomena like sulphation in calcium carbonate stones, chemotaxis and angiogen-
esis processes and in the case of a single domain have been largely studied; see for
istance [10, 11, 12, 13, 5] and references therein. On the other hand, some results are
available for linear parabolic equations in more domains, with linear and nonlinear
conditions at interfaces, for biological models for the transfer of chemicals through
semipermeable thin membranes [6, 18, 19, 4]; moreover, a semilinear system with
nonlinear conditions at interfaces is studied in [21].

In the present case transmission conditions can allow to deal with models in-
cluding chemical phenomena in materials with different porosity and diffusivity,
and chemotaxis phenomena in regions with different substrate properties.

The aim of this paper is the proof of the global existence and uniqueness of weak
solutions to transmission problem (1.1), under suitable general assumptions on Fi,
Gi, ϕi and ψi.

In [12], in the case of one domain, we showed that assuming a priori L∞ bounds
for solutions, allows the control of the growth in time of the Sobolev norms, so
proving global existence estimates. Here we follows the same approach, however,
due to nonlinear conditions at the interface, we use different techniques.

The paper is organized as follows. In the next section we prove a priori estimates
for the problem in one domain, following the ideas of [16], but with some nontrivial
changes due to the nonlinearity of the interface conditions, which is the main con-
cern of this paper. In Section 3 we extend these estimates to the problem in two
domains and, by compactness thecniques, we obtain the local existence result for
solutions related to smooth data. Section 4 is devoted to the global existence result
and to a stability result which is the key to prove uniqueness of solutions and so
existence in the case of more general initial data, satisfying the assumptions intro-
duced below. Finally, in the last section, we present two specific reaction-diffusion
systems, modeling respectively sulphation and chemotactic phenomena, with par-
ticular nonlinear conditions at interface, derived from the Kedem-Katchalsky equa-
tions [15] and we show that our results provide global existence and uniqueness of
solutions for these models.

Assumptions

The main assumptions of this paper is the availability of a priori L∞ bounds for
the solutions; more precisely we assume that

(LIB) for all T > 0, it is possible to determine some positive quantities, ST∞, CT∞,
RT∞, BT∞, depending on the initial data, such that

0 ≤ s(x, t) ≤ ST∞ , 0 ≤ c(x, t) ≤ CT∞ a.e. in Ω1 × (0, T )

0 ≤ r(x, t) ≤ RT∞ , 0 ≤ b(x, t) ≤ BT∞ a.e.in Ω2 × (0, T ).

Next we write in detail the assumptions to be verified by the data and by the
functions ϕi, Fi, Gi, ψi, i = 1, 2.

Let P = 3 if N = 3, P > 2 if N = 2, P = 2 if N = 1. The data c0, b0, s0, r0 are
nonnegative functions such that

(1.4)
s0 ∈ W 2,P

2 (Ω1) ∩ L∞(Ω1) , c0 ∈W 1,P+2(Ω1) ∩ L∞(Ω1) ,

r0 ∈W 2,P
2 (Ω2) ∩ L∞(Ω2) , b0 ∈W 1,P+2(Ω2) ∩ L∞(Ω2) .

Moreover we assume that:

a) Gi, Fi, i = 1, 2, are continuous functions defined over (R+)2 with their

first and second derivatives defined over (R+)2 and bounded over bounded

intervals I ⊂ (R+)2;
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b) the functions ϕi, ϕ
′
i, ϕ

′′
i , i = 1, 2, are defined over (R+)2 and bounded over

bounded intervals I ⊂ R+;
c) for all T > 0 there exists ϕTm > 0 such that ϕ1(c), ϕ2(b) > ϕTm for c ∈ [0, CT∞]

and b ∈ [0, BT∞].

We remark that, verifying the following conditions often turns out to be simpler
than verifying asumption (LIB) (see Section 5):

i) for 0 ≤ s ≤ ST∞ the solutions of the second equation in (1.1) satisfy the
bounds 0 ≤ c ≤ CT∞ ;

ii) for 0 ≤ r ≤ RT∞ and 0 ≤ c ≤ CT∞ the solutions of the first equation in (1.1)
satisfy the bounds 0 ≤ s ≤ ST∞ ;

iii) for 0 ≤ r ≤ RT∞ the solutions of the fourth equation in (1.1) satisfy the
bounds 0 ≤ b ≤ BT∞ ;

iv) for 0 ≤ s ≤ ST∞ and 0 ≤ b ≤ CT∞ the solutions of the third equation in (1.1)
satisfy the bounds 0 ≤ r ≤ RT∞ .

In the following of the paper, it turns out to be clear that the above four condi-
tions are equivalent to condition (LIB).

Finally we introduce the definition of weak solution to problem (1.1)-(1.4). Let
QTi := Ωi × (0, T ), i = 1, 2.

Definition 1.1. A set of functions (s, c, r, b) is a weak solution to system (1.1)–
(1.4) in Ω × [0, T ] if

a)

s ∈ C([0, T ];L2(Ω1)) ∩ L2((0, T );H1(Ω1)) ∩ L∞
loc(Q

T
1 ),

r ∈ C([0, T ];L2(Ω2)) ∩ L2((0, T );H1(Ω2)) ∩ L∞
loc(Q

T
2 );

b) for all γ ∈ C1
0 (Ωi× [0, T )), for (u, g, v, i) respectively equal to (s, c, r, 1) and

to (r, b, s, 2), the following equality holds
∫

QT
i

(ϕi(g)uγt − ϕi(g)∇u∇γ + Fi(u, g)γ) dx dt

+

∫

Ωi

ϕ(g0(x))u0(x)γ(x, 0) dx+

∫ T

0

∫

Γ

ϕi(g)ψi(u, v)γdσdt = 0 ;

c)

c ∈ C([0, T ];L2(Ω1)) ∩ L2((0, T );H1(Ω1)) ∩ L∞
loc(Q

T
1 ),

b ∈ C([0, T ];L2(Ω2)) ∩ L2((0, T );H1(Ω2)) ∩ L∞
loc(Q

T
2 ) ;

d) for (g, u, i) respectively equal to (c, s, 1) and to (b, r, 2), the following equality
holds

g(x, t) = g0(x) +

∫ t

0

Gi(u(x, τ), g(x, τ))dτ ,

for a.e. x ∈ Ωi and all t ∈ [0, T ].

2. A priori estimates in one domain

The proofs of the main results of this paper involve the study of the problem
described below, in a single domain, which is reviewed and sligthly extended in the
present section.

Let Ω be a bounded open C2 subset of R
N and let QT := Ω × (0, T ).

In this section we are interested in the proof of some a priori estimates for the
solutions u, g of the following problems:
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A) the ordinary differential problem

(2.1)







∂tg = G(f, g) (x, t) ∈ QT ,

g(x, 0) = g0(x) x ∈ Ω ;

B) the semilinear parabolic problem

(2.2)







































ϕ(g)∂tu = ∇(ϕ(g)∇u) + F (u, g) − uϕ′(g)G(u, g), (x, t) ∈ QT ,

u(x, 0) = u0(x) ≥ 0 , x ∈ Ω ,

∂u
∂n

= ψ(u(x, t), v(x, t), g(x, t)) , (x, t) ∈ Γ1 × (0, T ) ,

∂u
∂n

= 0 , (x, t) ∈ Γ2 × (0, T ) ,

where ∂Ω = Γ1 ∪ Γ2.
Our first step is to prove some a priori estimates for the solution of (2.1).
We introduce the following set of functions

W q(Ω, T ) = C([0, T ];W 2,q(Ω)) ∩ C1([0, T ];Lq(Ω))

∩L1((0, T );W 2,q+1(Ω)) ∩W 1,1((0, T );Lq+1(Ω)) ;

we remark thatW q(Ω, T )∩L∞(QT ) ⊂ C([0, T ];W 1,2q(Ω))∩L1((0, T );W 1,2(q+1)(Ω)).
We shall work in such space since, for q large enough, it ensures the smoothness
of the coefficients in the equations for s and r, which is necessary to perform the
computations which follow.

Finally, let f, v ∈ WP (Ω, T ) ∩ L∞(QT ), g0 ∈ W 2,P+1(Ω) and u0 ∈ W 2,P (Ω)
be some fixed nonnegative functions and let F,G, ψ, ϕ be functions verifying the
assumptions a)-c) in the Introduction; moreover we assum condition (LIB) .

The proof of the following proposition can be found in [11].

Proposition 2.1. Let T > 0 and let g be the solution of (2.1) in Ω× [0, T ]. Then
for all t ∈ [0, T ], for all p such that 1 < p ≤ P , for j, i = 1, ..., N , we have

(2.3) ‖gxj
‖p
Lp(Ω) ≤

(

‖g0xj
‖p
Lp(Ω) +

∫ t

0

∫

Ω

|Gf ||fxj
|p
)

eA1pt ,

(2.4)

‖gxixj
‖p
Lp(Ω) ≤

(

‖g0xixj
‖p
Lp(Ω)+

∫ t

0

∫

Ω

B2p

(

|fxi
|2p + |fxj

|2p + |gxi
|2p + |gxj

|2p + |fxixj
|p
)

dxdt

)

eA2pt ,

where
A1p = p‖Gc̃‖∞ + (p− 1)‖Gf‖∞ ,

A2p = p‖Gc̃‖∞ + (p− 1) (‖Gf‖∞ + 2(‖Gff‖∞ + ‖Ggg‖∞ + ‖Gfg‖∞ + ‖Ggf‖∞)) ,

B2p = ‖Gf‖∞ + ‖Gff‖∞ + ‖Ggg‖∞ + ‖Gfg‖∞ + ‖Ggf‖∞ .

Lemma 2.1. Let T > 0 and let (u, g) be the solution of (2.1)-(2.2) in QT . Then
(2.5)
∫

Ω

ϕ(g(T ))u2(T ) dx+ 2

∫

QT

ϕ(g)|∇u|2 dx dt =

∫

Ω

ϕ(g0)u
2
0 dx

+2

∫ T

0

∫

Γ1

ϕ(g)uψ(u, v, g) dx dt+

∫

QT

u((ϕ′(g)G(f, g) − 2G(u, g))u+ 2F (u, g)) dx dt .

Proof. The claim follows immediately by multiplying by u the equation in (2.2). �
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The previous proposition and the results in [16] imply that problem (2.2) has
a solution u ∈ C([0, T ];L2(Ω)) ∩ L2((0, T );H1(Ω)). Moreover, if the data are
smooth enough and satisfy standard compatibility conditions on the set {(x, t) :

x ∈ ∂Ω , t = 0}, u is a classical solution belonging to the space C2+α,1+ α
2 (QT ).

Now, we are going to prove that, if f, v ∈WP (Ω, T ) then u ∈WP (Ω, T ). All the
computations in the proofs of the following results are made for classical solutions
and then, by density arguments on the data, extended to solutions in WP (Ω, T ).
Notice that in the following estimates we are going to stress the dependence of all
the constants on the data of the problem. The proofs follow the ideas in [16] (cap.
5, par.7); anyway some changes are needed, due to the dependence of function
ψ on v, to avoid the assumption of boundedness in L∞−norm of the quantities
ψx, ψt, ψux, ψut and smoothness of solutions.

First we obtain the estimate for ∇u in L2(QT ). For all sufficiently smooth
functions η(x, t) we have

∫

Ω

(utη + ∇u · ∇η + aη) dx+

∫

Γ1

ψ(u, v, g)ηdx = 0 ,

where

a(x, t, u,∇u) := − 1

ϕ(g)
(ϕ′(g)∇g · ∇u +H) ,

H := F (u, g) − ϕ′(g)G(f, g)u .

Let Γ′ some small part of the boundary Γ1; without loss of generality one can
assume that Γ′ lies in the plane xn = 0 and Ω is in the halfspace xn ≤ 0. For
functions η which vanish on ∂Ω \ Γ′, the surface integral in the previous equality
can be rewritten as a volume integral (see [16] cap. 5, section 7) to obtain

(2.6)

∫

Ω

[utη + ∇u · ∇η + (a+ ψuuxn
+ ψvvxn

+ ψggxn
) η + ψηxn

]dx = 0 .

We assume that v ≤ V T∞, f ≤ UT∞; let GT∞ and UT∞ be the upper bounds for g
and u derived by the assumption (LIB).

Lemma 2.2. Let T > 0 and let (u, g) be the solution of (2.1)-(2.2) in QT . There
exists a constant K = K(UT∞, ‖ϕ‖C1 , ‖ψ‖C1, ‖G‖∞)such that, for all t ∈ [0, T ]

∫ T

0

∫

Ω

(

u2
t + |∇u|4 + |∆u|2

)

dxdt +

∫

Ω

|∇u(t)|2dx ≤ K

(

1 +

∫

Ω

|∇u0|2dx

+

∫ t

0

∫

Ω

|∇u|2dxdt+

∫ t

0

∫

Ω

(

|∇g|4 + |∇g|2 +H2 + |∇v|2 + v2
t + 1

)

dxdt

)

.

Proof. Let Γ′ be a small part of ∂Ω and let z be a function vanishing on ∂Ω \ Γ′.
We set η = utz

2 in (2.6), and we obtain
∫ t

0

∫

Ω

u2
tz

2dxdt+
1

2

∫

Ω

(

|∇u|2 + 2ψuxn

)

z2dx









t

0

=

∫ t

0

∫

Ω

|∇u|2zztdxdt+

∫ t

0

∫

Ω

[

−2utz∇u · ∇z − (a+ ψvvxn
+ ψggxn

)utz
2

+uxn

(

ψvvtz
2 + ψggtz

2 + 2ψzzt
)

− 2ψutzzxn

]

dxdt .

By using Young inequality and the assumptions on ψ we deduce the following
estimate

∫ t

0

∫

Ω

u2
t z

2dxdt +

∫

Ω

|∇u(t)|2z2dx ≤ C

∫

Ω

[

(∇u2
0 + 1)z2(x, 0) + z2(x, t)

]

dx

+Cz

(

1 +
1

ǫ

)
∫ t

0

∫

Ω

|∇u|2dxdt+ ǫC

∫ t

0

∫

Ω

u2
tz

2dxdt+ ǫC

∫ t

0

∫

Ω

|∇u|4z2dxdt
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+C

∫ t

0

∫

Ω

(

1

ǫ3
|∇g|4 +

1

ǫ
|∇g|2 +H2 + 1

)

z2dxdt

+C

∫ t

0

∫

Ω

(

1

ǫ
v2
xn

+ v2
t

)

z2dxdt+ C

∫ t

0

∫

Ω

(

z2
t + |∇z|2

)

dxdt ,

where ǫ is a small positive number and C is a constant depending on ‖ψ‖C1 , ‖G‖∞
and Cz is a constant depending also on ‖z‖C1.

Standard arguments give
∫ t

0

∫

Ω

u2
tdxdt+

∫

Ω

|∇u(t)|2dx ≤ C1

∫

Ω

∇u2
0dx + C1z

(2.7) +Cz

(

1 +
1

ǫ

)
∫ t

0

∫

Ω

|∇u|2dxdt + ǫC1

∫ t

0

∫

Ω

u2
tdxdt+ ǫC1

∫ t

0

∫

Ω

|∇u|4dxdt

+C1

∫ t

0

∫

Ω

(

1

ǫ3
|∇g|4 +H2 +

1

ǫ

(

|∇v|2 + |∇g|2
)

+ v2
t + 1

)

dxdt ,

where C1z depens on t and Ω.

Now we use the following bound for

∫

Ω

|∇u|4dxdt, coming from Gagliardo-

Nirenberg inequalities,

(2.8)

∫

Ω

|∇u|4dx ≤ Cψ‖u‖2
L∞(Ω)

(

‖∆u‖2
L2(Ω) + ‖u‖2

W 1,2(Ω)

)

,

where Cψ depends on ‖ψ‖C1 .
By using the equation for u and the above inequality we have

(2.9)

∫

Ω

|∆u|2 dx ≤ C2

(
∫

Ω

(

|ut|2 + |∇g|4 +H2
)

dx + Cψ(UT∞)2‖u‖2
W 1,2(Ω)

)

,

where C2 depends on ϕ. Now, using again (2.8), we can obtain the desidered
estimate

(2.10)

∫

Ω

|∇u|4dx ≤ C3

∫

Ω

(

|ut|2 + |∇c|4 + u2 + |∇u|2 +H2
)

dx ,

where C3 depends on C2, Cψ , U
T
∞.

Now the estimates (2.9) and (2.10), together with (2.7), prove the claim. �

Lemma 2.3. Let T > 0 and let (u, g) be the solution of (2.1)-(2.2) in QT . For
p ≥ 2 and for suitable small ǫ , for all t ∈ [0, T ],
∫

Ω

(

|ut(t)|p + |∇u(t)|2p
)

dx+

∫ t

0

∫

Ω

|ut|p−2|∇ut|2dxdt +

∫ t

0

∫

Ω

|∇u|2(p+1)dxdt

+

∫ t

0

∫

Ω

|∆u|p+1 dxdt+

∫ t

0

∫

Ω

|ut|p+1dxdt

≤ C6

(

|Ω|t+

∫

Ω

(

|∆u0|p + |∇g0|2p + |∇u0|2p + 1
)

dx

+

∫ t

0

∫

Ω

(

|∇g|2(p+1) + |∇g|p+1 + |∇v|p+1 + |ut|p + |∇u|p+1 + |∇f |p+1
)

dxdt

+

∫ t

0

∫

Ω

(

|∇vt|
p+1
2 +

1

ǫ
|vt|

2(p+1)
3 + ǫ|∇v|2(p+1)

)

dxdt

)

.

where C6 depends on the quantity K in the previous lemma, on UT∞, GT∞ and the
range of the values assumed by the functions F,G, ϕ, ψ and their derivatives.
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Proof. Let Γ′ be a small part of ∂Ω and z be a function vanishing on ∂Ω \ Γ′.
We derive with respect to t the equation for u, then we multiply it by |ut|p−2utz

2

and we make an integration by parts; the same procedure used in the proof of the
previous lemma allows to rewrite the surface integral in a volume integral and to
obtain
(2.11)

1

p

∫

Ω

|ut|pz2dx









t

0

+

N
∑

i=1

∫ t

0

∫

Ω

(

uxit + (ψuut + ψvvt + ψggt)δ
i
n

) (

(p− 1)|ut|p−2utxi
z2 + |ut|p−2ut2zzxi

)

dxdt

+

∫ t

0

∫

Ω

(

at + auut +

N
∑

i=1

auxi
utxi

+ ψuuutuxn

)

|ut|p−2utz
2dxdt

+

∫ t

0

∫

Ω

(ψuv(vxn
ut + vtuxn

) + ψug(gxn
ut + gtuxn

)) |ut|p−2utz
2dxdt

+

∫ t

0

∫

Ω

(ψvvvtvxn
+ ψvgvtgxn

+ ψvvtxn
) |ut|p−2utz

2dxdt

+

∫ t

0

∫

Ω

(ψgggtgxn
+ ψgvgtvxn

+ ψggtxn
) |ut|p−2utz

2dxdt = 0 .

Taking into account that |at| ≤ C(|∇u|(|∇f | + |∇g|) + 1) , where C depends on
UT∞, GT∞ and on the range of the values assumed by the functions F,G, ϕ, ψ, and
using repeatedly the Young inequality we have the following inequality, for p ≥ 2
and ǫ < 1,
(2.12)
∫

Ω

|ut|pz2dx|t0 +

∫ t

0

∫

Ω

|ut|p−2|∇ut|2z2dxdt

≤ C1

(
∫ t

0

∫

Ω

|ut|p
(

|∇z|2 + z2
(

1 + |∇g|2 + |∇u| + |∇v| + ǫ|∇v|2 + ǫ|∇u|2
))

dxdt

+

∫ t

0

∫

Ω

|ut|p−1z2
(

1 + |∇g|2 + |∇u|2 + |∇f |2 + |∇vt|
)

dxdt

+

(

1 +
1

ǫ

)
∫ t

0

∫

Ω

|ut|p−2(|vt|2 + 1)z2dxdt

)

,

where C1 depends on UT∞, GT∞ and on the range of the values assumed by the
functions F,G, ϕ, ψ; by using again the Young inequality we obtain

(2.13)

∫

Ω

|ut(t)|pz(t)2dx








t

0

+

∫ t

0

∫

Ω

|ut|p−2|∇ut|2z2dxdt ≤ I1
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where

I1 := C2

(

(σ + ǫ)

∫ t

0

∫

Ω

|ut|p+1z2dxdt

+

∫ t

0

∫

Ω

(

|ut|p−1 +
|ut|p−2

ǫ

)

z2dxdt+

∫ t

0

∫

Ω

|ut|p
(

|∇z|2 + z2
)

dxdt

+Cσ

∫ t

0

∫

Ω

(

|∇g|p+1 + |∇u|p+1 + |∇f |p+1 + |∇v|p+1 + |∇g|2(p+1)
)

z2dxdt

+

(

1 +
1

ǫ

)

Cσ

∫ t

0

∫

Ω

|vt|
2(p+1)

3 z2dxdt+ Cσ

∫ t

0

∫

Ω

|∇vt|
p+1
2 z2dxdt

ǫ

∫ t

0

∫

Ω

(|∇u|2(p+1) + |∇v|2(p+1))z2dxdt

)

;

here Cσ increases to infinity when σ goes to zero and C2 depends on UT∞, GT∞ and
on the range of the values assumed by the functions F,G, ϕ, ψ.

Now, setting η = |ut|p−1utz
2 in (2.6) we have the further estimate, for ν < 1,

∫ t

0

∫

Ω

|ut|p+1z2dxdt ≤ C3

(

Cν

∫ t

0

∫

Ω

|ut|p−2|∇ut|2z2dxdt

+

∫ t

0

∫

Ω

|ut|p
(

ν|∇u|2 + Cν |∇g|2 + |∇v| + 1
)

z2dxdt+ Cν

∫ t

0

∫

Ω

|ut|p|∇z|2dxdt
)

,

where Cν increases to infinity when ν goes to zero and C3 depends on UT∞, G
T
∞ and

on the range of the values assumed by the functions F,G, ϕ, ψ and their derivatives;
it follows that

(1 − ν)

∫ t

0

∫

Ω

|ut|p+1z2dxdt ≤ C4Cν

∫ t

0

∫

Ω

|ut|p−2|∇ut|2z2dxdt+ I2

where

I2 = C4

(
∫ t

0

∫

Ω

(

Cν(|∇g|2(p+1) + |∇v|p+1) + ν|∇u|2(p+1)
)

z2dxdt

+

∫ t

0

∫

Ω

|ut|p
(

z2 + Cν |∇z|2
)

dxdt

)

and C4 depends on UT∞, GT∞ and on the range of the values assumed by the functions
F,G, ϕ, ψ and their derivatives. Thanks to (2.13) we have

(2.14) (1 − ν)

∫ t

0

∫

Ω

|ut|p+1z2dxdt ≤ C4CνI1 + I2

Putting together the estimates (2.13) and (2.14) we obtain, for suitable small
parameters ǫ, σ, ν
∫

Ω

|ut(t)|pdx+
∫ t

0

∫

Ω

|ut|p−2|∇ut|2dxdt+(1 − ν − C2(1 + C4Cν)(σ + ǫ))

∫ t

0

∫

Ω

|ut|p+1dxdt

≤
∫

Ω

|u0t|pdx+ C4

(
∫ t

0

∫

Ω

(

Cν

(

|∇g|2(p+1) + |∇v|p+1
)

+ ν|∇u|2(p+1)
)

dxdt

+Cν

∫ t

0

∫

Ω

(

|ut|p + |ut|p−1 +
|ut|p−2

ǫ

)

dxdt

+CνCσ

∫ t

0

∫

Ω

(

|∇g|p+1 + |∇u|p+1 + |∇f |p+1 + |∇v|p+1 + |∇g|2(p+1) + |∇vt|
p+1
2

)

dxdt
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+Cν

(

Cσ

ǫ

∫ t

0

∫

Ω

|vt|
2(p+1)

3 dxdt+ ǫ

∫ t

0

∫

Ω

(|∇u|2(p+1) + |∇v|2(p+1))dxdt

))

,

where Cν , Cσ increase to infinity when ν, σ go to zero.
To treat the term |∇u|2(p+1) we use the same technique used at the end of the

proof of Lemma 2.2 and similarly to (2.9) and (2.10) we obtain, for q ≥ 1

(2.15)

∫

Ω

|∆u|q dx

≤ C6

(
∫

Ω

(

|ut|q + |∇g|2q +Hq
)

dxdt+ Cψ‖u‖qL∞(Ω)‖u‖
q

W 1,q(Ω)dt

)

and

(2.16)

∫

Ω

|∇u|2qdx ≤ C7

∫

Ω

(

|ut|q + |∇g|2q + ‖u‖q
W 1,q(Ω) +Hq

)

dxdt ,

where the constants C6 and C7 depend on UT∞, GT∞ and on the range of the values
assumed by the functions ϕ, ψ and their derivatives.

Taking into account the above estimates, for a suitable choice of small ν, σ and
ǫ, we obtain the claim.

�

Starting from the result in Lemma 2.1, by using Lemmas 2.2, 2.3, interpolation
results in Lp spaces and taking into account the results in Proposition 2.1, we can
write, for 2 ≤ p ≤ 3,
(2.17)

sup
[0,T ]

∫

Ω

(

|ut|p + |∇u|2p
)

dx+

∫ T

0

∫

Ω

|ut|p−2|∇ut|2dxdt+

∫ T

0

∫

Ω

|∇u|2(p+1)dxdt

+

∫ T

0

∫

Ω

|∆u|p+1 dxdt+

∫ T

0

∫

Ω

|ut|p+1dxdt

≤ C8

(
∫

Ω

(

|∆u0|p + |∇g0|2p + T |∇g0|p+1 + T |∇g0|2(p+1) + |∇u0|2p + 1
)

dx

+1 +

∫ T

0

∫

Ω

(

T |∇f |2(p+1) + |∇v|p+1 + |ut|p + (1 + T )|∇f |p+1
)

dxdt

+

∫ T

0

∫

Ω

(

|∇vt|
p+1
2 +

1

ǫ
|vt|

2(p+1)
3 + |∇v|2(p+1)

)

dxdt

)

,

where C8 depends on the L∞ norm of the data, UT∞, GT∞, the range of the values
assumed by F , G, ψ, ϕ and their derivatives, T and Ω, increases with T and it is
strictly positive for T = 0.

3. Local existence in two domains

Let Ω := Ω1∪Ω2 and T > 0. Let Φi, i = 1, 2, be the maps which associate to the
pair (v1, v2) ∈ (WP (Ω, T ))2 the pairs (ui, gi)) ∈ (WP (Ωi, T ))2, i = 1, 2, solutions
to the problems
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(3.1)






ϕi(gi)∂tui = div(ϕi(gi)∇ui) + Fi(ui, gi) − uiϕ
′
i(gi)Gi(ui, gi), (x, t) ∈ Ωi × (0, T ),

∂tgi = Gi(vi, gi) , (x, t) ∈ Ωi × (0, T ),

complemented with the initial conditions

(3.2)

g1(x, 0) = c0(x) ≥ 0 , u1(x, 0) = s0(x) ≥ 0, x ∈ Ω1 ,

g2(x, 0) = b0(x) ≥ 0 , u2(x, 0) = r0(x) ≥ 0, x ∈ Ω2

and the boundary conditions, for i = 1, 2,

(3.3)

∂ui

∂ni
= ψi(ui(x, t), vi(x, t), gi(x, t)) , (x, t) ∈ Γ × (0, T )

∂ui

∂ni
= 0 , (x, t) ∈ ∂Ωi \ Γ × (0, T ) ,

where the initial data s0, r0 belong respectively to the spacesW 2,P (Ω1) andW 2,P (Ω2)
and c0, b0 to the spacesW 2,P+1(Ω1) andW 2,P+1(Ω2); in order to build sequences by
means of the maps Φi, we need to extend the functions ui, gi to functions belonging
to WP (Ω, T ), still denoted ui, gi.

Let us define the quantities

‖u‖Ω,T
m = sup

[0,T ]

∫

Ω

|ut|mdx+ sup
[0,T ]

∫

Ω

|∇u|2mdx+

∫ T

0

∫

Ω

(|ut|m+1 + |∇u|2(m+1))dxdt

|||u|||Ω,Tm = ‖u‖Ω,T
m +

∫ T

0

∫

Ω

|∇ut|2dxdt .

The inequality (2.17), for small T , gives
(3.4)

|||u|||2 ≤ KT

(

I0(2) + 1 +

(

T + ǫ+
T

ǫ

)

(‖v‖2 + ‖f‖2) + ǫ

∫ T

0

∫

Ω

|∇vt|2dxdt+
|Ω|T
ǫ

)

≤ KT

(

I0(2) + 1 +

(

T + ǫ+
T

ǫ

)

(|||v|||2 + ‖f‖2) +
|Ω|T
ǫ

)

,

where

I0(p) :=

∫

Ω

(

|∆u0|p + |∇g0|2p + |∇u0|2p + T |∇g0|p+1 + T |∇g0|2(p+1) + 1
)

dx ;

moreover
(3.5)

‖u‖3 ≤ KT

(

I0(3) + 1 +

(

T + ǫ+
T

ǫ

)

(‖v‖3 + ‖f‖3) +

∫ T

0

∫

Ω

|∇vt|2dxdt
)

.

We omitted the superscripts Ω, T for simplicity of notations. Here KT depends on
the L∞ norm of the data, UT∞, GT∞ (see Section 2), the range of the values assumed
by F , G, ψ, ϕ and their derivatives, T and Ω, increases with T and it is strictly
positive for T = 0. We remark that the choice of small T in the above inequalities
depends on the the quantity C8 at the end of the previous section, i.e. on the L∞

norm of the data, UT∞, GT∞, the range of the values assumed by F , G, ψ, ϕ and
their derivatives, T and Ω.

Starting from the pair (s1, r1) ∈ (WP (Ω, T ))2 , with 0 ≤ s1 ≤ ST∞ and 0 ≤ r1 ≤
RT∞, we define the sequences {sn}, {cn}, {rn}, {bn} ⊂WP (Ω, T ) by recurrency

(sn+1, cn+1) = Φ1(s
n, rn)
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(rn+1, bn+1) = Φ2(r
n, sn+1) .

We are going to prove uniform estimates for such sequences, based on the a priori
estimates (3.4) and(3.5).

Thanks to the assumptions, the uniform boundedness in L∞ norm is ensured,
i.e., for t < T ,

0 ≤ sn ≤ ST∞ , 0 ≤ rn ≤ RT∞ , 0 ≤ cn ≤ CT∞ , 0 ≤ bn ≤ BT∞ ;

next, we remark that the estimate in Lemma 2.1 depends on f and g only through
the quantities ‖f‖L∞(QT ), ‖g‖L∞(QT ); hence we can write, for all n ∈ N,

(3.6) ‖∇sn‖L2(QT ), ‖∇rn‖L2(QT ) ≤ DT

where DT is a positive constant determined by the L∞ norm of the data, ST∞, CT∞,
RT∞, BT∞, Ω and T , non decreasing with T , independent on n.

Then, after setting ǫ =
√
T and

J0(p) :=

∫

Ω

(

|∆s0|p + |∆r0|p + |∇c0|2p + |∇s0|2p + T |∇c0|p+1

+T |∇c0|2(p+1) + |∇b0|2p + |∇r0|2p + T |∇b0|p+1 + T |∇b0|2(p+1) + 1
)

dx ,

inequalities (3.4) and (3.5) give
(3.7)

‖sn+1‖3 ≤ KT
1

(

J0(3) + 1 +
(

T +
√
T
)

(‖rn‖3 + ‖sn‖3) +

∫ T

0

∫

Ω

|∇rnt |2dxdt
)

,

(3.8)

∫ T

0

∫

Ω

|∇sn+1
t |2dxdt ≤ KT

1

(

J0(2) +
(

T +
√
T
)

(|‖rn‖|2 + ‖sn‖2) + 1
)

and the corresponding estimates for the sequence rn; it follows that, for n ≥ 2,

(3.9)

|||sn+1|||Ω,T3 + |||rn+1|||Ω,T3 ≤ KT
2 (J0(3) + 1

+
(

T +
√
T
)(

|||rn|||Ω,T3 + |||rn−1|||Ω,T2 + |‖sn|||Ω,T3 + |||sn−1|||Ω,T2

))

where KT
1 ,K

T
2 depend on the L∞ norm of the data, ST∞, CT∞, RT∞, BT∞, the range

of the values assumed by Fi, Gi, ψ, ϕi, i = 1, 2 and their derivatives, T and Ω,
increases with T and it is strictly positive for T = 0.

Let s1, r1 ∈ (WP (Ω, T ))2 and let Σ > 0 be large such that

J0(3), |||s1|||Ω,T3 , |||r1|||Ω,T3 , |||s2|||Ω,T3 , |||r2|||Ω,T3 < Σ ;

since

||| · |||2 ≤ ||| · |||3 +D(Ω, T ) ,

where D(Ω, T ) is a quantity depending only on Ω and on T , increasing with T ,
now, it is easy to show that, for suitable small T , the following uniform estimate
holds for the sequences sn, rn, for n ≥ 3,

(3.10) |||sn|||Ω,T3 + |||rn|||Ω,T3 ≤ KT
3 (Σ + 1) .

Now, by compactness techniques, we are able to prove the following existence the-
orem, in the case of initial data s0, r0 belonging respectivelyto the spaces W 2,P (Ω1)
and W 2,P (Ω2) and c0, b0 belonging respecyively to the spaces W 2,P+1(Ω1) and
W 2,P+1(Ω2).
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Theorem 3.1. Let assumptions a)-c) and (LIB) of Section 1 be satisfied and let
s0 ∈ W 2,P (Ω1) , r0 ∈ W 2,P (Ω2) c0 ∈ W 2,P+1(Ω1), b0 ∈ W 2,P+1(Ω2). Then,
there exists a local weak solution (s, r, c, b) to problem (1.1)-(1.4) in Ω× (0, T ), for
suitable small T ; moreover s, r ∈ (C([0, T ];W 2,P (Ω1)) ∩ C1([0, T ];LP (Ω1))) and
c, b ∈ (C([0, T ];W 2,P (Ω2)) ∩ C1([0, T ];LP (Ω2))).

Proof. Taking into account that inequalities like (2.15) hold for the functions sn and
rn, thanks to inequality (3.10) we know that the sequences {sn}, {rn}, {cn}, {bn}
are uniformly bounded in the space C([0, T ];W 2,P (Ω))∩C1([0, T ];LP (Ω)), for suit-
able small T ; then, for such T , some subsequences of {sn}, {rn}, {cn}, {bn} converge
weakly∗ in the space C([0, T ];W 2,P (Ω)) ∩ C1([0, T ];LP (Ω)) to limit functions, re-
spectively, s, r, c, b ∈ C([0, T ];W 2,P (Ω)) ∩C1([0, T ];LP (Ω)).

For all z ∈ C1
0 (Ω1×[0, T )), the functions of the sequence {sn} satisfy the following

problem
(3.11)

∫

QT
1

ϕ1(c
n)snzt dxdt = −

∫

Ω1

ϕ1(c0)s0z(x, 0) dx+

∫

QT
1

ϕ1(c
n)∇sn∇z dxdt

−
∫ T

0

∫

Γ

ϕ1(c
n)ψ1(s

n, rn)zdσdt

−
∫

QT
1

(

F1(s
n, cn) − ϕ′

1(c
n)(G1(s

n, cn) −G1(s
n−1, cn)sn

)

z dxdt

and the functions of the sequence {cn} can be written

(3.12) cn(x, t) = c0(x) +

∫ t

0

G1(s
n−1(x, τ), cn(x, τ))dτ ;

similar equalities can be written for rn and bn.
Since the sequences sn, rn, cn, bn are relatively compact in L2(QT1 ) and ∇sn,∇rn

are bounded in the same space, we can pass to the limit for n → ∞ , along
subsequences, and show that the set (s, c, r, b) is a local weak solution of problem
(1.1)-(1.4). �

4. Global existence of weak solutions, stability and uniqueness

In this section, for simplicity of notations, we consider the functions s, r, c, b,
solutions to problem (1.1)-(1.4), as extended functions over the set Ω.

We first show that the local solution obtained in Section 3 can be extended over
every time interval [0, T ). Then we establish a stability theorem, with respect to the
data, for weak solutions to problem (1.1)-(1.4), belonging to (C([0, T );W 1,P (Ω))).
This result will imply the global existence for solutions (s, r, c, b) ∈ (C([0, T );W 1,P (Ω)))2×
(C([0, T );W 1,P+2(Ω)))2 and the uniqueness.

Theorem 4.1. Let the assumptions a)-c) and (LIB) of Section 1 be satified, let
s0 ∈ W 2,P (Ω1), c0 ∈ W 2,P+1(Ω1), r0 ∈ W 2,P (Ω2), b0 ∈ W 2,P+1(Ω2) and let [0, T )
be the maximal time interval of existence for a weak solution. If T < +∞, then the

quantities |||s|||Ω,TP , |||r|||Ω,TP are bounded.

Proof. It is possible to fix τ > 0 small enough such that (3.9) implies

(4.1) |||s|||Ω,τ3 + |||r|||Ω,τ3 ≤ KT
3 (J0(3) + 1) ,

where KT
3 depends on the L∞ norm of the data, on the a priori bounds ST∞, CT∞,

RT∞, BT∞, on the range of the values assumed by Fi, Gi, ψ, ϕi, i = 1, 2 and by
their derivatives, T and Ω; we remark that the choice of τ small depends on these



NONLINEAR TRANSMISSION PROBLEMS 13

quantities, therefore, in a finite number of time steps of lenght equal to τ , we prove
the claim. �

In particular the above theorem shows that, if [0, T ) is the maximal time interval
of existence for a weak solution and T < +∞ then the C([0, T ];W 2,P (Ω)) norms
of s and r and the C([0, T ];W 2,P+1(Ω)) norms of c and b are bounded. Then we
have the following global existence result.

Theorem 4.2. Let the assumptions a)-c) and (LIB) of Section 1 be satified and let
s0 ∈ W 2,P (Ω1), c0 ∈ W 2,P+1(Ω1), r0 ∈ W 2,P (Ω2), b0 ∈ W 2,P+1(Ω2). Then there
exists a global weak solution to problem (1.1)-(1.4), (s, c, r, b) ∈ (C([0, T ];W 2,P (Ω))∩
C1([0, T ];LP (Ω)))4 for all T > 0.

Now we establish a stability result for solutions to problem (1.1)-(1.4) in the
norm

|f |2 := sup
[0,T ]

‖f(·, x)‖L2(Ω) + ‖∇f‖L2(Ω×(0,T )) .

In the following lemma we claim a stability result for c and b; the proof does not
have any differences from the one in [12], since the nonlinear boundary conditions
have not direct influence on c and b, so it is omitted.

Lemma 4.1. Let the assumptions a)-c) and (LIB) of Section 1 be satified, let
s0 ∈ W 2,P (Ω1), c0 ∈W 2,P+1(Ω1), r0 ∈ W 2,P (Ω2), b0 ∈W 2,P+1(Ω2), let T > 0 and
let (s0, c0, r0, b0), (s

∗
0, c

∗
0, r

∗
0 , b

∗
0) nonnegative data verifying the assumptions (1.4).

If there exist solutions (s, c, r, b), (s∗, c∗, r∗, b∗) ∈ (C([0, T ];W 1,P (Ω)))4 to problem
(1.1), corresponding respectively to initial-boudary data (s0, c0, r0, b0), (s∗0, c

∗
0, r

∗
0 , b

∗
0) ,

then there exists a constant C, depending on the data, Ω1, Ω2, P , T , ST∞, CT∞, RT∞,
BT∞ and the C([0, T ];W 1,P (Ω))- norms of the solutions, such that

|c− c∗|22 ≤ C
(

‖c0 − c∗0‖2
H1(Ω1)

+ T |s− s∗|22
)

,

|b− b∗|22 ≤ C
(

‖b0 − b∗0‖2
H1(Ω2) + T |r − r∗|22

)

.

Theorem 4.3. Let the assumption a)-d) of Section 1 be satisfied, let T > 0
and let (s0, c0, r0, b0), (s

∗
0, c

∗
0, r

∗
0 , b

∗
0) nonnegative data verifying the assumptions

(1.4). If there exist solutions (s, c, r, b), (s∗, c∗, r∗, b∗) ∈ (C([0, T ];W 1,P (Ω)))4 to
problem (1.1), corresponding respectively to initial-boudary data (s0, c0, r0, b0) and
(s∗0, c

∗
0, r

∗
0 , b

∗
0), then there exists a constant K, depending on the data, Ω1, Ω2, P

,T , ST∞, CT∞, RT∞, BT∞ and the C([0, T ];W 1,P (Ω))- norms the solutions, such that

(4.2)

|s− s∗|22 + |r − r∗|22 ≤ K
(

‖s0 − s∗0‖2
L2(Ω1) + ‖r0 − r∗0‖2

L2(Ω2)

+ ‖c0 − c∗0‖2
H1(Ω1) + ‖b0 − b∗0‖H1(Ω2)

)

.

Proof. We consider the equality (2.6) for u = s∗ and for u = s ; setting η =
(s− s∗)z2, ξ = s− s∗, ω = r − r∗, y = c− c∗ and θ = b − b∗, we obtain

(4.3)

∫

QT
1

(

ξtξz
2 + |∇ξ|2z2 + 2zξ∇ξ · ∇z + (A−A∗)ξz2

)

dxdt

∫ T

0

∫

Ω1

(

ψssxn
+ ψrrxn

− ψ∗
s∗s

∗
xn

− ψ∗
r∗r

∗
xn

)

ξz2dxdt

+

∫ T

01

∫

Ω1

(ψ − ψ∗)) (ξxn
z2 + 2ξzzxn

)dxdt = 0 ,
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where ψ = ψ(s, r), ψ∗ = ψ(s∗, r∗) and

A = − 1

ϕ1(c)
(ϕ′

1(c)∇c∇s+ F1(s, c) − ϕ′(c)G1(s, c)s) ,

A∗ = − 1

ϕ1(c∗)
(ϕ′

1(c
∗)∇c∗∇s∗ + F1(s

∗, c∗) − ϕ′(c∗)G1(s
∗, c∗)s∗) .

Then we have
∫

Ω1

ξ2

2
z2









T

01

+

∫

QT
1

|∇ξ|2z2dxdt ≤ C

(

ǫ

∫

QT
1

(|∇ξ|2 + |∇ω|2)z2dxdt

+

∫

QT
1

(

(1 +
1

ǫ
)|∇c|2ξ2 +

|∇y|2
σ

+ σ|∇s∗|2ξ2 + |∇s∗|2y2

)

z2dxdt

+

∫

QT
1

((

1 +
1

ǫ

)

(|ξ|2 + |ω|2) + (|∇s∗| + |∇r∗|)(ξ2 + ω2)

)

z2dxdt

∫

QT
1

(

(ξ2 + ω2)zzxn
+ ξ2zzt +

1

ǫ
ξ2z2

xn

)

dxdt

)

where C = C(‖ϕ‖C2 , ‖ψ‖C2). A similar inequality con be obtained for ω; so we can
write
∫

Ω

ξ2 + ω2

2
z2









T

0

+

∫

QT

(

|∇ξ|2 + |∇ω|2
)

z2dxdt ≤ C

(

ǫ

∫

QT

(|∇ξ|2 + |∇ω|2)z2dxdt

+

∫

QT

(

(1 +
1

ǫ
)|∇c|2ξ2 +

|∇y|2
σ

+ |∇s∗|2ξ2 + |∇s∗|2y2

)

z2dxdt

+

∫

QT

(

(1 +
1

ǫ
)|∇b|2ω2 +

|∇θ|2
σ

+ σ|∇r∗|2ω2 + |∇r∗|2θ2
)

z2dxdt

+

∫

QT

((

1 +
1

ǫ

)

(|ξ|2 + |ω|2) + (|∇s∗| + |∇r∗|)(ξ2 + ω2)

)

z2dxdt

∫

QT

(

(ξ2 + ω2)zzxn
+ (ξ2 + ω2)zzt +

1

ǫ
(ξ2 + ω2)z2

xn

)

dxdt

)

.

By classical methods, for small ǫ, we obtain
(4.4)
∫

Ω

(ξ2(T ) + ω2(T ))dx+

∫

QT

(

|∇ξ|2 + |∇ω|2
)

dxdt ≤ C1

(
∫

Ω1

ξ20dx+

∫

Ω2

ω2
0dx

+

∫

QT

(

σ|∇s∗|2ξ2 + |∇c|2ξ2 + |∇s∗|2y2 + |∇b|2ω2 + σ|∇r∗|2ω2 + |∇r∗|2θ2
)

dxdt

+

∫

QT

(|∇s∗| + |∇r∗|)(ξ2 + ω2)dxdt +

∫

QT

(|ξ|2 + |ω|2 +
|∇y|2
σ

+
|∇θ|2
σ

)dxdt

)

where C1 depends also on ‖zi‖C1 and Ω1, Ω2.
Now we treat the first term in the second integral on the right hand side in the

following manner
∫ t

0

∫

Ω

|∇s∗|2|ξ|2dx dτ ≤ ‖∇s∗‖2

L
2p

p−1
,

2q
q−1 (QT )

‖ξ‖2
L2p,2q(QT )

with
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q = 1, p = P
P−2 when N = 3 (P = 3),

q = P
2 , p = P

P−2 when N = 2 (P > 2),

q = P, p = ∞ when N = 1 (P = 2).

For these choices of the parameters (p, r), we have the following embedding (see
[16])

‖ · ‖2
L2p,2q(QT ) ≤ γ| · |22 , for suitable γ > 0.

This yields

(4.5)

∫ t

0

∫

Ω

|∇s∗|2|ξ|2 ≤ γ‖∇s∗‖2

L
P,

2q
q−1 (QT )

|ξ|22

and, arguing as above, we estimate all the terms in the second and the third integral
in the right hand side of (4.4); using Proposition 2.1 and Lemma 4.1 and setting

σ =
√
T , we have

|ξ|22 + |ω|22 ≤ C3

(
∫

Ω1

|ξ0|2 dx +

∫

Ω2

|ω0|2 dx +
(

T +
√
T
)

(|ξ|22 + |ω|22)

+
(

1 + 1√
T

)(

‖y0‖2
H1(Ω) + ‖θ0‖2

H1(Ω)

))

where C3 depends on the data, P,Ω, ST∞, C
T
∞, R

T
∞, BT∞ and on the C([0, T ];W 1,P (Ω))-

norms of the solutions.
Proceeding over time intervals of width τ , with τ small in such a way that

(τ +
√
τ)C3 ≤ 1

2 , we obtain the claim. �

We recall that we can bound the C([0, T ];W 1,P (Ω))-norms of solutions to prob-

lem (1.1)-(1.4) by means of T,Ω, ST∞, CT∞, R
T
∞, BT∞, the W 2,P

2 (Ω1)-norm of s0, the

W 2,P
2 (Ω2)-norm of r0, the W 1,P+2(Ω1)-norm of c0 and the W 1,P+2(Ω2)-norm of

b0 (see Lemma 2.3). This fact , together with the previous stability result, imply
the main theorem for the existence and uniqueness of weak solutions to problem
(1.1)-(1.4).

Theorem 4.4. Let assumptions a)-c) and (LIB) of Section 1 be satisfied. Then
there exists a unique global weak solution to problem (1.1)-(1.4).

5. Applications to sulphation and chemotaxis

The results obtained in this paper can be applied to several reaction-diffusion
systems proposed as models for chemical and biological processes. In the following
we present two specific examples.

Sulphation phenomena. The following nonlinear system of parabolic equations
describes the evolution of the chemical reaction of sulphur dioxide with the surface
of calcium carbonate stones

(5.1)







∂t(ϕ(c)s) = div(ϕ(c)∇s) − ϕ(c)cs,

∂tc = −ϕ(c)cs,

for (x, t) ∈ Ω × [0, T ] (T > 0,Ω ⊂ R
N ).

Here s stands for the porous concentration of SO2, namely the concentration
taken with respect to the volume of the pores, c for the local density of CaCO3 and
the function ϕ(c) is the porosity. This model has been introduced in [2] to describe
the transformation in time of CaCO3 (calcium carbonate) stones under the chemical
aggression due to the action of SO2 (sulphur dioxide). This reaction converts the
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calcium carbonate on the surface of a stone, in a thin crust of calcium sulphate
(gypsum). Global existence and uniqueness results and analysis of the macroscopic
behavior in time of the crust of calcium sulphate are obtained in [10, 11] in the
case of one space dimension and in [12] in the case of several space dimensions.
The interested reader can look at [2, 1, 3] and the comprehensive book [9] for
more details about the chemical background as well as for other related references.
One of the main features of the model is the fact that the porosity function ϕ is
assumed to depend on the local density of the calcite c, actually as a linear function
ϕ(c) = A+Bc, which is strictly positive on the interval [0, ‖c0‖∞].

Here we consider the transmission problem

(5.2)










































st = ∆s+
ϕ′

1(c)
ϕ1(c)

∇s · ∇c− λ1cs(1 − ϕ′
1(c)s) ,

∂tc = −λ1ϕ1(c)cs ,

x ∈ Ω1 , t > 0 , λ1 > 0 ,

rt = ∆r +
ϕ′

2(b)
ϕ2(b)

∇r · ∇b− λ2br(1 − ϕ′
1(b)r) ,

∂tb = −λ2ϕ2(b)br ,

x ∈ Ω2 , t > 0 λ2 > 0 ,

complemented with the initial and boundary conditions

(5.3)

s(x, 0) = s0(x) , c(x, 0) = c0(x) , x ∈ Ω1

r(x, 0) = r0(x) , b(x, 0) = b0(x) , x ∈ Ω2

ϕ1(c)
∂s
∂n1

= r − s , ϕ2(b)
∂r
∂n2

= s− r , (x, t) ∈ Γ × (0, T )

∂s
∂n1

= 0 (x, t) ∈ ∂Ω1 \ Γ × (0, T ) ,

∂r
∂n2

= 0 (x, t) ∈ ∂Ω2 \ Γ × (0, T ) ,

,

where the initial data are nonnegative functions.
It is easy to see that assumptions a)-c) of Section 2 are satisfied. As regard

to assumption (LIB) we first observe that the right hand sides of the ordinary
differential equations are nonpositive; moreover, c = 0, respectively b = 0, are
subsolutions, for all s, r ≥ 0. So, we immediately obtain the bounds

0 < c ≤ ‖c0‖∞ , 0 ≤ b ≤ ‖b0‖∞.

This means that there are two strictly positive constants ϕm < ϕM , such that

ϕm ≤ ϕ1(c), ϕ2(b) ≤ ϕM , for all c ∈ [0, ‖c0‖∞], b ∈ [0, ‖b0‖∞].

In order to obtain bounds for s and r, we are going to prove the following
proposition. Let Z := max{‖s0‖∞, ‖r0‖∞} and let assume that

(5.4) if some ϕ′
i > 0 then Z < min

{

1

ϕ′
i

for i = 1, 2 such that ϕ′
i > 0

}

Proposition 5.1. Let assume (5.4) and let r, c be smooth functions such that

0 ≤ r(x, t) ≤ Z , 0 ≤ c(x, t) ≤ ‖c0‖∞ ∀(x, t) ∈ Ω × [0, T ] .
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Then the solution s to the problem

(5.5)











































Ls = st − ∆s− ϕ′(c)
ϕ(c) ∇s · ∇c+ λcs(1 − ϕ(c)s) = 0,

ϕ1(c)
∂s
∂n

= ψ(s, r) = r − s (x, t) ∈ Γ × (0, T ) ,

∂s
∂n1

= 0 (x, t) ∈ ∂Ω1 \ Γ × (0, T ) ,

s(x, 0) = s0 ≥ 0,

for smooth inital data, verifies the following bounds

0 ≤ s(x, t) ≤ Z , ∀(x, t) ∈ Ω × [0, T ] .

Proof. It is sufficient to observe that s = 0 is a subsolution and s = Z is a super-
solution, i.e.

Ls ≤ 0 ,

ϕ1(c)
∂s

∂n1
≤ ψ(0, r) in Γ × (0, T ) , ϕ1(c)

∂s

∂n1
≤ 0 in ∂Ω1 \ Γ × (0, T ) ,

s(x, 0) ≤ s0(x) in Ω1

and

Ls ≥ 0 ,

ϕ1(c)
∂s

∂n1
≥ ψ(Z, r) in Γ × (0, T ) , ϕ1(c)

∂s

∂n1
≥ 0 in ∂Ω1 \ Γ × (0, T ) ,

s(x, 0) ≥ s0(x) in Ω1

and to apply comparison theorems. �

The same result, obviously holds for the function r; then assumption (LIB) in
the Introduction is satified by system (5.2).

As a consequence of the above considerations, the results of the present paper
provide global existence and uniqueness result for weak solutions to system (5.2)
when the data satisfy (1.4) and, in the case of some increasing ϕi, under the further
smallness assumption on the data (5.4).

We remark that the result applies also in the case of Dirichlet conditions on
∂Ω1 \Γ and ∂Ω2 \Γ, since Proposition 5.1 holds, provided that Z is larger than the
prescribed data on the boundaries.

Another interesting problem is the system (5.2) where the Neumann conditions
on Γ are substituited by the following ones, coming from the Kedem-Katchalsky
equations applied to biological problems [15, 4],

(5.6) ϕ1(c)
∂s

∂n1
= ψν,µ(s, r) , ϕ2(b)

∂r

∂n2
= −ψν,µ(s, r) ,

(5.7) ψνµ(s, r) = −
(

(1 − µ)(s− r) +
s− r

log s
r

(ν − µ(s− r))

)

,

where 0 < µ < 1 and ν > 0; moreover we assume s0, r0|Γ > 0. Also in this case it
is possible to show that, for suitable values of µ, that assumptions a)-c) and (LIB)
in the Introduction are satisfied in such a way the global existence and uniqueness
theorem holds; we have only to prove the a priory L∞ bounds for s, r.
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Proposition 5.2. Let assume (5.4), let r, c be smooth functions such that

0 ≤ r(x, t) ≤ Z , r(x, t)|Γ > 0 , 0 ≤ c(x, t) ≤ ‖c0‖∞ ∀(x, t) ∈ Ω1 × [0, T ]

and let 1−µ
µ

> Z. Then the solution s to the problem

(5.8)











































Ls = st − ∆s− ϕ′(c)
ϕ(c) ∇s · ∇c+ λcs(1 − ϕ(c)s) = 0,

ϕ1(c)
∂s
∂n

= ψνµ(s, r) (x, t) ∈ Γ × (0, T ) ,

∂s
∂n1

= 0 (x, t) ∈ ∂Ω1 \ Γ × (0, T ) ,

s(x, 0) = s0(x) > 0,

for smooth inital data, verifies the following bounds

0 ≤ s(x, t) ≤ Z ∀(x, t) ∈ Ω1 × [0, T ] , s|Γ > 0.

Proof. Let ǫ > 0 small. It is easy to prove, by using the equation, that assuming
the existence of (x, t) ∈ Ω1 × (0, T ] such that s(x, t) = −ǫ and s(x, t) > −ǫ for
all x ∈ Ω , t < t leads to a contraddiction; also, this situation cannot occur over
∂Ω1 \ Γ. On the other hand, for r > 0,

lim
s→0+

ψνµ(s, r) > 0 ,

thus, till s ≥ 0 in Ω1 ∪ ∂Ω1 \ Γ, it cannot vanish over Γ and the lower bound is
proven.

In similar way as above, assuming the existence of (x, t) ∈ Ω1 × (0, T ] such that
s(x, t) = Z + ǫ and s(x, t) < Z + ǫ for all x ∈ Ω1 , t < t, leads to a contraddiction;
also, this situation cannot occur over ∂Ω1 \ Γ.

In order to investigate the behaviour over Γ, we rewrite ψνµ as follows, using the
variable y = s

r
− 1,

ψνµ(s, r) = −(s−r)
(

(1 − µ) +
ν

log(1 + y)
− µsH(y)

)

, H(y) :=
y

(y + 1) log(1 + y)
;

notice that, if s = Z + ǫ, then y > 0 and, if y ≥ 0, then H(y) ≤ 1. These
considerations imply that, under the position

1 − µ

µ
> Z ,

s cannot assume the value Z + ǫ over Γ until s(x, t) ≤ Z + ǫ in Ω1 ∪ ∂Ω1 \ Γ; thus
the upper bound is proven,too. �

The same result holds for the function r, then the assumptions a)-c) and (LIB)
in the Introduction are satisfied by system (5.2) with boundary conditions given by
(5.6), (5.7), when the data satisfy (1.4) and, in the case of some increasing ϕi, the
smallness assumption on the data. Thus, global existence and uniqueness result
holds.

Chemotaxis phenomena. A second example of reaction-diffusion system where
our results apply, is given by the following class of Keller-Segel type models of
chemotaxis

(5.9)







∂tu = µ∆u−∇ · (uχ(c)∇c) + f(u, c) ,

∂tc = g(u, c) ,
(x, t) ∈ Ω × (0, T ) ,
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where u represents the density of some motile living species and c represents the
concentration of chemical species. The coefficient µ > 0 is the motility coefficient
which here is assumed to be constant and the term uχ(c) is the chemotactic sensi-
tivity function which here is assumed to be linear in the species u. The function χ is
usually assumed nonnegative and non increasing. This class of systems was largely
studied when the second equation contains an additional linear diffusion term (see
[14] for a survey of results).

Global existence results for system (5.9), with f(s, c) = 0 and for particular
expressions for g and χ can be found in [5, 22, 12].

Introduce a function ϕ(c) related to the function χ(c) by the equality

µϕ′(c) = ϕ(c)χ(c);

using the new unknown s = u
ϕ(c) , and setting F (s, c) = f(ϕ(c)s, c) and G(s, c) =

g(ϕ(c)s, c), we obtain the system

(5.10)







∂t(ϕ(c)s) = µ div(ϕ(c)∇s) + F (s, c) ,

∂tc = G(s, c) ,
(x, t) ∈ Ω × (0, T )

which belongs to the class studied in this paper, provided that the functions ϕ,G, F
satisfy the assumptions in Section 2; notice that, by definition, ϕ is nonnegative
and then the same holds for ϕ′(c).

We are going to treat the following particular case of transmission problem in
chemotaxis

(5.11)










































∂ts = ∆s+
ϕ′

1(c)∇s·∇c
ϕ1(c)

− ϕ′

1(c)
ϕ1(c)

s(α1ϕ1(c)s− β1c) ,

∂tc = α1ϕ1(c)s− β1c ,

(x, t) ∈ Ω1 × (0, T ) ,

∂tr = ∆r +
ϕ′

2∇r·∇b
ϕ2(b)

− ϕ′

2(b)
ϕ2(b)r(α2ϕ2(b)r − β2b) ,

∂tb = α2ϕ2(b)r − β2b ,

(x, t) ∈ Ω2 × (0, T ) ;

we are assuming that the chemotctic sensitivity function is strongly influenced by
underlying substrate.

The system is complemented with the initial and the boundary conditions

(5.12)

s(x, 0) = s0(x) , c(x, 0) = c0(x) , x ∈ Ω1

r(x, 0) = r0(x) , b(x, 0) = b0(x) , x ∈ Ω2

ϕ1(c)
∂s
∂n1

= ψ(s, r) , ϕ2(b)
∂r
∂n2

= −ψ(s, r) , (x, t) ∈ Γ × (0, T ) ,

∂s
∂n1

= 0 , (x, t) ∈ ∂Ω1 \ Γ × (0, T ) ,

∂r
∂n2

= 0 , (x, t) ∈ ∂Ω2 \ Γ × (0, T ) ,

where the initial data are nonnegative functions. Also in this case, global existence
and uniqueness of solutions to system (5.11) follow, provided that the assumptions
in the Introduction are verified. In particular we will show that a priori L∞ bounds
in assumption (LIB) are verified for some classes of functions ϕi, when the boundary
conditions are given by ψ(s, r) = r − s or by (5.6) and(5.7).
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1) ϕi satisfies assumptions of Section 2 and, for i = 1, 2,

(5.13) sup
z∈[0,+∞)

z

ϕi(z)
≤ L , zϕi(z) ≤ K2z

2 +K1 , K1,K2 > 0 , z ≥ 0 .

Let Z := max
{

‖s0‖∞, ‖r0‖∞, L β1

α1
, L β2

α2

}

.

Proposition 5.3. Let r be a given smooth function such that

0 ≤ r(x, t) ≤ Z ∀(x, t) ∈ Ω2 × [0, T ]

and let conditions (5.13) be satisfied; then

a) if 0 ≤ s ≤ Z then the solution c to the problem (5.11)-(5.12), for all
(x, t) ∈ Ω1 × [0, T ], verifies

c0(x)e
−β1t ≤ c(x, t) ≤ K2c0(x)

2 +K1

K2
e2Zα1K2t − K1

K2
=: CT∞ ;

b) if 0 ≤ c(x, t) ≤ CT∞ for all (x, t) ∈ Ω1 × [0, T ] then the solution s to the
problem (5.11)-(5.12), with ψ(s, r) = r − s , verifies

0 ≤ s(x, t) ≤ Z ∀(x, t) ∈ Ω1 × [0, T ] ;

if ψ is given by(5.6) and (5.7) the same lower bound holds while the upper
one holds in the case 1−µ

µ
> Z.

Proof. The claim a) easily follows by applying comparison results to the differential
equation satisfied by c, also using the second assumption in (5.13).

The second claim can be proved by the same techniques used in [12] and the same
method used in the proof of the previous two propositions, to treat the boundary
conditions.

�

Proceeding as in Proposition 5.3, under the same assumptions, we prove the
bounds for b and r, for all (x, t) ∈ Ω2 × [0, T ],

b0(x)e
−β2t ≤ b(x, t) ≤ K2b0(x)

2 +K1

K2
e2Zα2K2t − K1

K2
=: BT∞ ,

0 ≤ r(x, t) ≤ Z .

The class of functions ϕi we are dealing with, contains obviously linear functions,
strictly positive for c ∈ R+, which correspond to chemiotactic functions of the form
χ(c) = A

Ac+B , for suitable coefficients A,B.

Notice that, if c0(x) ≥ c̃ > 0, then it is sufficient to ask that, for all T > 0,

sup
c∈[c̃e−βT ,+∞)

c

ϕ(c)
≤ L(T ).

2) ϕi satisfies assumptions of Section 2 and

(5.14) 0 < ϕm ≤ ϕi(z) ≤ ϕM for z ∈ R+ , i = 1, 2.

In this case, the same techniques used in [12] and approaching the boundary con-
ditions as in the previous propositions, leads to the following a priori L∞ bounds

0 ≤ s(x, t) ≤ Z ∀(x, t) ∈ Ω1 × [0, T ] , 0 ≤ r(x, t) ≤ Z ∀(x, t) ∈ Ω2 × [0, T ],

where Z := max

{

‖s0‖L∞(Ω), ‖r0‖L∞(Ω), 2
β1‖c0‖∞
α1ϕm

, 2
β2‖b0‖∞
α2ϕm

}

, and

c0(x)e
−β1t ≤ c(x, t) ≤ α1

β1
ϕMZ + ‖c0‖∞ , ∀(x, t) ∈ Ω × [0, T ] ,
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b0(x)e
−β2t ≤ b(x, t) ≤ α2

β2
ϕMZ + ‖b0‖∞ , ∀(x, t) ∈ Ω × [0, T ] .

The choice χ(c) = 1
(c+δ)α , α > 1, δ > 0, leads to ϕ(c) = e

− 1

(α−1)(c+δ)α−1 which

belongs to the class of functions verifying (5.14). As in the previous example, if
c0(x) ≥ c̃ > 0, then c remain strictly positive , in such a way that, if ϕ(0) = 0

(e.g. ϕ(c) = e
− 1

(α−1)cα−1 , α > 1), then the above argument can be applied over
every interval [0, T ], with ϕm = inf [c̃e−βT ,+∞] ϕ(c). Finally let us remark that for
system (5.11), the global existence and uniqueness result applies also in the case of
Dirichlet conditions on ∂Ω1 \ Γ and ∂Ω2 \ Γ.
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